CS 261: Data Structures

Skip Lists



Complexity — Lists and Arrays

OPERATIONS | ORDINARY SORTED SORTED
LISTS AND ARRAYS LISTS
ARRAYS
Add O(1) O(n) O(n)
Remove O(n) O(n) O(n)
Contains O(n) O(log n) O(n)




Sorted Linked Lists

 How to improve complexity of a sorted linked list?

* We could use two sorted linked lists, with pointers

between them

List

7 PIrS rs rs rs rs PxXs rs rs

.~_,3: 15[ 7 (13— 19— 23— 31—
nxt nxt nxt nxt nxt Xt nxt nxt

—




Two Sorted Linked Lists

 Constructed from the same elements

» Establish pointers between equal links

List 1

—7 Prs_ rs rs rs

.:3: 113 [31f
nxt nxt nxt nxt
down down down

List 2
s PIrS rs rs rs | rs prs rs | rs

.~_,3: 15 [ 7 [(—]13[—] 19t 23— 31}
nxt nxt nxt

nxt nxt Xt nxt nx£




Motivation

* Reqular Trains vs. Express Trains

List 1
—7 Prs_ rs rs rs
.:3: 113 31 ,
nxt nxt nxt nxt
down down down

List 2
Y PIS rs rs rs | rs PXrs rs rs

.~_,3: 15— 7 13— 19+ 23— 31}
nxt nxt nxt

nxt nxt Xt nxt nx£




Two Sorted Linked Lists

e List 2: stores all elements

* List 1: stores only a subset of elements

pe

List 1
7 pPrs rs rs rs
3 [ 113[ 31[
nxt nxt 1 nxt

down down down
List 2
7 pPrs_| rs rs rs | rs prs rs | rs prs\

— 3 [— 17 13— 19+ 23— 31— 41

nxt nxt nxt nxt nxt 1Xt nxt nxt




How to Search for an Element?
 \We start from the 1st element of List 1

» Stay on the "express line" as long as you can

 Then, take the "local line"

List 1
7 pPrs rs rs rs

nxt nxt ' nxt 1 nxt
down down down

List 2

7 PIrs_| rs rs rs | rs prs rs | rs
— 3 5[ 713 19+ 23— 31—
nxt nxt nxt nxt nxt Xt nxt nxt




How to Choose Elements for List 17
» Goal: Maximize fast access to all elements

 List 1 picks uniformly a subset of elements

(e.g. every 2" or 3" or 4" ... element)

List 1
7 PIrS rs rs rs

nxt nxt ' nxt 1 nxt
down down down

List 2

7 PIrs_| rs rs rs | rs prs rs | rs
— 3 5[ 713 19+ 23— 31—
nxt nxt nxt nxt nxt Xt nxt nxt




How to Choose Elements for List 17

* But how exactly to uniformly sample

elements for List 17

List 1
7 PTsS rs rs rs
113 31[ .
nxt nxt 1 nxt
down down down
List 2
7 PIrs_| rs rs rs | rs prs rs | rs prs\
: . : 11319+ 23— 31— 41
nxt nxt nxt nxt nxt 1Xt nxt nxt




The Goal: Minimize Complexity of Search

o]

List 1
7 pPrs rs rs rs
: 113[ 31[
nxt nxt 1 nxt
down down down
List 2
7 pPrs_| rs rs rs | rs prs rs | rs pr;‘\
: : : 13— 19— 23— 31[—] 41
nxt nxt nxt nxt nxt 1Xt nxt nxt




What is Complexity of Search?

num. of L2 num. Of.
elements N ‘Ll ‘ I elements in
in List 1 L1 a segment of
List 2
List 1
~7 PTrS rs rs rs
113[ 31 R
nxt nxt 1 nxt
down down down
List 2
7 Pprs_| rs rs rs | rs prs rs | prs pr;‘\
15— 7 13— 19+ 23— 31— 41
nxt nxt nxt nxt nxt Xt nxt nxt nxit




What is Complexity of Search?

_ | La] A

Lo

—n input

L

=X

List 1
7 PTsS rs rs rs
113 31[ .
nxt nxt 1 nxt
down down down
List 2
7 PIrs_| rs rs rs | rs prs rs | rs prs\
: . : 11319+ 23— 31— 41
nxt nxt nxt nxt nxt 1Xt nxt nxt




What is Complexity of Search?

n
minimize T+ —
€T
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What is Complexity of Search?

minimum d (g; 4 E)
of the function =0
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What is Complexity of Search?

15



What is Complexity of Search?
V7 <

N ‘ll1‘ |

Lo

—

L

/]

T

Vi

List 1
7 PTsS rs rs rs
113 31[ .
nxt nxt 1 nxt
down down down
List 2
7 PIrs_| rs rs rs | rs prs rs | rs prs\
: . : 11319+ 23— 31— 41
nxt nxt nxt nxt nxt 1Xt nxt nxt




What is Complexity of Search?

2v/n

pu

List 1
7 PTsS rs rs rs
113[ 31[
nxt nxt 1 nxt

down down down
List 2
7 PIrs_| rs rs rs | rs prs rs | rs prs\

: : . 13— 19— 23— 31[—] 41

nxt nxt nxt nxt nxt 1Xt nxt nxt




What is Complexity of Search?

two one
sorted O(ﬁ) < O(n) sorted
lists list
List 1
7 pPrs rs rs rs
.: 3T 113 31[ R
nxt nxt 1 nxt
down down down
List 2
7 PIrs_| rs rs rs | rs prs rs | rs prs\
— 35— 7 [— 13— 19— 233141
nxt nxt nxt nxt nxt Xt nxt nxt




How Many Lists Should We Form?

If 2 lists have lower complexity, maybe 3 lists will
have even lower complexity

p

pu

List 1
7 PIrS pPxrs rs
‘ | 31

nxt nxt nxt
down down

List 2

Y PIS v rs rs v rs
nxt nxt nxt 1 nxt
down down down

List 3

7 PIrs_| rs rs rs | rs prs rs | rs pr;‘\
: : : 13— 19— 23— 31[—] 41
nxt nxt nxt nxt nxt 1Xt nxt nxt




What is Complexity for 3 Lists?

]

pu

Lz2|  |Ls
‘Lﬂ |
Li|  |Lp
List 1
7 PIrS pPxrs rs
‘ | 31
nxt nxt nxt
down down
List 2
Y PIS v rs rs v rs
nxt nxt nxt 1 nxt
down down down
List 3
s PIrS rs rs rs |} rs pPrs rs |\ rs prs\
: : 1 7 f— 13— 19— 23— 31— 41
nxt nxt nxt nxt nxt Xt nxt nxt ns20




What is Complexity for 3 Lists?

\L2| | ]L3| = n input

p

pu

X = ‘L1’ | | ,
L] |L2| =x
List 1
7 PIrS pPxrs rs
‘ | 31p
nxt nxt nxt
down down
List 2
Y PIS v rs rs  Z rs
nxt nxt nxt 1 nxt
down down down
List 3
7 prs_ | rs rs rs | rs prs rs | rs pr;‘\
: : 17 13— 19+ 23— 31— 41
nxt nxt nxt nxt nxt Xt nxt nxt ns2t




What is Complexity for 3 Lists?

]

pu

2
dlx +x +n/z*) 3
dx
List 1
7 PIrS pPxrs rs
‘ | 31
nxt nxt nxt
down down
List 2
Y PIS v rs rs v rs
nxt nxt nxt 1 nxt
down down down
List 3
7 pPrs_| rs rs rs | rs prs rs | rs pr;‘\
: : : 11319+ 23— 31— 41
nxt nxt nxt nxt nxt Xt nxt nxt n2e




What is Complexity for 3 Lists?
- |La| L3  _ 3
. bl Ly| Lo 3\/ﬁ

7 PIrS pPxrs rs
nxt nxt nxt

down down

List 2

Y PIS v rs rs v rs

.:3‘ 113 31[ R
nxt nxt nxt 1 nxt
down down down

List 3

7 prs_ | rs rs rs | rs prs rs | rs pr;‘\
— 35— 7 [— 13— 19— 233141
nxt nxt nxt nxt nxt Xt nxt nxt n28




What is Complexity for 3 Lists?

]

pu

3 lists 2 lists single list
O(yn) < O(y/n) < O(n)
List 1
7 PIrS prs rs
‘ | 31
nxt nxt nxt
down down
List 2
Y PIS v rs rs rs
.: 113 31[
nxt nxt nxt 1 nxt
down down down
List 3
7 prs_ | rs rs rs | rs prs rs | rs pr;‘\
: : : 11319+ 23— 31— 41
nxt nxt nxt nxt nxt 1xt nxt nxt ns2g




What is Complexity for k Lists?

for k linked lists: Kk /T
List 1

7 PIrS pPxrs rs
nxt nxt nxt

down down

List 2

Y PIS v rs rs  Z rs

.: 3T 113[ 31[ R
nxt—4+—nxt —nxt nxt
downl downl down

List k

7 PIS rs rs rs rs prs rs rs prs\
— 35— 7 [— 13— 19— 233141
nxt nxt nxt nxt nxt 1Xt nxt nxt n26




How Many Lists?

minimize k %

List 1
7 PIrS pPxrs rs
3 |31
nxt nxt nxt
down down
List 2
Y PIS v rs rs rs

.:3~ 113f 31f
nxt—4+—nxt —nxt nxt
down

downl downl

List k

7 PIrS rs rs rs rs prs rs rs
— 35— 7 [—]13F— 19— 23— 31—
nxt nxt nxt nxt nxt 1Xt nxt nxt




How Many Lists?

1
minimize ]{j n k

k
|
1
minilgnize ]_Og (k n k )
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How Many Lists?

1
minimize ]{j n k
k
[
o 1
minimize <1ogk + —logn
1. k

)
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How Many Lists?

d (log k + % log n)
dk

=0
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Complexity for k=log n Lists?

p

pu

1 1
k n* = (logn) niksn
List 1
7 PIrS pPxrs rs
‘ | 31
nxt—+'nxt +nxt
down| | up down| | up
List 2
Y PIS v rs rs v rs
Al :
nxt-t+"nxt —nxt II——rnxt
down| | up down| | up down| | up
List 3
s PIrS rs rs rs |} rs pPrs rs |\ rs prs\
: : : 11319+ 23— 31— 41
nxt nxt nxt nxt nxt Xt nxt nxt ns80




N — zlogn
<

nlo;n — (zlogn)lo;n p— 2

e

(logn) nieen = 2logn



Complexity for log n Lists

O(logn)

p

pu

List 1
7 PIrS pPxrs rs
‘ | 31
nxt—+'nxt +nxt
down| | up down| | up
List 2
Y PIS v rs rs v rs
] :
nxt-t+"nxt —nxt II——rnxt
down| | up down| | up down| | up
List 3
s PIrS rs rs rs |} rs pPrs rs |\ rs prs\
: : : 11319+ 23— 31— 41
nxt nxt nxt nxt nxt 1xt nxt nxt ns8e




Skip Lists — Have It All
Pugh 1989

Fast addition O(log n)
Fast search O(log n)

Fast removal O(log n)

Disadvantage: - Slightly more complicated
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Contains Skip List

 Makes a zig-zag motion top-to-bottom

« Complexity: O(log n), i.e., proportional to

the number of linked lists
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Contains Skip List

1. Start at topmost sentinel

2. Loop as follows
1. Slide right, get a link right before
2. If next element is OK, return true

3. If no down element, return false
4. Move down

35



Remove Skip List

 Makes a zig-zag motion top-to-bottom

* Only decrementthe size at the bottom level

« Complexity: O(log n), i.e., proportional to

the number of linked lists

36



Remove Skip List

1. Start at topmost sentinel

2. Loop as follows
1. Slide right, get a link right before
2. If next element is OK, remove it

3. If no down element, reduce size
4. Move down

37



How to construct a skip list
when we do not know
the number of elements

In advance?
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Add Skip List

* Add the element to the bottom list

— must increment size
* To move up to existing lists:

— Flip a coin, and if heads add the element up
 To add a new list at the top

— Flip a coin, and if heads make a new top list

39



Add Example

Insert the following: 9 14 7 3 20

ist 1
rs
nxt nxt




Add Example:

Inserted : 9 14
Cointoss: T HT ( H=move up)

List 2
Y PIS rs
nxt nxt
down
List 1
sy PLS rs | rs

nxt nxt nxt




Add Example:

Inserted : 9 14 ! 20
Coin toss: T HT HHH T

List 3
v PLtS prs
nxt nxt
down
List 2
Y PIS pxrs rs
nxt nxt nxt
down down
List 1
7 pPrs rs rs | rs rs

.: 17— 9 [—14/—]20F
nxt nxt nxt nxt nxt




Complexity of Add

* Proportional to the height, not to the

number of nodes in the list

* O(log n)
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Skip List Sorting Algorithm

Problem: Sort an array A

Step 1. Copy elements from A into a skip list

Step 2. Copy elements from the skip list to A
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Skip List Sorting Algorithm

Complexity:

Step 1. Copy elements from A into a skip list
O(?7?)

Step 2. Copy elements from the skip list to A
O(?7?)
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