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1 INTRODUCTION

Numerousapplicationsn spatially-orientedlisciplinedik e geographycartographyandrelatedareasas
well asin computerassistegystemdik e geographicainformationsystemsandspatialdatabassystems
witnesstheimportanceof mapsor spatialpartitions A mapis afundamentaandwell-knovn metaphor
andawidely recognizedyeometricandtopologicalstructurethatis capableof carryinga large amount
of information.

In a former paper(Erwig et al., 1997) we have layedthe foundationfor a formal treatmentof spatial
partitions. This formal framework restson three basicand powerful partition operationsgo which all
application-speci mperation&known in theliteraturecanbereducedln thispaperweidentify advanced
operation®n mapsandextendthe formal framewvork accordingly

1.1 Maps Revisited

A spatialpartitionis a subdvision of the planeinto pairwisedisjoint regions whereregions are sepa-
ratedfrom eachotherby boundariesandwhereeachregionis associateavith anattribute having simple
or even comple structure. Thatis, a region with an attribute incorporatesall pointsof a spatialpar

tition having this attribute. A spatialpartition implicitly modelstopologicalrelationshipsbetweenthe
participatingregionswhich canberegardedasintegrity constraintsFirst, it expressesieighborhoode-

lationshipswheredifferentregionsmay have commonboundariesThis propertyis immediatelyvisible

onamap.A secondelatedaspecits thatdifferentregionsof a partitionarealwaysdisjoint (if we neglect
commonboundariesyothatavisualrepresentationf a partitionhasa very simplestructureandis easy
to grasp.

The basicideafor modelinga spatialpartitionis to mapthe Euclideanspaceto somelabel or attribute
type thatis, regionsof a partition are assignedinglelabels. Adjacentregions have differentlabelsin
theirinterior, anda boundaryis assignedhe pair of labelsof bothadjacentegions.

A numberof application-speci coperationhasbeende ned on maps.The mostimportantoperationis
overlaywhichallows to arrangeawo partitionswith differentattribute cateyoriesontop of eachotherand
to combinethemthroughgeometridntersectiorinto a new partitionof disjointandadjacentegions. An-
otheroperationis reclassifywhich retainsthe geometricstructureof the spatialpartitionandtransforms
all or somepartitionattributesto new or modi ed attributes. The operationfusionis a kind of grouping
operationwith subsequengeometricunion. It melgesneighboredegionsof a partitionwith respecto
partially identicalattributes. The geometricunion of all regionsof a partitionis formedby the opera-
tion cover, it yields a resultpartition consistingof a singleregion. With the operationclipping we can
computethe intersectionof a partitionanda given rectangulawindow. The differenceoperationtakes
two spatialpartitionsde ned over the sameattribute domainand computeghe geometricdifferenceof
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theirpointsets.All theregionsof the rst partitionaremaintainedn theresultpartitionexceptfor those
partsthathave the sameattributesin both partitions. Thetaskof the operationsuperimposés to lay the
regionsof a partition over anotherpartitionandto cover anderasepartsof the otherpatrtition. Finally,
the operationwindowallows to retrieve thosecompleteregionsof a spatialpartitionwhoseintersection
with agivenwindow is notempty

In (Erwig etal., 1997)we have shavn thatall theseapplicationoperationgandeven generalizationsf
them)canbereducedo threefundamentabperationsntersection relabel andre ne. Intersectingwo
spatialpartitionsmeango computethegeometridntersectiorof all regionsandto produceanew spatial
partition; eachresultingregion is labeledwith the pair of labelsof the original two intersectingegions,
andthevalueson the boundariesrederived from these.Relabelinga spatialpartition hasthe effect of
changingthe labelsof its regions. This canhapperby simply renamingthe label of eachregion; or, in
particular distinct labelsof two or moreregionsare mappedto the samenew label. If someof these
regionsareadjacenin the partition,the borderbetweerthemdisappearsandthey arefusedin theresult
partition. Re ning a partition meango look with a ner granularityon its regionsandto revealandto
enumerateéheinternalcomponenstructureof regions.

1.2 NewApplications

Despiteall theseoperationgopingwith alarge numberof mapapplicationstherearequerieshatcannot
beansweredby themandthatrequirea new classof advancedmapoperationsAssumethatwe aregiven

a countrymapwith the populationnumberfor eachcountry Thenwe canask,for instancefor thetotal

populationof all countries.Thisqueryneedsatraversaloverall countriesanda simultaneousummation
of all populationnumbers. We provide the operationmap aggregation for calculatingsuchkinds of

statisticsover a map. Or we areinterestedn labelingeachcountrywith its region's area. We cannot
performthis operationby a simplerelabelingsinceit is appliedonly to labelsof singlepointsandnotto

wholeregions. For this purposene offer anoperationcalledregion-basednapannotation

In addition, the advancedoperationscomprisemap selectionfor extracting regions with selectedat-
tributesinto a new map,maplayering spreadingnapinformationto differentlayersby distributing and
groupingattributes,mapjoining for combiningmapswith identicalgeometriesout differentattributes,
maplookupsearchingor mapinformationby attribute patternsmapannotationfor addinginformation
to theregionsof a mapthatis givenby tables(functions),andpathextractionfor nding a pathbetween
two regionsof amap.

With two exceptions(mentionedater) our modeldoesnot leave the context of maps. Hence,the only
supportwe needat a userinterfacearepartitionsandafacility to enteraguments As a consequenceaye
will obtainsimpleanduserfriendly interfaces.

Section2 discusseselatedwork. Sections3 to 6 introducethe advancedmapoperationsn moredetail
andgive applicationexampledor them.Section? brie y reviewstheformal modelof mapsandmapop-
erationsasdescribedn (Erwig etal., 1997).Section8 formalizesde nitions of thenew mapoperations.
Finally, Section9 dravs someconclusions.

2 RELATED WORK

Maps have beenidenti ed as a centralspatial concept(Frank, 1990)to organizeour perceptionand
understandingf space. They correspondo the cognitive experienceand knovledge humanshave of
arealphenomenin therealworld.
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Frequentlymapsarisefrom classifyingspaceaccordingto someattribute (like rural areasaccordingto
their agriculturaluse). They arethencalledthematicmapsor cateyorical coverages (Franketal., 1997,
Volta et al., 1993). The operationsn this context focusonly on partitionsof attribute valuesalone;
spatial operationson mapsincluding geometricintersectionsare completelyignored. In cateyorical
coverages themesand attributesare x ed. This meansthat dynamicextensionsor combinationsof
differentpartitionsarenot possible.

In geographically-dented applicationsand systemanapsare regardedasthe primary tool for spatial
analysistasks(Berry, 1987; Frank,1987; Franket al., 1997; Huanget al., 1992; Nagy et al., 1979;
Tomlin, 1990; Valenzuela,1991; Volta et al., 1993). Thesetasksare solved on the basisof the map
operationssummarizedn the Introduction. Application-orientedexpositionsof theseoperationsanbe
foundin (Berry, 1987;Dangermond1990;Frank,1987;Guting, 1988;Guting etal., 1995;Huangetal.,
1992; Kriegel et al., 1991; Schneider1997; Scholl et al., 1989; Tomlin, 1990; Valenzuela1991)for
overlay, in (Berry, 1987; Dangermond1990; Huanget al., 1992)for reclassify in (Chanetal., 1996;
Giting et al., 1995;Huanget al., 1992;Kriegel et al., 1991; Schneider1997; Scholl et al., 1989)for
fusion in (Scholletal., 1989)for cover, in (Scholletal., 1989)for clipping, in (Huangetal., 1992)for
difference in (Chanetal., 1996;Scholletal., 1989)for superimpositionandin (Scholletal., 1989)for
window

At a rst glancejt seemgshatseveraladvancedoperationsntroducedn this papercanbesimplyrealized
with the relationalmodel. This is, indeed,true for thematicdatabut in no casevalid for geometric
attributes. The rst problemof the relationalmodelis to storegeometryin relations. This hasled to
extendedelationaldatamodelsandto theintroductionof spatialdatatypes(Schneiderl997)asattribute
typesin relationschemesA datatype for regionsis an example. The secondproblemis thateventhis
approachhasnot solved the issuehow to modelthe integrity constraintsunderlyingpartitions,namely
the disjointednessand adjaceng of the regions of a partition. Thesetopological constraintscannot
be maintainedby the relationalmodelso thatit is unsaferegardingthis aspect. A few unsatishctory
proposaldhave beenmade.In (Giiting, 1988)a spatialdatatype areais suggestedo modelconstraints
on partitions. Within the framework of an extendedrelationaldatamodelthe setof polygonsoccurring
in arelationasa columnof anattribute of typeareahasto ful Il theintegrity constrainthatall polygons
areadjacentor disjoint to eachother Unfortunately the maintenancef this propertyis not supported
by the datamodel, ratherit is up to the users responsibility A genericdatatype for partitions,called
tessellationis informally introducedin (Huanget al., 1992)asa specializedype for setsof polygons;
thistypecanbe parametrizedavith anattribute of ayetunspeci edtype. In (Gitingetal., 1995)so-called
restrictiontypeshave beenproposed.This conceptallows oneto restrictthe generaltype for regionsto
subtypesvhosevaluesall satisfya speci ¢ topologicalpredicate(lik e disjoinf) andwhich nevertheless
inheritthe propertiesandoperationof the moregeneratypefor regions.But it is unclearwhichDBMS
componentontrolstheadherencéo this constraint.Thethird problemis thatit is unclearandprobably
impossiblehow to implementgeometricoperationdik e intersectiorwith theaid of therelationalmodel.

3 EXTRACTING AND COMBINING MAP LAYERS

A maplayer (or simply a layer) is similar to whatis sometimesalleda coverage, a thematicmap an
overlay, or alayer in GIS andcartography It representa setof datadescribingthe spatialvariation
of oneor morerelatedattributesin a studyarea. We will call areasof a mapassociatedvith the same
attributeregions

Usually geometricinformationcontainedn a mapis modeledasa sequencef maplayerswhich can
afterwardsbe overlayedinto a singlemap. In this section,we go the otherway round. Froman applica-
tion pointof view, we will introduceoperationgor extractinglayersfrom mapsby mapselectiorandfor
recombiningayersinto a singlemapby a specialkind of mapoverlay calleddisjoint mapcomposition
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As anintroductoryexamplewe assumea mapwhich presents classi cationof land use. The classi -
cationcomprisesattributeslike “wheat”, “steelindustry”, “coal mining”, “barley”, “chemicalindustry”,
“vegetable” etc. (seeFigurel).

wheat
[~ barley
(7 rye
[ steel
[ ] coal

Figurel: Exampleof amap

Thenwe canask,for instancefor only thoseareaghatareonly cultivatedwith wheator barley; thatis,
the useof the remainingareass not of interestfor us. This queryrequiresa mapoperationcalledmap
selectionwhich extractsonly thoseregionsof the original mapwhich have anattribute out of a collection
of pre-speci edattributes. Theresultis anew singlemap(Figure2).

Map selectioncanbe generalizedo anoperationcalledmaplayer geneation. Imaginethatwe planto

distribute the informationof our mapfrom Figure1 andto shawv regionsof agriculturalandindustrial
useon two separatenaplayers. Thenwe groupthe attributesindicatingagriculturaluseinto the more
generakatayory “agricultural” andthe attributesindicatingindustrialuseinto themoregenerakatayory

“industrial”. (In generalwe can,of courseusemorethantwo attribute cateyories.) Afterwards,based
on the original map,for eachof the two generalcatejoriesa separatenaplayeris producedandeach
maplayercontainsall thoseregionsbelongingto agenerakateyory andlabeledaccordingo theoriginal

attribute resolution.Figure 3 presentghe resultof maplayer generatiorbasedon the mapof Figurel.

Thegenerakatayoriesarevisualizedasstringsbesidehe maplayers.Map layergenerationis, in partic-

ular, interestingfor spatialanalysisaskssolvedwith the aid of userinterfaceswhereit canbe emplo/ed

by the userto produceandmanagenew collectionsof maps.

industrial m ’ Féee wheat
barley
h
W gy S o7 B
@E& L= barley I steel
45

rye agricultural 7 coal

| steel
[] coal &= (T

Figure2: Map aftermapselection Figure3: Map aftermaplayergeneration

Obviously, dueto the describedconstructionprocessof map layers,the geometriesof all map layers
aredisjoint with respecto their interiors. Only boundarief regionsof differentlayersmay partially
coincide.Hence theoriginal mapcanberecombinedy a mapoverlay operationwvhich doesnotneedto
computeary intersectiondut simplyform theirgeometriaunionandadopttheir correspondingttributes.
We call it disjoint map composition From this point of view, disjoint map compositionis the inverse
operationof maplayergeneration.

4 JOINING AND INSPECTING MAPS

Spatialanalysisfrequentlyproducescollectionsof differentmapswhosespatialreferencesystemand
whosesubdvision of spacento regions(thatis, whosegeometry)is the same.Thesemapsessentially
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differ in thethemedhey dealwith andhencen theattributedistributions. An interestingaskis therefore
to integrateall attribute informationswith respecto the sameregionsinto a singlemap.

Considerasan examplethe Europearcountriesandassumehata collectionof mapsgathersstatistical
datafor eachcountryinvolving country name,population,populationdensity averageincome,unem-
ploymentrate, spolen languageetc. Figure 4 shavs two maps,eachmap presentinghree ctitious
countries.The rst mapis labeledwith countrynamesandthe secondmapis labeledwith population
density

Next, we couldbeinterestedn anintegratedview of all attributeson a singlemap. The effectis thatall
attributesarejoined; the geometryof the resultingmapis the sameasthe geometryof the original map
collectionandremainsunchangedwWe call this operatiora mapjoin. Figure5 visualizeghemapjoin of
thetwo mapsof Figure4.

Figure4: Two examplemapswith the same Figure5: Map aftermapjoining
geometnybut differentthemes

Sometimesopneis interestedn thefunctionalrelationshipbetweerpartsof anattributelabelingaregion.
Concerningour exampleof Figure5 we canobtaina functionfrom countrynameto populationdensity
with theinstanceA 256,B 357,andC  268. We call this operationfunctionalextraction since
the functional relationshipbetweendifferent attribute partspertainingto the sameregion is extracted
from amap.

A mapusuallyoffersa globalview of acollectionof regionslabeledwith someattribute. Often,theuser
is interestedn retrieving only partialinformationof a mapwheresomekind of “searchkey” is givenas
an attribute patternto specifythe desireddata. Usually anattribute hasa morecomples structureand
consistof severalcomponentsConsideragaina mapof Europearcountrieswith the countryname the
population,andthe spolen languagefor eachcountry Assumethatwe are interestedn all countries
whereGermanis the spolen language. Thenwe can searchwith the attribute pattern(_, _, German)
for all thesecountries. The symbol“_" senesasa wildcard and standsfor an arbitrary value of the
respectie attribute componentHence anattribute patternmay have wildcardsor concretevaluesof the
correspondingttribute componentasentries.In the example,theresultis a mapcontainingonly those
countriesspeakingserman.We call this operatiormaplookup

5 INFORMATION EXPANSION IN MAPS

Frequently we areinterestedn extendingthe informationavailable on a map. Assumethata map of
oil elds with theirnamesds givenandthatwe additionallyhave atableindicatingthe owner of eachoil
eld (Figure6).

To producea map shaving the connectionbetweenthe nameand the owner of an oil eld, we have
to supplementhe nameattribute of eachoil eld appropriately The resultis shavn in Figure7; we
combinethemapandthetable(givenasa function)andobtainanev maplabeledwith thenameandthe
ownerfor eachoil eld. Thisoperatioris calledmapannotation
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oil field | owner

X BP
Y Shell
z Exxon
Figure6: Oil eld mapandownershiptable Figure7: Map aftermapannotation

Sofar, annotationin mapshasnot taken into accountthe geometryandthe geometricpropertiesof the
singleregionsof a map. However, geometry-basednnotationieadsto very interestingandimportant
queries. For instance we canaskfor the area,the perimeter or the diameterof eachoil eld in the
map. This necessitatean accesgo singleregionsof a mapandelementaryunaryfunctionscomputing
numericalpropertiesof eachregion. The oil eld mapanda functionfor calculatingregion areas for
example,arethencombinedandyield anew mapwhereeachregionis taggedwith theoil eld nameand
its area.We call this operatiorregion-basednapannotation

6 MAP AGGREGATION AND CONNECTIVITY

Anotherimportantmap operationis map aggregation which senesfor calculatingsummarystatistics
overamapor over adistinguishedollectionof regionsof amap.Imagineamapof districtswhereeach
districtis taggedwith its nameandits populationnumber(Figure8).

To computethetotal populationof all districts,we have to traversethemandto accumulatell population
numbers.Thatis, asinput we take the map,a functionwhich addsthe currentpopulationnumberto the
intermediatesumof the districtsalreadyvisited, andaninitial valuefor the summatiorprocesdo start
with. In our example,theinitial valueis 0. Theresultis a nev map (Figure9) wherethe aggrgation
valueis attachedo eachdistrict region of themap.

Figure 8: Map shawing districts Figure9: Map shaving thetotal popu-
andtheir population lation numberattachedo all districts

Aggragationvaluesareoftenusedin furthermapoperationsFor instancewith theavailableinformation
we cancomputetheratio of eachregion's populationto thetotal populationof all districtsandlabeleach
district with this result. In our examplewe obtainthe following proportions:A: 3122% B : 50%C :

1172% andD : 7 06%.

Besidessummationwe can,of course useothernumericalaggrgationfunctions. For example,we can
computethe minimum averageincomeof a numberof countriesto identify the poorestcountry or the
maximumbirth or deathratein countriesof the Third World.
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An exampleof a non-numericabggregationfunctionis the insertionof an elementnto a collectionof

values.Imaginea countrymapshawving for eachcountryits name,the economiccommunityto which

it belongs(like the EuropeanUnion), andits mostimportantnaturalresource.The taskis to nd out

all naturalresourceghat are availablein an economiccommunity“A”. First, we identify all countries
belongingto the economiccommunity“A” by maplookup (seeSection4). Afterwards,we aggrgate
over this intermediatamapandinsertall namesof naturalresourcesnto a set. Hence theinitial value
mustbetheemptyset. Theresultis anenv mapwhereall attributesof theoriginalmaphave beenextended
by the setresultingfrom aggreation.

Anotherinterestingissuerelatesto connectiity propertiesof maps. This is illustated,for example,by
the applicationswvhetherit is possibleto reacha countryK from a countryA overland,or whethertwo
friendly nationsA andK locatedonthesamecontinentcanvisit eachotheroverlandwithoutbeingforced
to traverseenemyterritory (Figure10).

Theseapplicationsaskfor a pathbetweenA andK. As input we needa countrymapandtwo countries
A andK for expressinghe startanddestinatiorof a possiblepathbetweerthem. In ary casetheresult

Za G

T T R

Figurel0: Searchingapathonamap Figurell: Findinga pathonamap

If apathexists,theresultis amapwith a pathof minimallengthto indicatethe existenceof sucha path.
If apathdoesnot exist, only startanddestination(here:the countriesA andK) areshavn on theresult
map.We call this operatiorpathextraction

7 SPATIAL PARTITIONS: A FORMAL MODEL OF MAPS

In this sectionwe brie y repeathe de nitions of our modelfor spatialpartitions. We provide a precise
de nition for the type of two-dimensionapartitionsin Section7.1followed by a de nition of the basic
operationsn Section7.2.

Beforewe startgiving mathematicatle nitions for partitions,we shortly summarizehe usednotation.

Theapplicationof afunctionf : A Btoasetof valuesS Aisdenedasf S: fx x S B.
If we aresurethat f S vyields a singletonset,we write f S to denotethis single element(insteadof
the singletonset), thatis, f S y fS vy (f Sisundenedif fS 1.) Similarly, for
doubly-nestedingletonsetsweusef  to extractelementsthatis, f S y fsS v

Below we frequentlyhave to denotefunctionsusedas parametergor operations.For this we employ
the lambda-notation x:SE x (whereE is anexpressionusingx). This is an abbreiation for the set
expression X E x xS (whichactuallyrepresents function).

Theinversefunctionf 1:B 2% of fisdenedbyf 'y : x S fx vy. Notethatf 'is
atotal functionandthat f * appliedto a setyields a setof sets. Therange of afunctionf : A Biis
denedasrng f : f A . Laterwe frequentlyhave to denotethe rangeof a partition. Therefore we
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de ne for a set-waluedfunction f : A 2B thenotations-rngf : b B b g f giving the
valuesoccurringin singleton-sets.

We alsointroducea notationfor power setscontainingsetsof constrainedize: for and
k INwedeneSk: s 25 s k.

Let X T beatopologicalspacewith topologyT 2%, andletS X.! Theinterior of Sis de ned as
theunionof all opensetsthatarecontainedn Sandis denotedby IntS, andthe closue of Sis de ned
asthe intersectionof all closedsetsthat containS andis denotedby S. The exterior of Sis given by
ExtS: Int X S, andtheboundary(or frontier) of Sis de nedasFrS: S X S An opensetis
calledregular if A IntA. Thetype of regular opensetsis closedunderintersection.The topological
spacehatwe work with in this paperis IR?.

A partition of a setS canbe viewed asa total function f : S | into anindex setl; f inducesan
equialencerelationship ¢ onSthatisde nedbyx vy f x fy. Theequialenceclasses
S ¢ arecalledbloks Theblock S thatcorrespondso anindex i is givenby §: f 1i, andthe
wholepartiton § i | (S ¢)isalsogivenby f 1| if fissurjectve.

7.1 The Type of Spatial Partitions

A spatialpartition (in the two-dimensionakase)is not just de ned asa function f : IR? | for two
reasons:rst, in mostapplicationsf cannotbe assumedo betotal, andsecond,f cannotbe uniquely
de ned on bordersbetweeradjacensubsetf IR2. Moreover, it is desirablefrom anapplicationpoint
of view to requireblocks(modelingregionsof acommonlabel)to beregularopensets(Tilove, 1994).

Thereforewe have de ned spatialpartitionsin severalstepgErwig etal., 1997): rst, aspatialmapping
of type A is a total functionp : IR?>  2*. We requirethe existenceof anunde nedelement o A,
whichis usedto representinde nedlabels,thatis, the “exterior” or “outside” of a partitionis the block
b IR?withpp aforall p b. Thepower setrangetype 2* is usedto modellabelson region
borders:aregion of p is ablock thatis mappedo asingletonsetwhereasaborder of p is ablock thatis
mappedo a subsebf A containingtwo or moreelementsThentheinterior of p is de ned astheunion
of p'sregions,andthe boundaryof p is de ned astheunionof p's borders.

De nition 1 Letp beaspatialmappingof typeA.

i) rp: ptmgp * (regiony
(i) wp: plmgp ? (border)
@iy ip: rrpl (interior)
(iv) bp: puwph (boundary

Finally, a spatial partition of type A is a spatialmappingof type A whoseregionsareregularopensets
andwhosebordersarelabeledwith the unionof labelsof all adjacentregions:

De nition 2 A spatial partition of typeA is a spatialmappingp of type A with:
@M r rp:r Intr
@i b wp:pb pr r rp b T

Theuseof p b ontheleft handsideandp r ontheright handsidein (ii) canbemadeclearasfollows:
considerablock of a partitionp, for example,aregionr or aborderb. For eachpoint p thatis contained

1Recallthatin a topologicalspacethe following threeaxiomshold (Dugundji,1966): () UV T u Vv T,(ii
S T u sU T,and(ii) X T, T. Theelementof T arecalledopensets their complementsn X arecalled
closedsets andthe elementf X arecalledpoints
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inrorinb,p p yieldsasalabelasetof values.For p r,thisisasingletonset,say a , andfor p b,
thisisaset ab of two or more elements.Now whenwe apply p to the whole setr (or b), we
obtainthe setof all labelsfor all points. By de nition theseareall equal,sotheresultsof p r andp b

are a and ab , respectrely. Thus,if we wantto denotethe commonlabel of all pointsof
ablock, thisis givenby p r a orpb ab , respectiely. Likewise,p r a. Hencepb

denoteghecommonlabel,aset a b , of borderblockb, andp r givesthelabelof eachtouching
region.

We denotewith A thetypeof all spatialpartitionswith labeltypeA.

7.2 Operationson Partitions

We have de ned threebasicoperationson spatialpartitions: intersection relabel andre ne. Thein-

tersectiorof two partitionsp, andp, of typesA andB, respeciiely, is againa spatialpartition (of type
A B)whereeachinteriorpoint p is mappedo thepairof values p; p p2 p , andall borderpointsare
mappedo the setof labelsof all adjacentegions(asrequiredby the secondpart of the de nition of a
partition). Formally, we cande ne theintersectiorof two partitionsps : A andp, : B in seseralsteps:
rst, we computetheregionsof theresultingpartition. This canbedoneby simplesetintersectiorsince
regionsare,by de nition, regularopensetsandsince is closedon regularopensets:

r - prpz2: r r r rpp r rp2
Second,the union of all theseregions gives the interior of the resulting partition: i p1 p2

r v pps I~ NOw the spatialmappingrestrictedto the interior canbe just obtainedby mappingeach
interiorpointp 1: i p1 p2 tothepairof labelsgivenby p1 andp,:

pi: Ipdl pip p2p

Third, the boundarylabelscanbe derived from the labelsof all adjacentegions. LetR: r p1 p2,
l: i p1p2,andF: IR? I.Thenwehave:

intersection: A B A B
intersectionpy p2 : pp IpF ppr r R p T

Tounderstandheuseof p  in theabore de nition, recalltheremarkafterDe nition 2: sincewe have
to placepairsof labelsin theresultsetandsincep r ab ,weobtain a b by applicationof

p

Relabelinga partitionp of type Aby afunctionf : A Bisdenedasf p, thatis, in theresulting
partition of type B eachpoint p, interior aswell asboundaryis mappedto f p p (recallthatp p
yieldsa singletonset,for example, a , andf appliedto this setyieldsthesingletonset f a ):

relabel: A A B B
relabelp f : I pIR?2fpp

Finally, there nementof a partitionmeangheidenti cation of connectedomponentsThisis achieved
by attachingconsecutie numbersto the components.A connecteccomponentof an opensetSis a
maximumsubsetlT S suchthatary two pointsof T canbe connecteddy a cune lying completely
insideT (Dugundji,1966).Letgr C1 c, denotethe setof connecteccomponent®f aregion
r. Then,similarto intersection we cande ne the operatiorre ne in several steps.

First, the regionsof the resultingpartition arethe connecteccomponentf all regionsof the original
partition.

rgp : gr
rrp
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Again, theunionof all theseregionsgivestheinterior of theresultingpartition:igp @  p r. This
meanghatneithertheinterior northe boundaryis changedy re ne.

We cannow directly de ne the resultingpartition on the interior, sincethroughthe computatiorof the
connecteccomponentsve automaticallyobtaina setof numberghat canbe usedasadditionallabels.
Thus,there nementof theinterioris givenby:

P p oppi r-rp gr C1 & |1 1 k pg

Finally, we have to derive thelabelsfor theboundaryfrom theinterior. (Recallthatb p b renep )
Now letR: rgp,l: igp,andF: IRZ |. Thenwe have:

rene: A A IN
renep: p IpFpr r Rpr

In (Erwig etal., 1997)we have provedthatpartitionsareclosedunderthe threeoperationsntersection
relabel andre ne.

8 ADDITION AL HIGH LEVEL PARTITION OPERATIONS

Thethreebasicoperatorgresentedn the previous sectioncover a broadrangeof application-speci ¢
operationghathave beensummarizedn theIntroduction.In thefollowing subsectionsve de ne several

additionaloperationgo formalizethe advancedandin partnovel applicationsdescribedn Sections3 to

6.

8.1 Operationsfor Layering

The selectoperationis usedto extract speci ¢ partsof a partition. It canbe consideredin fact,asa
specialcaseof relabelingin which all non-interestingartsof the partitionaremappedo unde nedand
all interestingpartsarekeptunchangedThe decisionwhich partsto keepandwhich to forget,is based
on the labelsof the partition andis thusrealizedby a predicateon the labeltype A. We cantherefore
de ne selectusingthe operatiorrelabel

select A A B A
selectp P : relabelp | xAif P x thenxelse A

The “dual” of a partition selectp P is alwaysgiven by the expressionselectp P . Intuitively, the
overlay of selectp P andselectp P shouldalwaysyield the original partition p. To expressthis
relationshipformally, we rst de ne anoperationunionthatcombinestwo partitionsof the sametype
thataredisjointin thefollowing sensetwo partitionsp : A andp : A arecalleddisjointiff p IR?:
pp A PP A Wewrite p / p to expresshefactthatp andp aredisjoint.

Now unionis de nedto yield thelabel of eitherp orp . If p andp arenotdisjoint, unionis de ned to
yield  for all pointsof theircommondomain.We cande ne unionby relabelingtheintersectiorof p
andp with thefollowing function(foraa A):

a if a A
a a: a if a A
A otherwise

We cannow de ne:

union: A A A
unionp p : relabelintersectionpp | xXy:A AXx vy
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Thus,we canexpresshe above characterizationf selectas
union selectp P selectp P p
whichis truebecauseelectp P / selectp P .

The operationlayer is a generalizatiorof relabeland constructdayersof partitionsaccordingto the
relabelingfunction. In practice thetamgettype B of therelabelingfunctionf : A B will oftenbeused
to groupsetsof A-labelsinto differentclassesandfor eachclassan own partitionis computed.More
preciselyfor eachlabelb BletA, A bethesetof A-labelsmappeddy f tob (thatis,A, f 1 b).
Thenwith p: A, layer p f constructdor eachb B apartitionpp : A, whichis identicalto p on
all pointsmappedo alabelin A, andwhichyields a everywhereelse.Therelationshipbetweereach
labelb B andits correspondindayer Ay, is capturedby the factthatlayer returnsa function of type
B A.

layer: A A B B A
layerp f : |IbBselectpIxAfx b

This meansthatlayer p f vyieldsfor eachb B an A-partition whoselabelsareall mappedby f to
b. We call functionsof typeB A thatresultfrom the layer operationalsolayered partitionsanda
partitionA, alayer.

We have a similar characterizatiorior layeredpartitionsasfor select To expressthis, we extendthe
union operationfrom the binary caseinto an operationcollapsethat is ableto aggrgatea complete
layeredpartition:

collapsee B A A
collapseL : piunion unionpp wherelL B pP1 Pn

With collapsewe canexpressthe factthatthe overlay of a layeredpartition generatedy the operation
layer from a partition p yieldsagainthe partitionp:

collapselayer p p

whichis truebecausé¢helayersgeneratedby selectarepairwisedisjoint.

8.2 Joining and Inspecting Partitions

The relate operationallows to accessspeci c region labelsof onepartitionp : B by usinganother
partitionp: A toidentifythecorrespondingegion. Thisrequiredothpartitionsto have exactlythesame
regions,thatis,r p r p .Inthatcasewe cancomputeafunctionthatgivesforeacha s-rngp A
thevalueb B to whichtheregionis mappedby p . We cande ne therelate operationby composing
p twithp.

relate: A B A B
relatepp @ IxAp p ! x

Sincep 1! yieldsaregion, thatis, a setof points,we have to usep  to extractthe singlelabel value.
Therelationshipdbetweerp, p , andrelatep p aresummarizedn Figurel2.

We canwell considerpartitionsasdatabas®bjects:thentheregionssene, in a senseasobjectidenti-
ers, andpartitions,suchasp : A, playtherole of attributes(with namep anddomainA). In thecontext
of theoperatiorrelatg we noticethatp is usedik e a key attribute. (Notethatby de nition, ary partition
is akey attributein the sensdhatthelabelsidentify theregions.)
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relatep p

Figurel2: De nition of relate

Onedrawbackof therelateoperationis thatthe resultof the operationafunctionof type A B, is not
a partition. In contrast,all otheroperationsdo return partitions(exceptlayer which returnsa layered
partition). Therefore we favor a differentway of accessingartition labels,which is describedn the
following.

First,we canaccumulatalifferentlabelsfor the sameregionsby simply usingtheintersectionoperation
on correspondingpartitionsp : A andp : B. Thisresultsin a partition having againthe sameregions
asp andp, but whoselabelsareof type A B. Theapplicationof intersectionto two partitionshaving

thesameregionsrepresentanimportantspecialcase andwe call this operatiorjoin.

Thenthe retrieval of speci c informationsfrom partitionsis achieved by the operationlookup which
takesa partitionp : A anda patternof type A, andconstructsa (sub-) partition of type A of all those
partswhoselabelsmatchthe pattern.First of all, we have to explain whata patternis: a patternis either
avalueor thewildcardsymbol“_". Thetypeof patternsovera (non-producttypeA is denotedby A and
isde nedas:

A A _

Thus,for example,17 and_ areelementf the patterntype IN. A patternover a producttypeis simply
atupleof patternsover the componentypes,thatis,

A Act Au A

Hence, 3 true is apatternof typelN IB, asare O _ or _ _. A patternspeci esthe valueslookup
shouldsearchor in a partition. Thewildcardssene as“don't care”-\aluesthat matchary value. For-
mally, matchinga patternf (which canbeawildcard_ or avaluey) against@avaluex, writtenasf X, is
de ned by thefollowing rules:

X
y X y X
fq fy X1 Xk f1 X fro X

The rst line expresseshefactthatawildcardmatchesary value,the secondine saysthatvaluesmatch
onequality andthelastline de nesthattuplesmatchcomponent-wise.

Now lookupcanbesimply de ned by usingselect

lookup: A A A
lookupp f : selectp | xAf X

Theresultof lookupis a partitioncontainingall regionswhoselabelsmatchthe speci ed pattern.

8.3 Extend Operators

We de ne two “label extension” operatorshat addresgwo shortcomingof the relabel operationas
de nedin Section7.2. Theseoperatorgealizemapannotation.
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First,thenewly assignedabelsareautomaticallykeys of thepartitionresultingfrom relabe| whichleads
sometimego undesiredusion effects. Consider for example,a userwho triesto assignwith relabela
numericlabelto apartitionof countries Now if two countriesaccidentallygetthesamdabel,theregions
of thetwo countriesarefusedin the partitionthatis returnedby relabel whichis generallynot whatthe
userexpected. A possiblesolutionis to keepthe original label togetherwith the newly assignedne.
This is actuallypossiblewith relabelitself, but sincethis operationwill occurquite frequently we give
it anown name.Thereforewe de ne anoperationextendasfollows:

extend: A A B A B
extendp f : relabelp | xA x f X

An importantpropertyof extendis thatthe regionsof the algumentpartition are not changed.We can
expresshis formally by:

r extendp f rp

The secondimitation of relabelis thatit is a local operationin the sensethat eachpoint is assigned
a new labelindependenfrom all otherpoints; relabeldependsonly on the old label of eachpoint. In
somesituations however, it is importantto assigna labelto a whole setof pointswherethe labelvalue
depend®nthatset. Thisis particularlytruein casesvhennumericlabelsareto be assignedhatdepend
on regions, suchasthe areaor the diameterof a region. In mostcasesoneis notinterestedn getting
regions of the samelabel fused. Thus, we de ne the operationr-extend similar to extend the only
differenceis thatthe parametefunctionis not appliedto eachpoint's label but to the region the point
liesin.

rretendt A 2R B A B
r-extendp f : relabelp IxA xfp ! x

As for extend theregionsof theamgumentpartitionarenot affectedby r-extend

r r-extendp f rp

8.4 Partition Aggregation

In the designof anaggreationoperatomwe have strived for a compromisebetweera powverful operator
thatis capableof expressingmary interestingmap operationsand a simple operatorthat is easyto

understandby users.We have arrived at an operatoraggregatethataccumulateshe labelsof a partition

p: A with abinaryfunctionf : A B B startingwith anelemenu: B (u is calledunit). In mary cases
wewill have B A, for example,whenaggregatingnumericallabelsby min, , andsoon. However,

therearealsocasesn whichatypeB A is neededfor example,whencollectinglabelsin aset;in that
casewe have: B 2%, Sincethede nition of aggregatedoesnot have to take the adjaceng structureof

themapinto accountwe canusethewell-knovn aggreationsof sets(Breazu-annenetal., 1991;Erwig

etal., 1991;Breazu-Bannenetal., 1992;Fegarasetal., 1995):agg f u S to denotethe aggr@ationof

a nite, non-emptysetby abinaryfunction:

agg fu u
agg fua S faagg fusS

Now we cande ne mapaggrgationasfollows (recallthatfor p : A wehave s-rngp a A a
mgp ):

agogregate: A A B B B A B
agoregatep f u . extendp I x:Aagg f u s-rngp
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Note that we do not just returnthe accumulatedzalue, but ratherextend all regions of the amument
partitionwith theaccumulatedalue. Thisis in line with our approacho staywithin partitiontypes,and
it alsoprovidesbettersupportfor mary applicationsvherethe accumulatedzalueis, in a further step,
relatedto theregions' values(for example,to shawv the proportionof anareato thetotal area).

We couldhave de ned aggregatein amuchmoregeneralway: by takingthedualgraphof a partitionan
aggr@ationoperatorcanmove in anexactly prescribedvay throughthis graph.We have actuallyde ned
andinvestigatedseveral versionsof suchan operatorin a differentcontect (Erwig, 1997). Exploiting
adjaceng (andimplicitly alsodistance)jnformationof regionsclearlymakessuchaggreationoperators
moreexpressie, but they alsorequiresomepracticeto be effectively used.

Insteadwe adda furtheroperatorto supportapplicationghat exploit the topologicalstructureof parti-
tions. We de ne theoperationconnecthattakesapartitionp : A andtwo labelsx y: A anddetermines
whetherthe regionslabeledx andy are connectedthatis, whetherthe regionsare adjacentor whether
thereis a chainof regionsconnectinghem.

Thedual graph G, of apartitionp : A is de ned asanundirectedunlabeledyraphin which nodesare
representetly regionlabels:G,  s-rngp E, whereE, rngp 2. Notethatanedgeis represented
by atwo-elementetof A-labels,andsincebordershetweeradjacentegionsareuniquelylabeledwith

a setcontainingbothregions' labels,we cansimply take the setof all two-elementborderlabelsasthe
setof edges.A pathin G, betweertwo nodesx andy is a non-emptysequencef nodesp X Xn
withx Xxi,y Xp,and x % 1 Epfori 1 n 1. Thelengthofsuchapathis p : n 1.
We denoteby Nyy Gy thesetof nodescontainedn ashortespath(with respecto ) betweerx andy.
Whenno pathexistsin G, betweernx andy, Nyy G, isde nedtoyield xvy .

Now connectis de ned to returna sub-partitionof p thatcontainsall regionsof a shortespathbetween
x andy in Gy if it existsandjusttheregionsfor x andy otherwise.

connect A A A A
connectp xy : selectp | zZAz Nyy Gp

9 CONCLUSIONS

We have identi ed several new operationson maps.By usinga formal modelfor partitionswe provide
a theoreticalframevork thatis well-suitedfor studyingmapsand operationson them: the de nitions
becomeguite simple,whereat the sametime, the operationsarevery powerful. In particular variations
andextensionsof mapoperationsanbeeasilyde ned andstudied.
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