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1 INTRODUCTION

Numerousapplicationsin spatially-orienteddisciplineslikegeography, cartography, andrelatedareas,as
well asin computer-assistedsystemslikegeographicalinformationsystemsandspatialdatabasesystems
witnesstheimportanceof mapsor spatialpartitions. A mapis a fundamentalandwell-known metaphor
anda widely recognizedgeometricandtopologicalstructurethat is capableof carryinga large amount
of information.

In a former paper(Erwig et al., 1997)we have layedthe foundationfor a formal treatmentof spatial
partitions. This formal framework restson threebasicandpowerful partition operationsto which all
application-speci�coperationsknown in theliteraturecanbereduced.In thispaper, weidentifyadvanced
operationson mapsandextendtheformal framework accordingly.

1.1 Maps Revisited

A spatialpartition is a subdivision of the planeinto pairwisedisjoint regionswhereregionsaresepa-
ratedfrom eachotherby boundariesandwhereeachregion is associatedwith anattributehaving simple
or even complex structure. That is, a region with an attribute incorporatesall pointsof a spatialpar-
tition having this attribute. A spatialpartition implicitly modelstopologicalrelationshipsbetweenthe
participatingregionswhich canberegardedasintegrity constraints.First, it expressesneighborhoodre-
lationshipswheredifferentregionsmayhave commonboundaries.This propertyis immediatelyvisible
onamap.A secondrelatedaspectis thatdifferentregionsof apartitionarealwaysdisjoint(if weneglect
commonboundaries)sothata visualrepresentationof apartitionhasaverysimplestructureandis easy
to grasp.

Thebasicideafor modelinga spatialpartition is to maptheEuclideanspaceto somelabel or attribute
type, that is, regionsof a partitionareassignedsinglelabels. Adjacentregionshave differentlabelsin
their interior, andaboundaryis assignedthepairof labelsof bothadjacentregions.

A numberof application-speci�coperationshasbeende�ned on maps.Themostimportantoperationis
overlaywhichallows to arrangetwo partitionswith differentattributecategoriesontopof eachotherand
to combinethemthroughgeometricintersectioninto anew partitionof disjointandadjacentregions.An-
otheroperationis reclassifywhich retainsthegeometricstructureof thespatialpartitionandtransforms
all or somepartitionattributesto new or modi�ed attributes.Theoperationfusionis a kind of grouping
operationwith subsequentgeometricunion. It mergesneighboredregionsof a partitionwith respectto
partially identicalattributes. The geometricunion of all regionsof a partition is formedby the opera-
tion cover; it yieldsa resultpartitionconsistingof a singleregion. With theoperationclipping we can
computethe intersectionof a partitionanda given rectangularwindow. Thedifferenceoperationtakes
two spatialpartitionsde�ned over thesameattribute domainandcomputesthegeometricdifferenceof
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theirpointsets.All theregionsof the�rst partitionaremaintainedin theresultpartitionexceptfor those
partsthathave thesameattributesin bothpartitions.Thetaskof theoperationsuperimposeis to lay the
regionsof a partitionover anotherpartitionandto cover anderasepartsof theotherpartition. Finally,
theoperationwindowallows to retrieve thosecompleteregionsof a spatialpartitionwhoseintersection
with agivenwindow is notempty.

In (Erwig et al., 1997)we have shown thatall theseapplicationoperations(andevengeneralizationsof
them)canbereducedto threefundamentaloperationsintersection, relabel, andre�ne. Intersectingtwo
spatialpartitionsmeansto computethegeometricintersectionof all regionsandto produceanew spatial
partition;eachresultingregion is labeledwith thepair of labelsof theoriginal two intersectingregions,
andthevalueson theboundariesarederived from these.Relabelinga spatialpartitionhastheeffect of
changingthe labelsof its regions. This canhappenby simply renamingthe labelof eachregion; or, in
particular, distinct labelsof two or moreregionsaremappedto the samenew label. If someof these
regionsareadjacentin thepartition,theborderbetweenthemdisappears,andthey arefusedin theresult
partition. Re�ning a partitionmeansto look with a �ner granularityon its regionsandto revealandto
enumeratetheinternalcomponentstructureof regions.

1.2 NewApplications

Despiteall theseoperationscopingwith alargenumberof mapapplications,therearequeriesthatcannot
beansweredby themandthatrequireanew classof advancedmapoperations.Assumethatwearegiven
a countrymapwith thepopulationnumberfor eachcountry. Thenwe canask,for instance,for thetotal
populationof all countries.Thisqueryneedsatraversaloverall countriesandasimultaneoussummation
of all populationnumbers. We provide the operationmap aggregation for calculatingsuchkinds of
statisticsover a map. Or we areinterestedin labelingeachcountrywith its region's area. We cannot
performthis operationby asimplerelabelingsinceit is appliedonly to labelsof singlepointsandnot to
wholeregions.For thispurposewe offer anoperationcalledregion-basedmapannotation.

In addition, the advancedoperationscomprisemap selectionfor extracting regions with selectedat-
tributesinto a new map,maplayeringspreadingmapinformationto differentlayersby distributing and
groupingattributes,mapjoining for combiningmapswith identicalgeometriesbut differentattributes,
maplookupsearchingfor mapinformationby attributepatterns,mapannotationfor addinginformation
to theregionsof amapthatis givenby tables(functions),andpathextractionfor �nding apathbetween
two regionsof amap.

With two exceptions(mentionedlater)our modeldoesnot leave thecontext of maps.Hence,theonly
supportweneedatauserinterfacearepartitionsanda facility to enterarguments.As aconsequence,we
will obtainsimpleanduser-friendly interfaces.

Section2 discussesrelatedwork. Sections3 to 6 introducetheadvancedmapoperationsin moredetail
andgiveapplicationexamplesfor them.Section7 brie�y reviews theformalmodelof mapsandmapop-
erationsasdescribedin (Erwig etal., 1997).Section8 formalizesde�nitions of thenew mapoperations.
Finally, Section9 draws someconclusions.

2 RELATED WORK

Mapshave beenidenti�ed as a centralspatial concept(Frank, 1990) to organizeour perceptionand
understandingof space.They correspondto the cognitive experienceandknowledgehumanshave of
arealphenomenain therealworld.
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Frequently, mapsarisefrom classifyingspaceaccordingto someattribute (like rural areasaccordingto
their agriculturaluse).They arethencalledthematicmapsor categorical coverages(Franket al., 1997;
Volta et al., 1993). The operationsin this context focus only on partitionsof attribute valuesalone;
spatialoperationson mapsincluding geometricintersectionsare completelyignored. In categorical
coverages,themesand attributesare �x ed. This meansthat dynamicextensionsor combinationsof
differentpartitionsarenotpossible.

In geographically-oriented applicationsandsystemsmapsareregardedasthe primary tool for spatial
analysistasks(Berry, 1987; Frank,1987; Franket al., 1997; Huanget al., 1992; Nagy et al., 1979;
Tomlin, 1990; Valenzuela,1991; Volta et al., 1993). Thesetasksaresolved on the basisof the map
operationssummarizedin theIntroduction.Application-orientedexpositionsof theseoperationscanbe
foundin (Berry, 1987;Dangermond,1990;Frank,1987;Güting,1988;Gütingetal., 1995;Huangetal.,
1992;Kriegel et al., 1991; Schneider, 1997; Scholl et al., 1989;Tomlin, 1990; Valenzuela,1991)for
overlay, in (Berry, 1987;Dangermond,1990;Huanget al., 1992)for reclassify, in (Chanet al., 1996;
Güting et al., 1995;Huanget al., 1992;Kriegel et al., 1991;Schneider, 1997;Scholl et al., 1989)for
fusion, in (Schollet al., 1989)for cover, in (Schollet al., 1989)for clipping, in (Huanget al., 1992)for
difference, in (Chanet al., 1996;Schollet al., 1989)for superimposition, andin (Schollet al., 1989)for
window.

At a�rst glance,it seemsthatseveraladvancedoperationsintroducedin thispapercanbesimplyrealized
with the relationalmodel. This is, indeed,true for thematicdatabut in no casevalid for geometric
attributes. The �rst problemof the relationalmodel is to storegeometryin relations. This hasled to
extendedrelationaldatamodelsandto theintroductionof spatialdatatypes(Schneider, 1997)asattribute
typesin relationschemes.A datatypefor regionsis anexample.Thesecondproblemis thateventhis
approachhasnot solved the issuehow to modelthe integrity constraintsunderlyingpartitions,namely
the disjointednessand adjacency of the regions of a partition. Thesetopologicalconstraintscannot
be maintainedby the relationalmodelso that it is unsaferegardingthis aspect.A few unsatisfactory
proposalshave beenmade.In (Güting, 1988)a spatialdatatypearea is suggestedto modelconstraints
on partitions.Within theframework of anextendedrelationaldatamodelthesetof polygonsoccurring
in arelationasacolumnof anattributeof typeareahasto ful�ll theintegrity constraintthatall polygons
areadjacentor disjoint to eachother. Unfortunately, themaintenanceof this propertyis not supported
by thedatamodel,ratherit is up to theuser's responsibility. A genericdatatype for partitions,called
tessellation, is informally introducedin (Huanget al., 1992)asa specializedtypefor setsof polygons;
thistypecanbeparametrizedwith anattributeof ayetunspeci�edtype.In (Gütingetal., 1995)so-called
restrictiontypeshave beenproposed.This conceptallows oneto restrictthegeneraltypefor regionsto
subtypeswhosevaluesall satisfya speci�c topologicalpredicate(like disjoint) andwhich nevertheless
inherit thepropertiesandoperationsof themoregeneraltypefor regions.But it is unclearwhichDBMS
componentcontrolstheadherenceto this constraint.Thethird problemis thatit is unclearandprobably
impossiblehow to implementgeometricoperationslike intersectionwith theaidof therelationalmodel.

3 EXTRACTING AND COMBINING MAP LAYERS

A maplayer (or simply a layer) is similar to what is sometimescalleda coverage, a thematicmap, an
overlay, or a layer in GIS andcartography. It representsa setof datadescribingthe spatialvariation
of oneor morerelatedattributesin a studyarea.We will call areasof a mapassociatedwith thesame
attributeregions.

Usually, geometricinformationcontainedin a mapis modeledasa sequenceof maplayerswhich can
afterwardsbeoverlayedinto a singlemap.In this section,wego theotherway round.Fromanapplica-
tion pointof view, wewill introduceoperationsfor extractinglayersfrom mapsby mapselectionandfor
recombininglayersinto asinglemapby aspecialkind of mapoverlaycalleddisjointmapcomposition.
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As an introductoryexamplewe assumea mapwhich presentsa classi�cationof landuse.Theclassi�-
cationcomprisesattributeslike “wheat”, “steelindustry”, “coal mining”, “barley”, “chemicalindustry”,
“vegetable”,etc. (seeFigure1).

wheat

coal

steel
rye
barley

Figure1: Exampleof amap

Thenwe canask,for instance,for only thoseareasthatareonly cultivatedwith wheator barley; that is,
theuseof theremainingareasis not of interestfor us. This queryrequiresa mapoperationcalledmap
selectionwhichextractsonly thoseregionsof theoriginalmapwhichhaveanattributeoutof acollection
of pre-speci�edattributes.Theresultis anew singlemap(Figure2).

Map selectioncanbegeneralizedto anoperationcalledmaplayer generation. Imaginethatwe plan to
distribute the informationof our mapfrom Figure1 andto show regionsof agriculturalandindustrial
useon two separatemaplayers.Thenwe grouptheattributesindicatingagriculturaluseinto themore
generalcategory “agricultural” andtheattributesindicatingindustrialuseinto themoregeneralcategory
“industrial”. (In general,we can,of course,usemorethantwo attribute categories.)Afterwards,based
on theoriginal map,for eachof the two generalcategoriesa separatemaplayer is produced,andeach
maplayercontainsall thoseregionsbelongingto ageneralcategoryandlabeledaccordingto theoriginal
attribute resolution.Figure3 presentstheresultof maplayergenerationbasedon themapof Figure1.
Thegeneralcategoriesarevisualizedasstringsbesidethemaplayers.Map layergenerationis, in partic-
ular, interestingfor spatialanalysistaskssolvedwith theaidof userinterfaceswhereit canbeemployed
by theuserto produceandmanagenew collectionsof maps.

wheat

coal

steel
rye
barley

Figure2: Map aftermapselection

industrial

agricultural

wheat

coal
steel
rye
barley

Figure3: Mapaftermaplayergeneration

Obviously, due to the describedconstructionprocessof map layers,the geometriesof all map layers
aredisjoint with respectto their interiors. Only boundariesof regionsof differentlayersmaypartially
coincide.Hence,theoriginalmapcanberecombinedby amapoverlayoperationwhichdoesnotneedto
computeany intersectionsbutsimplyform theirgeometricunionandadopttheircorrespondingattributes.
We call it disjoint mapcomposition. From this point of view, disjoint mapcompositionis the inverse
operationof maplayergeneration.

4 JOINING AND INSPECTING MAPS

Spatialanalysisfrequentlyproducescollectionsof differentmapswhosespatialreferencesystemand
whosesubdivision of spaceinto regions(that is, whosegeometry)is thesame.Thesemapsessentially
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differ in thethemesthey dealwith andhencein theattributedistributions.An interestingtaskis therefore
to integrateall attributeinformationswith respectto thesameregionsinto asinglemap.

ConsiderasanexampletheEuropeancountriesandassumethata collectionof mapsgathersstatistical
datafor eachcountryinvolving countryname,population,populationdensity, averageincome,unem-
ployment rate,spoken language,etc. Figure4 shows two maps,eachmappresentingthree�ctitious
countries.The �rst mapis labeledwith countrynames,andthesecondmapis labeledwith population
density.

Next, wecouldbeinterestedin anintegratedview of all attributeson a singlemap.Theeffect is thatall
attributesarejoined; thegeometryof theresultingmapis thesameasthegeometryof theoriginal map
collectionandremainsunchanged.Wecall thisoperationamapjoin. Figure5 visualizesthemapjoin of
thetwo mapsof Figure4.

A
B

C

256
357

268

Figure4: Two examplemapswith thesame
geometrybut differentthemes

(A, 256)
(B, 357)

(C, 268)

Figure5: Mapaftermapjoining

Sometimes,oneis interestedin thefunctionalrelationshipbetweenpartsof anattributelabelingaregion.
Concerningour exampleof Figure5 we canobtaina functionfrom countrynameto populationdensity
with the instancesA �� 256,B �� 357,andC �� 268. We call this operationfunctionalextractionsince
the functional relationshipbetweendifferentattribute partspertainingto the sameregion is extracted
from amap.

A mapusuallyoffersaglobalview of acollectionof regionslabeledwith someattribute.Often,theuser
is interestedin retrieving only partial informationof a mapwheresomekind of “searchkey” is givenas
anattribute patternto specifythedesireddata.Usually, anattribute hasa morecomplex structureand
consistsof severalcomponents.Consideragainamapof Europeancountrieswith thecountryname,the
population,andthe spoken languagefor eachcountry. Assumethat we are interestedin all countries
whereGermanis the spoken language.Thenwe cansearchwith the attribute pattern( , , German)
for all thesecountries. The symbol “ ” serves asa wildcard and standsfor an arbitraryvalue of the
respective attributecomponent.Hence,anattributepatternmayhave wildcardsor concretevaluesof the
correspondingattributecomponentasentries.In theexample,theresultis a mapcontainingonly those
countriesspeakingGerman.Wecall thisoperationmaplookup.

5 INFORMA TION EXPANSION IN MAPS

Frequently, we areinterestedin extendingthe informationavailableon a map. Assumethat a mapof
oil �elds with their namesis givenandthatweadditionallyhave a tableindicatingtheownerof eachoil
�eld (Figure6).

To producea mapshowing the connectionbetweenthe nameand the owner of an oil �eld, we have
to supplementthe nameattribute of eachoil �eld appropriately. The result is shown in Figure7; we
combinethemapandthetable(givenasa function)andobtainanew maplabeledwith thenameandthe
ownerfor eachoil �eld. This operationis calledmapannotation.
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X
Y

Z

oil field owner

X

Y

Z Exxon

BP

Shell

Figure6: Oil �eld mapandownershiptable

(X, BP)
(Y, Shell)

(Z, Exxon)

Figure7: Map aftermapannotation

Sofar, annotationin mapshasnot taken into accountthegeometryandthegeometricpropertiesof the
singleregionsof a map. However, geometry-basedannotationleadsto very interestingandimportant
queries. For instance,we canask for the area,the perimeter, or the diameterof eachoil �eld in the
map. This necessitatesanaccessto singleregionsof a mapandelementaryunaryfunctionscomputing
numericalpropertiesof eachregion. The oil �eld mapanda function for calculatingregion areas,for
example,arethencombinedandyield anew mapwhereeachregion is taggedwith theoil �eld nameand
its area.Wecall thisoperationregion-basedmapannotation.

6 MAP AGGREGATION AND CONNECTIVITY

Another importantmapoperationis mapaggregation which serves for calculatingsummarystatistics
overamapor overadistinguishedcollectionof regionsof amap.Imagineamapof districtswhereeach
district is taggedwith its nameandits populationnumber(Figure8).

To computethetotalpopulationof all districts,wehaveto traversethemandto accumulateall population
numbers.That is, asinput we take themap,a functionwhich addsthecurrentpopulationnumberto the
intermediatesumof thedistrictsalreadyvisited,andan initial valuefor thesummationprocessto start
with. In our example,the initial valueis 0. The resultis a new map(Figure9) wheretheaggregation
valueis attachedto eachdistrict region of themap.

(A, 301)
(B, 482)

(C, 113)
(D, 68)

Figure 8: Map showing districts
andtheir population

(A, 301,
  964)

(B, 482, 964)

(C, 113, 964)

(D, 68, 964)

Figure9: Map showing thetotal popu-
lationnumberattachedto all districts

Aggregationvaluesareoftenusedin furthermapoperations.For instance,with theavailableinformation
wecancomputetheratioof eachregion'spopulationto thetotalpopulationof all districtsandlabeleach
district with this result. In our examplewe obtainthe following proportions:A : 31� 22%� B : 50%� C :
11� 72%� andD : 7 � 06%.

Besidessummationwe can,of course,useothernumericalaggregationfunctions.For example,we can
computetheminimumaverageincomeof a numberof countriesto identify thepoorestcountry, or the
maximumbirth or deathratein countriesof theThird World.
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An exampleof a non-numericalaggregationfunction is the insertionof anelementinto a collectionof
values.Imaginea countrymapshowing for eachcountryits name,theeconomiccommunityto which
it belongs(like the EuropeanUnion), andits most importantnaturalresource.The taskis to �nd out
all naturalresourcesthat areavailable in an economiccommunity“A”. First, we identify all countries
belongingto the economiccommunity“A” by maplookup (seeSection4). Afterwards,we aggregate
over this intermediatemapandinsertall namesof naturalresourcesinto a set. Hence,the initial value
mustbetheemptyset.Theresultisanew mapwhereall attributesof theoriginalmaphavebeenextended
by thesetresultingfrom aggregation.

Anotherinterestingissuerelatesto connectivity propertiesof maps.This is illustated,for example,by
theapplicationswhetherit is possibleto reacha countryK from a countryA overland,or whethertwo
friendlynationsA andK locatedonthesamecontinentcanvisit eachotheroverlandwithoutbeingforced
to traverseenemyterritory (Figure10).

Theseapplicationsaskfor a pathbetweenA andK. As input we needa countrymapandtwo countries
A andK for expressingthestartanddestinationof a possiblepathbetweenthem.In any case,theresult
is anew map(Figure11).

B

K

J

I

H

GF

E

DC

A

Figure10: Searchingapathonamap

G

E

C

A

K

Figure11: Findingapathon amap

If apathexists,theresultis amapwith apathof minimal lengthto indicatetheexistenceof suchapath.
If a pathdoesnot exist, only startanddestination(here:thecountriesA andK) areshown on theresult
map.Wecall thisoperationpathextraction.

7 SPATIAL PARTITIONS: A FORMAL MODEL OF MAPS

In this sectionwe brie�y repeatthede�nitions of our modelfor spatialpartitions.We provide a precise
de�nition for thetypeof two-dimensionalpartitionsin Section7.1 followedby a de�nition of thebasic
operationsin Section7.2.

Beforewe startgiving mathematicalde�nitions for partitions,we shortlysummarizetheusednotation.
Theapplicationof a function f : A � B to asetof valuesS

�

A is de�ned as f � S� : �

�

f � x��� x � S�

�

B.
If we aresurethat f � S� yields a singletonset,we write f � S� to denotethis singleelement(insteadof
the singletonset), that is, f � S�	�

�

y �
��� f � S�
� y. ( f � S� is unde�ned if � f � S���
� � 1.) Similarly, for
doubly-nestedsingletonsetsweusef ����� ��� to extractelements,thatis, f � S���

� �

y � ����� f ��� S����� y.

Below we frequentlyhave to denotefunctionsusedasparametersfor operations.For this we employ
the lambda-notationl x:S� E � x� (whereE is an expressionusingx). This is an abbreviation for the set
expression

�

� x � E � x����� x � S� (whichactuallyrepresentsa function).

The inverse function f �

1 : B � 2A of f is de�ned by f �

1
� y� : �

�

x � S � f � x�	� y � . Note that f �

1 is
a total functionandthat f �

1 appliedto a setyieldsa setof sets.The range of a function f : A � B is
de�ned asrng � f � : � f � A� . Laterwe frequentlyhave to denotethe rangeof a partition. Therefore,we
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de�ne for a set-valuedfunction f : A � 2B thenotations-rng� f � : �

�

b � B �

�

b � � rng � f � � giving the
valuesoccurringin singleton-sets.

We alsointroducea notationfor power setscontainingsetsof constrainedsize: for �

�

���

��� � � � and
k � IN wede�ne S�

k : �

�

s � 2S
� � s�

� k � .

Let � X � T � bea topologicalspacewith topologyT
�

2X, andlet S
�

X.1 Theinterior of S is de�ned as
theunionof all opensetsthatarecontainedin Sandis denotedby IntS, andtheclosure of S is de�ned
asthe intersectionof all closedsetsthat containS andis denotedby S. The exterior of S is given by
ExtS: � Int � X � S� , andtheboundary(or frontier) of S is de�ned asFrS: � S � X � S. An opensetis
calledregular if A � IntA. The typeof regularopensetsis closedunderintersection.The topological
spacethatwe work with in this paperis IR2.

A partition of a set S can be viewed as a total function f : S � I into an index set I ; f inducesan
equivalencerelationship� f on S that is de�ned by x � f y 	 � f � x� � f � y� . Theequivalenceclasses
S
�� f arecalledblocks. The block Si that correspondsto an index i is given by Si : � f �

1
� i � , andthe

wholepartition
�

Si � i � I � ( � S
�� f ) is alsogivenby f �

1
� I � if f is surjective.

7.1 The Typeof Spatial Partitions

A spatialpartition (in the two-dimensionalcase)is not just de�ned asa function f : IR2 � I for two
reasons:�rst, in mostapplicationsf cannotbe assumedto be total, andsecond,f cannotbe uniquely
de�ned on bordersbetweenadjacentsubsetsof IR2. Moreover, it is desirablefrom anapplicationpoint
of view to requireblocks(modelingregionsof acommonlabel)to beregularopensets(Tilove,1994).

Therefore,wehavede�nedspatialpartitionsin severalsteps(Erwig etal., 1997):�rst, aspatialmapping
of type A is a total function p : IR2 � 2A. We requirethe existenceof an unde�nedelement� A � A,
which is usedto representunde�nedlabels,thatis, the“exterior” or “outside”of a partitionis theblock
b

�

IR2 with p � p� �
� A for all p � b. The power setrangetype 2A is usedto model labelson region
borders:a regionof p is ablock thatis mappedto asingletonsetwhereasaborder of p is ablock thatis
mappedto a subsetof A containingtwo or moreelements.Thentheinterior of p is de�ned astheunion
of p's regions,andtheboundaryof p is de�ned astheunionof p's borders.

De�nition 1 Let p beaspatialmappingof typeA.
(i) r � p � : � p �

1
� rng � p ���

1
�

(ii) w � p � : � p �

1
� rng � p ���

1
�

(iii) i � p � : ��� r � r � p �

r
(iv) b � p � : �

� b � w � p �

b

(regions)
(borders)
(interior)
(boundary)

Finally, a spatialpartition of typeA is a spatialmappingof typeA whoseregionsareregularopensets
andwhosebordersarelabeledwith theunionof labelsof all adjacentregions:

De�nition 2 A spatialpartition of typeA is aspatialmappingp of typeA with:
(i) � r � r � p � : r � Int r
(ii) � b � w � p � : p � b� �

�

p ��� r ��� � r � r � p ��� b
�

r �

Theuseof p � b� on theleft handsideandp ��� r ��� on theright handsidein (ii) canbemadeclearasfollows:
considerablockof apartitionp, for example,a region r or aborderb. For eachpoint p thatis contained

1Recall that in a topologicalspacethe following threeaxiomshold (Dugundji, 1966): (i) U � V � T ��� U � V � T, (ii)
S � T � �"! U # SU � T, and(iii) X � T, $%� T. Theelementsof T arecalledopensets, their complementsin X arecalled
closedsets, andtheelementsof X arecalledpoints.
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in r or in b, p � p� yieldsasa labelasetof values.For p � r, this is asingletonset,say
�

a � , andfor p � b,
this is a set

�

a � b �

� � �

� of two or moreelements.Now whenwe apply p to the whole setr (or b), we
obtainthesetof all labelsfor all points.By de�nition theseareall equal,sotheresultsof p � r � andp � b�

are
� �

a� � and
� �

a � b �

� � �

� � , respectively. Thus,if we want to denotethecommonlabelof all pointsof
a block, this is givenby p � r ���

�

a � or p � b� �

�

a � b �

� � �

� , respectively. Likewise,p ��� r ����� a. Hence,p � b�

denotesthecommonlabel,aset
�

a � b �

� � �

� , of borderblockb, andp ��� r ��� givesthelabelof eachtouching
region.

Wedenotewith � A� thetypeof all spatialpartitionswith labeltypeA.

7.2 Operationson Partitions

We have de�ned threebasicoperationson spatialpartitions: intersection, relabel, andre�ne. The in-
tersectionof two partitionsp1 andp2 of typesA andB, respectively, is againa spatialpartition(of type
A � B) whereeachinteriorpoint p is mappedto thepairof values� p1 � p� � p2 � p� � , andall borderpointsare
mappedto thesetof labelsof all adjacentregions(asrequiredby thesecondpartof thede�nition of a
partition).Formally, we cande�ne theintersectionof two partitionsp1 : � A� andp2 : � B� in severalsteps:
�rst, wecomputetheregionsof theresultingpartition.Thiscanbedoneby simplesetintersectionsince
regionsare,by de�nition, regularopensetsandsince � is closedon regularopensets:

r � � p1 � p2 � : �

�

r � r
�

� r � r � p1 ��� r
�

� r � p2 � �

Second,the union of all theseregions gives the interior of the resulting partition: i � � p1 � p2 � : �

�

r � r � � p1 �

p2 �

r. Now the spatialmappingrestrictedto the interior canbe just obtainedby mappingeach
interiorpoint p � I : � i � � p1 � p2 � to thepairof labelsgivenby p1 andp2:

pI : � l p:I �

�

� p1 � p� � p2 � p� � �

Third, theboundarylabelscanbe derived from the labelsof all adjacentregions. Let R : � r � � p1 � p2 � ,
I : � i �

� p1 � p2 � , andF : � IR2
� I . Thenwe have:

intersection: � A�

�

� B�

�

� A � B�

intersection� p1 � p2 � : � pI
�

l p:F �

�

pI ��� r ��� � r � R � p � r �

To understandtheuseof p ����� ��� in theabove de�nition, recalltheremarkafterDe�nition 2: sincewehave
to placepairsof labelsin the resultsetandsincep � r � �

� �

� a � b� � � , we obtain � a � b� by applicationof
p ����� ��� .

Relabelinga partition p of type A by a function f : A � B is de�ned as f � p, that is, in the resulting
partition of type B eachpoint p, interior aswell asboundary, is mappedto f � p � p��� (recall that p � p�

yieldsa singletonset,for example,
�

a � , and f appliedto this setyieldsthesingletonset
�

f � a� � ):

relabel: � A�

�

� A � B�

�

� B�

relabel� p � f � : � l p:IR2
� f � p � p���

Finally, there�nementof apartitionmeanstheidenti�cation of connectedcomponents.This is achieved
by attachingconsecutive numbersto the components.A connectedcomponentof an opensetS is a
maximumsubsetT

�

S suchthat any two pointsof T canbe connectedby a curve lying completely
insideT (Dugundji,1966).Let g� r ���

�

c1 �

� � �

� ckr � denotethesetof connectedcomponentsof a region
r. Then,similar to intersection, wecande�ne theoperationre�ne in severalsteps.

First, the regionsof the resultingpartition arethe connectedcomponentsof all regionsof the original
partition.

r g � p � : �

�

r � r � p �

g� r �
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Again, theunionof all theseregionsgivestheinterior of theresultingpartition: i g � p � : �

�

r � r g � p �

r. This
meansthatneithertheinteriornor theboundaryis changedby re�ne.

We cannow directly de�ne the resultingpartitionon the interior, sincethroughthecomputationof the
connectedcomponentswe automaticallyobtaina setof numbersthat canbe usedasadditionallabels.
Thus,there�nementof theinterior is givenby:

pI : �

�

� p �

�

� p � p� � i � � � � r � r � p � � g� r ���

�

c1 �

� � �

� ckr �

�

i �

�

1 �

� � �

� kr � � p � ci �

Finally, wehave to derive thelabelsfor theboundaryfrom theinterior. (Recallthatb � p � � b � re�ne � p ��� .)
Now let R: � r g � p � , I : � ig � p � , andF : � IR2

� I . Thenwehave:

re�ne : � A�

�

� A � IN �

re�ne � p � : � pI
�

l p:F �

�

pI ��� r ��� � r � R � p � r �

In (Erwig et al., 1997)we have provedthatpartitionsareclosedunderthethreeoperationsintersection,
relabel, andre�ne.

8 ADDITION AL HIGH LEVEL PARTITION OPERATIONS

The threebasicoperatorspresentedin the previous sectioncover a broadrangeof application-speci�c
operationsthathavebeensummarizedin theIntroduction.In thefollowing subsectionswede�ne several
additionaloperationsto formalizetheadvancedandin partnovel applicationsdescribedin Sections3 to
6.

8.1 Operations for Layering

The selectoperationis usedto extract speci�c partsof a partition. It canbe considered,in fact, asa
specialcaseof relabelingin whichall non-interestingpartsof thepartitionaremappedto unde�nedand
all interestingpartsarekeptunchanged.Thedecision,which partsto keepandwhich to forget,is based
on the labelsof thepartition andis thusrealizedby a predicateon the label type A. We cantherefore
de�ne selectusingtheoperationrelabel:

select: � A�

�

� A � IB �

�

� A�

select� p � P� : � relabel� p � l x:A � if P � x� then x else � A �

The “dual” of a partition select� p � P� is alwaysgiven by the expressionselect� p �

� P� . Intuitively, the
overlay of select� p � P� andselect� p �

� P� shouldalwaysyield the original partition p. To expressthis
relationshipformally, we �rst de�ne an operationunion that combinestwo partitionsof the sametype
thataredisjoint in thefollowing sense:two partitionsp : � A� andp

�

: � A� arecalleddisjoint iff � p � IR2 :
p � p� � � A

�

p
�

� p� � � A. Wewrite p �

/ p
�

to expressthefactthatp andp
�

aredisjoint.

Now unionis de�ned to yield thelabelof eitherp or p
�

. If p andp
�

arenot disjoint, unionis de�ned to
yield � A for all pointsof their commondomain.Wecande�ne unionby relabelingtheintersectionof p
andp

�

with thefollowing function(for a � a
�

� A):

a � a
�

: �

�

���

a
�

if a � � A

a if a
�

� � A

� A otherwise

Wecannow de�ne:

union: � A�

�

� A�

�

� A�

union� p � p
�

� : � relabel� intersection� p � p
�

� � l � x � y� :A � A � x � y�
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Thus,wecanexpresstheabove characterizationof selectas

union� select� p � P� � select� p �

� P����� p

which is truebecauseselect� p � P���

/ select� p �

� P� .

The operationlayer is a generalizationof relabelandconstructslayersof partitionsaccordingto the
relabelingfunction. In practice,thetarget typeB of therelabelingfunction f : A � B will oftenbeused
to groupsetsof A-labelsinto differentclasses,andfor eachclassan own partition is computed.More
precisely, for eachlabelb � B let Ab

�

A bethesetof A-labelsmappedby f to b (that is, Ab � f �

1
� b� ).

Thenwith p : � A� , layer� p � f � constructsfor eachb � B a partition pb : � Ab � which is identical to p on
all pointsmappedto a label in Ab andwhich yields � A everywhereelse.Therelationshipbetweeneach
labelb � B andits correspondinglayer � Ab � is capturedby the fact that layer returnsa functionof type
B �

� A� .

layer : � A�

�

� A � B�

�

� B �

� A� �

layer� p � f � : � l b:B � select� p � l x:A � f � x��� b�

This meansthat layer� p � f � yields for eachb � B an A-partition whoselabelsareall mappedby f to
b. We call functionsof type B �

� A� that resultfrom the layer operationalsolayered partitionsanda
partitionAb a layer.

We have a similar characterizationfor layeredpartitionsasfor select. To expressthis, we extendthe
union operationfrom the binary caseinto an operationcollapsethat is able to aggregatea complete
layeredpartition:

collapse: � B �

� A� �

�

� A�

collapse� L � : � p1union � � � unionpn whereL � B� �

�

p1 �

� � �

� pn �

With collapsewe canexpressthe fact that theoverlayof a layeredpartitiongeneratedby theoperation
layer from apartitionp yieldsagainthepartitionp:

collapse� layer� p ����� p

which is truebecausethelayersgeneratedby selectarepairwisedisjoint.

8.2 Joining and InspectingPartitions

The relateoperationallows to accessspeci�c region labelsof onepartition p
�

: � B� by using another
partitionp : � A� to identify thecorrespondingregion. Thisrequiresbothpartitionstohaveexactlythesame
regions,thatis, r � p �
� r � p

�

� . In thatcasewecancomputeafunctionthatgivesfor eacha � s-rng� p �

�

A
thevalueb � B to which theregion is mappedby p

�

. We cande�ne therelateoperationby composing
p �

1 with p
�

.

relate: � A�

�

� B�

�

� A � B�

relate� p � p
�

� : � l x:A � p
�

��� p �

1
�

�

x� � ���

Sincep �

1 yieldsa region, that is, a setof points,we have to usep ����� ��� to extract thesinglelabelvalue.
Therelationshipsbetweenp, p

�

, andrelate� p � p
�

� aresummarizedin Figure12.

We canwell considerpartitionsasdatabaseobjects:thentheregionsserve, in a sense,asobjectidenti-
�ers, andpartitions,suchasp : � A� , playtheroleof attributes(with namep anddomainA). In thecontext
of theoperationrelate, wenoticethatp is usedlikeakey attribute. (Notethatby de�nition, any partition
is akey attributein thesensethatthelabelsidentify theregions.)
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IR2

p

����
��

��
��

p
�

��9
99

99
99

9

A
p � 1

BB��������
relate� p

�

p
�

�

//B

Figure12: De�nition of relate

Onedrawbackof therelateoperationis thattheresultof theoperation,a functionof typeA � B, is not
a partition. In contrast,all otheroperationsdo returnpartitions(except layer which returnsa layered
partition). Therefore,we favor a differentway of accessingpartition labels,which is describedin the
following.

First,wecanaccumulatedifferentlabelsfor thesameregionsby simplyusingtheintersectionoperation
on correspondingpartitionsp : � A� andp

�

: � B� . This resultsin a partitionhaving againthesameregions
asp andp

�

, but whoselabelsareof typeA � B. Theapplicationof intersectionto two partitionshaving
thesameregionsrepresentsanimportantspecialcase,andwecall thisoperationjoin.

Thenthe retrieval of speci�c informationsfrom partitionsis achieved by the operationlookup, which
takesa partition p : � A� anda patternof type A, andconstructsa (sub-)partition of type A of all those
partswhoselabelsmatchthepattern.First of all, wehave to explain whata patternis: apatternis either
avalueor thewildcardsymbol“ ”. Thetypeof patternsovera (non-product)typeA is denotedby A and
is de�ned as:

A : � A
�

�

�

Thus,for example,17 and areelementsof thepatterntypeIN. A patternover a producttypeis simply
a tupleof patternsover thecomponenttypes,thatis,

A1
�

� � �

� Ak : � A1
�

� � �

� Ak

Hence, � 3 � true� is a patternof typeIN � IB, asare � 0 � � or � � � . A patternspeci�esthevalueslookup
shouldsearchfor in a partition. Thewildcardsserve as“don't care”-valuesthatmatchany value. For-
mally, matchingapatternf (whichcanbeawildcard or avaluey) againstavaluex, writtenasf � x, is
de�ned by thefollowing rules:

� x
y � x 	 � y � x

� f 1 �

� � �

� f k �

�

� x1 �

� � �

� xk � 	 � f 1
� x1 �

� � �

� f k
� xk

The�rst line expressesthefactthatawildcardmatchesany value,thesecondline saysthatvaluesmatch
onequality, andthelastline de�nesthattuplesmatchcomponent-wise.

Now lookupcanbesimply de�ned by usingselect:

lookup: � A�

� A �

� A�

lookup� p � f � : � select� p � l x:A � f � x�

Theresultof lookupis apartitioncontainingall regionswhoselabelsmatchthespeci�edpattern.

8.3 Extend Operators

We de�ne two “label extension”operatorsthat addresstwo shortcomingsof the relabel operationas
de�ned in Section7.2.Theseoperatorsrealizemapannotation.
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First,thenewly assignedlabelsareautomaticallykeysof thepartitionresultingfrom relabel, whichleads
sometimesto undesiredfusioneffects. Consider, for example,a userwho tries to assignwith relabela
numericlabelto apartitionof countries.Now if two countriesaccidentallygetthesamelabel,theregions
of thetwo countriesarefusedin thepartitionthatis returnedby relabel, which is generallynotwhatthe
userexpected.A possiblesolutionis to keepthe original label togetherwith the newly assignedone.
This is actuallypossiblewith relabelitself, but sincethis operationwill occurquitefrequently, we give
it anown name.Therefore,we de�ne anoperationextendasfollows:

extend: � A�

�

� A � B�

�

� A � B�

extend� p � f � : � relabel� p � l x:A �

� x � f � x�����

An importantpropertyof extendis that the regionsof theargumentpartitionarenot changed.We can
expressthis formally by:

r � extend� p � f ����� r � p �

The secondlimitation of relabel is that it is a local operationin the sensethat eachpoint is assigned
a new label independentfrom all otherpoints; relabeldependsonly on theold label of eachpoint. In
somesituations,however, it is importantto assigna label to a wholesetof pointswherethelabelvalue
dependson thatset.This is particularlytruein caseswhennumericlabelsareto beassignedthatdepend
on regions,suchasthe areaor thediameterof a region. In mostcasesoneis not interestedin getting
regions of the samelabel fused. Thus, we de�ne the operationr-extendsimilar to extend: the only
differenceis that the parameterfunction is not appliedto eachpoint's labelbut to the region thepoint
lies in.

r-extend: � A�

�

� 2IR2
� B�

�

� A � B�

r-extend� p � f � : � relabel� p � l x:A �

� x � f � p �

1
�

�

x � �������

As for extend, theregionsof theargumentpartitionarenotaffectedby r-extend:

r � r-extend� p � f ����� r � p �

8.4 Partition Aggregation

In thedesignof anaggregationoperatorwe have strivedfor a compromisebetweena powerful operator
that is capableof expressingmany interestingmap operationsand a simple operatorthat is easyto
understandby users.We have arrivedat anoperatoraggregatethataccumulatesthelabelsof a partition
p : � A� with abinaryfunction f : A � B � B startingwith anelementu : B (u is calledunit). In many cases
we will have B � A, for example,whenaggregatingnumericallabelsby min,

�

, andsoon. However,
therearealsocasesin whicha typeB �� A is needed,for example,whencollectinglabelsin aset;in that
casewe have: B � 2A. Sincethede�nition of aggregatedoesnot have to take theadjacency structureof
themapinto account,wecanusethewell-known aggregationsof sets(Breazu-Tannenetal., 1991;Erwig
et al., 1991;Breazu-Tannenet al., 1992;Fegaraset al., 1995):agg � f � u � S� to denotetheaggregationof
a �nite, non-emptysetby abinaryfunction:

agg � f � u ��� � � u

agg � f � u �

�

a �

�

S� � f � a � agg � f � u � S���

Now wecande�ne mapaggregationasfollows (recallthatfor p : � A� wehave s-rng� p � �

�

a � A �

�

a� �

rng � p � � ):

aggregate: � A�

�

� A � B � B�

� B �

� A � B�

aggregate� p � f � u� : � extend� p � l x:A � agg � f � u � s-rng� p� ���
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Note that we do not just return the accumulatedvalue,but ratherextendall regionsof the argument
partitionwith theaccumulatedvalue.This is in line with ourapproachto staywithin partitiontypes,and
it alsoprovidesbettersupportfor many applicationswheretheaccumulatedvalueis, in a furtherstep,
relatedto theregions' values(for example,to show theproportionof anareato thetotalarea).

Wecouldhave de�ned aggregatein amuchmoregeneralway: by takingthedualgraphof apartitionan
aggregationoperatorcanmovein anexactlyprescribedwaythroughthisgraph.Wehaveactuallyde�ned
andinvestigatedseveral versionsof suchan operatorin a differentcontext (Erwig, 1997). Exploiting
adjacency (andimplicitly alsodistance)informationof regionsclearlymakessuchaggregationoperators
moreexpressive,but they alsorequiresomepracticeto beeffectively used.

Instead,we adda furtheroperatorto supportapplicationsthatexploit thetopologicalstructureof parti-
tions.Wede�ne theoperationconnectthattakesapartitionp : � A� andtwo labelsx � y : A anddetermines
whethertheregionslabeledx andy areconnected,that is, whetherthe regionsareadjacentor whether
thereis achainof regionsconnectingthem.

Thedual graphGp of a partitionp : � A� is de�ned asanundirected,unlabeledgraphin which nodesare
representedby region labels:Gp � � s-rng� p� � Ep � whereEp � rng � p � �

2. Notethatanedgeis represented
by a two-elementsetof A-labels,andsincebordersbetweenadjacentregionsareuniquelylabeledwith
a setcontainingbothregions' labels,we cansimply take thesetof all two-elementborderlabelsasthe
setof edges.A path in Gp betweentwo nodesx andy is a non-emptysequenceof nodesp � x1 �

� � �

� xn

with x � x1, y � xn, and
�

xi � xi
�

1 � � Ep for i �

�

1 �

� � �

� n � 1 � . Thelengthof suchapathis
�

� p� : � n � 1.
We denoteby Nx

�

y � Gp � thesetof nodescontainedin a shortestpath(with respectto
�

) betweenx andy.
Whenno pathexistsin Gp betweenx andy, Nx

�

y � Gp � is de�ned to yield
�

x � y � .

Now connectis de�ned to returna sub-partitionof p thatcontainsall regionsof a shortestpathbetween
x andy in Gp if it existsandjust theregionsfor x andy otherwise.

connect: � A�

� A � A �

� A�

connect� p � x � y� : � select� p � l z:A � z � Nx
�

y � Gp ���

9 CONCLUSIONS

We have identi�ed severalnew operationson maps.By usinga formal modelfor partitionswe provide
a theoreticalframework that is well-suitedfor studyingmapsandoperationson them: the de�nitions
becomequitesimple,whereat thesametime, theoperationsarevery powerful. In particular, variations
andextensionsof mapoperationscanbeeasilyde�ned andstudied.
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