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Nonnegative Matrix Factorization (NMF)

PART I – Application-oriented aspects

I Sec. 1: Applications of NMF
I Data analysis: blind hyperspectral image unmixing, image

feature extraction, topic modeling, audio source separation
I Statistical machine learning: crowdsourcing, joint probability

estimation, Hidden Markov models, and community detection.

I Sec. 2: NMF Algorithms
I MU
I Nonconvex Optimization
I Non-Euclidean cost

PART II – Theoretical aspects : understanding NMF, and using
NMF meaningfully
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Nonnegative Matrix Factorization (NMF)
Given a matrix X ∈ Rp×n

+ and a factorization rank r � min(p, n),
find W ∈ Rp×rand H ∈ Rr×n such that

min
W≥0,H≥0

D(X ||WH), (NMF)

e.g., D(X ||WH) = ||X −WH||2F =
∑

i ,j(X −WH)2ij .

NMF is a linear dimensionality reduction technique :

Why nonnegativity?
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Blind hyperspectral unmixing

Figure 1: Urban hyperspectral image, 162 spectral bands and 307-by-307 pixels.

Problem. Identify the materials and classify the pixels.
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Linear mixing model
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Linear mixing model
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Blind hyperspectral unmixing with NMF

I Basis elements recover the different endmembers: W ≥ 0;
I Abundances of the endmembers in each pixel: H ≥ 0.
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Urban hyperspectral image
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Urban hyperspectral image

Figure 2: Decomposition of the Urban dataset.



9/128

Urban hyperspectral image

Figure 2: Decomposition of the Urban dataset.



9/128

Urban hyperspectral image

Figure 2: Decomposition of the Urban dataset.
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Topic recovery and document classification

I Basis elements allow to recover the different topics;
I Weights allow to assign each text to its corresponding topics.
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Topic recovery and document classification

→ MATLAB demo.

tdt2_top30: The TDT2 corpus (Nist Topic Detection and
Tracking corpus) consists of data collected during the first half of
1998 and taken from 6 sources, including 2 newswires (APW,
NYT), 2 radio programs (VOA, PRI) and 2 television programs
(CNN, ABC). Only the largest 30 categories are kept, thus leaving
us with 9,394 documents in total.

Toolbox: https://gitlab.com/ngillis/nmfbook/

https://gitlab.com/ngillis/nmfbook/
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Topic recovery and document classification
Five of the topics extracted by NMF on tdt2_top30 (top 10
words):

Lewinsky Israeli-Palestinian Stock Winter olympics Sports
scandal conflict Market in Nagano
lewinsky israel percent olympic game
mrs israeli stock games denver

jones* netanyahu market olympics team
lawyers palestinian stocks nagano super
clinton peace points gold bowl
president palestinians investors medal packers
sexual arafat prices team jordan

jordan** bank index japan play
relationship minister companies winter green

told talks quarter won bulls

*Paula Jones sued Bill Clinton for an earlier sexual harassment affair.
**Vernon Jordan, a friend and political adviser to Bill Clinton, helped Monica
Lewinsky after she left the White House.
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Facial feature extraction and classification

The basis elements extract facial features such as eyes, nose and
lips.

→ MATLAB demo.
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Facial feature extraction and classification

The basis elements extract facial features such as eyes, nose and
lips. → MATLAB demo.



Figure 3: Experiment on facial images [LS99].
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Audio source separation
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Audio source separation
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Audio source separation
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Nonnegative Matrix Factorization (NMF)

PART I – Application-oriented aspects

I Sec. 1: Applications of NMF
I Data analysis: blind hyperspectral image unmixing, image

feature extraction, topic modeling, audio source separation
I Statistical machine learning: crowdsourcing, joint

probability estimation, Hidden Markov models, and
community detection.

I Sec. 2: NMF Algorithms
I MU
I Nonconvex Optimization
I Non-Euclidean cost

PART II – Theoretical aspects : understanding NMF, and using
NMF meaningfully
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Statistical Unsupervised Machine Learning Problems

Problems that NMF can handle (incomplete list):

I Topic Modeling [AGH+13, HFS16]
I Crowdsourced Data Labeling [IFKH19]
I Learning Joint Probability from Marginals [IF20]
I Hidden Markov Model Identification [HFS18, LR10]
I Community Detection [HF19a, MSC17, PSU17]

I Many are less obvious as NMF models – but can be shown
through careful constructions.

I Warning: I will use boldface X to represent matrices and X
random variables.
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Crowdsourced Data Labeling
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Data Labeling, Deep Learning, and Crowdsourcing

I How many labels used in DL?
I Labeling millions of samples is costly
I Data labeling - an emerging business

I Forbes in Sep 2019: 2 of “AI 50:
America’s Most Promising
Artificial Intelligence Companies”
are data labeling companies.

I Financial Times in July 2019: the
market for data labeling was
already $150 million in 2018;

I Market projected ≥$1B by 2023.
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I Labeling data items is nontrivial
I Any individual annotator could be easily confused

sources: left: markelbroch.com, right: Joel Sartore, Nat Geo Image Collection

I Crowdsourcing: use a group of annotators to label data - and
then integrate the result
I A naive integration approach is majority voting.
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I Majority voting may or may not be optimal

picture source: left: https://www.outsidethebeltway.com. right: CTVNews

I Many annotators may not have been well trained
(self-registered)

I Not all the annotators work on all the data (for cost control)

https://www.outsidethebeltway.com
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I Problem setup
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I The Dawid-Skene model [DS79]

Y

X1 X2 ... XM

I A naive Bayes model
I (perhaps) the canonical model in statistical crowdsourcing

[ZCZJ14a, ZCZJ14b, TPZG18, TG18, TG19, RYZ+10,
SOJN08, SFB+95, ZBMP12].

I simple and effective
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I A closer look

Pr(X1 = k1, . . . ,XM = kM)

=
K∑

k=1

Pr(Y = k)︸ ︷︷ ︸
label prior

M∏

m=1

Pr(Xm = km|Y = k)︸ ︷︷ ︸
confusion prob of annot. m

I Define

d (k) = Pr(Y = k), Am(km, k) = Pr(Xm = km|Y = k)

I d ∈ RK is the prior PMF
I Am ∈ RK×K is the confusion matrix of annotator m
I Our goal: identify d and Am for m = 1, . . . ,M
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I Consider second-order statistics (co-occurrences):

Rm,`(km, k`) = Pr(Xm = km,X` = k`)

=
K∑

k=1

Pr(Y = k)︸ ︷︷ ︸
d (k)

Pr(Xm = km|Y = k)︸ ︷︷ ︸
Am(km,k)

Pr(X` = k`|Y = k)︸ ︷︷ ︸
A`(k`,k)

I In matrix form:
Rm,` = AmDA>` ,

where D = Diag(d ), Rm,` ∈ RK×K

I Already an NMF model:

Rm,` = AmD︸ ︷︷ ︸
W

A>`︸︷︷︸
H

.

I normally won’t work if directly factoring Rm,` (see Sec. II).
I we hope H to be a very fat matrix (roughly speaking)
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I Annotator m may co-label data with annotators
m1, . . . ,mT (m).

Annotator 𝑚𝑚

Annotator 𝑚𝑚1

Annotator 𝑚𝑚2

I Assume Rm,mt for t ∈ {1, . . . ,T (m)} are available.
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I Construct

Zm =
[
Rm,m1 ,Rm,m2 , . . . ,Rm,mT (m)

]

=
[
AmDA>m1

, . . . ,AmDA>T (m)

]

= Am

[
DA>m1

, . . . ,DA>T (m)︸ ︷︷ ︸
Hm

]
∈ RK×KT (m)

= WmHm

I Why the trouble?
I We hope Hm to be “fat” so that it has a better chance to

attain the “separability” or “sufficiently scattered”
conditions—which makes Wm and Hm identifiable.

I See identifiability theory (Part II).
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I The NMF procedure is denoted as MultiSPA [IFKH19]:

Classification Error (%) and Run-time (sec) : AMT Datasets
Algorithms TREC Bluebird RTE

(%) Error (sec) Time (%) Error (sec) Time (%) Error (sec) Time
MultiSPA 31.47 50.68 13.88 0.07 8.75 0.28
Spectral-D&S 29.58 919.98 12.03 1.97 7.12 6.40
TensorADMM N/A N/A 12.03 2.74 N/A N/A
Majority Voting 34.85 N/A 21.29 N/A 10.31 N/A

AMT Dataset description
Dataset # classes # items # annotators # annotator labels
Bluebird 2 108 30 3240
RTE 2 800 164 8,000
TREC 2 19,033 762 88,385
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Joint Prob. Estimation from
Marginals
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A Bigger Picture - Joint PMF Learning from Marginals

I Essentially, we have shown that Pr(X1, . . . ,XM) can be
learned from Pr(Xi ,Xj).
I if X1, . . . ,XM are conditionally independent given a hidden

discrete variable Y .

I In other words, the Naive Bayes structure is the key.

Y

X1 X2 ... XM

I Can this be generalized to handle any X1, . . . ,XM?
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Many ML Problems Boil Down to Joint PMF Learning

I Direct estimation for
Pr(X1, . . . ,XN) suffers from the
curse of dimensionality.

I #Sample � Ω(IN), where I is
the alphabet size of Xn.

I Est. Pr(Xi ,Xj) is much easier.
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One-slide Proof

I The joint PMF of X1, . . . ,XN is an I1 × I2 × . . .× IN tensor,
where Im is the size of the alphabet of Xm.

Pr(i1, . . . , iN) = X (i1, . . . , iN)

I Every nonnegative tensor admits a nonnegative canonical
polyadic decomposition (CPD) with a finite rank F
[KSF18, SDLF+17]:

X (i1, . . . , iN) =
F∑

f=

N∏

j=1

λf︸︷︷︸
Pr(Y=f )

A(ij , f )︸ ︷︷ ︸
Pr(Xj=ij |Y=f )

I Hence, every joint PMF admits a Naive Bayes
representation, with a latent Y that has a finite alphabet.

I When X1, . . . ,XN are “reasonably dependent”, F is not large
[KSF18].
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Schematic of The Approach

<latexit sha1_base64="CRhVyFkbe/EVUfxi4aGjyU/9Urs=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0WoICUpoh6LXjxWsB/QhrDZbtqlm03Y3Sgl9qd48aCIV3+JN/+N2zYHbX0w8Hhvhpl5QcKZ0o7zba2srq1vbBa2its7u3v7dumgpeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gdDP12w9UKhaLez1OqBfhgWAhI1gbybdLWU+FqCEnlY7vnnX82qlvl52qMwNaJm5OypCj4dtfvX5M0ogKTThWqus6ifYyLDUjnE6KvVTRBJMRHtCuoQJHVHnZ7PQJOjFKH4WxNCU0mqm/JzIcKTWOAtMZYT1Ui95U/M/rpjq88jImklRTQeaLwpQjHaNpDqjPJCWajw3BRDJzKyJDLDHRJq2iCcFdfHmZtGpV96Jauzsv16/zOApwBMdQARcuoQ630IAmEHiEZ3iFN+vJerHerY9564qVzxzCH1ifP0szkrk=</latexit>

Pr(X1, X2)

<latexit sha1_base64="uXXyFVEj4mYGNL+CzvyqeuIoe8o=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSxCBSlJFfVY9OKxgm0DbQib7aZduvlgd6OU2J/ixYMiXv0l3vw3btsctPXBwOO9GWbm+QlnUlnWt1FYWV1b3yhulra2d3b3zPJ+W8apILRFYh4Lx8eSchbRlmKKUycRFIc+px1/dDP1Ow9USBZH92qcUDfEg4gFjGClJc8sZz0ZoKaYVB3PPnW8sxPPrFg1awa0TOycVCBH0zO/ev2YpCGNFOFYyq5tJcrNsFCMcDop9VJJE0xGeEC7mkY4pNLNZqdP0LFW+iiIha5IoZn6eyLDoZTj0NedIVZDuehNxf+8bqqCKzdjUZIqGpH5oiDlSMVomgPqM0GJ4mNNMBFM34rIEAtMlE6rpEOwF19eJu16zb6o1e/OK43rPI4iHMIRVMGGS2jALTShBQQe4Rle4c14Ml6Md+Nj3low8pkD+APj8wdMuJK6</latexit>

Pr(X1, X3)

<latexit sha1_base64="oJJ8snFbGLO39zUCka7uK5aoRxE=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWoYKWpIi6LLpxJRXsA9oQJtNJO3TyYGYilJCNv+LGhSJu/Qx3/o2TtgttPXC5h3PuZeYeL+ZMKsv6NgpLyyura8X10sbm1vaOubvXklEiCG2SiEei42FJOQtpUzHFaScWFAcep21vdJP77UcqJIvCBzWOqRPgQch8RrDSkmsepD3po4bIKh03vTuzs9O8ZyeuWbaq1gRokdgzUoYZGq751etHJAloqAjHUnZtK1ZOioVihNOs1EskjTEZ4QHtahrigEonnRyQoWOt9JEfCV2hQhP190aKAynHgacnA6yGct7Lxf+8bqL8KydlYZwoGpLpQ37CkYpQngbqM0GJ4mNNMBFM/xWRIRaYKJ1ZSYdgz5+8SFq1qn1Rrd2fl+vXsziKcAhHUAEbLqEOt9CAJhDI4Ble4c14Ml6Md+NjOlowZjv78AfG5w8opJV8</latexit>

Pr(XN�1, XN )

<latexit sha1_base64="vHNhX1gacBxxH28CXYMFHfa4d0s=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRF1GPRi8cKthbaUDabTbt2sxt2J4VS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBXcoOd9O4W19Y3NreJ2aWd3b/+gfHjUMirTlDWpEkq3Q2KY4JI1kaNg7VQzkoSCPYbD25n/OGLacCUfcJyyICF9yWNOCVqp1R1FCk2vXPGq3hzuKvFzUoEcjV75qxspmiVMIhXEmI7vpRhMiEZOBZuWuplhKaFD0mcdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODALHsz8T+vk2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0sHRBOKNqCSDcFffnmVtGpV/7Jau7+o1G/yOIpwAqdwDj5cQR3uoAFNoPAEz/AKb45yXpx352PRWnDymWP4A+fzB825j0k=</latexit>...

Joint	NMF	
Process.;
estimate

<latexit sha1_base64="t+QozhGcJDTuNdRkc5ciq1L6IyY=">AAACEHicbZC7TsMwFIadcivlFmBksShIDFWVRAhYkMplYCyIlkpNiBzXba3aSWQ7SFXUF2DkSRiBBbGyM/A2OG0GaDmS5U//f47s8wcxo1JZ1rdRmJtfWFwqLpdWVtfWN8zNraaMEoFJA0csEq0AScJoSBqKKkZasSCIB4zcBYOLzL97IELSKLxVw5h4HPVC2qUYKS355p4bcHjjp3bFGZ1mfObb2XU5YefeVVHsm2Wrao0LzoKdQxnkVffNL7cT4YSTUGGGpGzbVqy8FAlFMSOjkptIEiM8QD3S1hgiTqSXjrcZwX2tdGA3EvqECo7V3xMp4lIOeaA7OVJ9Oe1lYiXg/9ntRHVPvJSGcaJIiCdvdRMGVQSzdGCHCoIVG2pAWFD9XYj7SCCsdIYlnYM9vfUsNJ2qfVR1rg/LtfM8kSLYAbvgANjgGNTAFaiDBsDgETyDV/BmPBkvxrvxMWktGPnMNvhTxucPHvCavA==</latexit>

R1,2 = A1DA>
2

<latexit sha1_base64="qD7x5AlB8o4FUgKn9VEFqnJLm9E=">AAACEHicbZC7TsMwFIYdrqXcAowsFgWJoaqSFgELUrkMjAXRi9SEyHHd1qqdRLaDVEV9AUaehBFYECs7A2+D02aAliNZ/vT/58g+vx8xKpVlfRtz8wuLS8u5lfzq2vrGprm13ZBhLDCp45CFouUjSRgNSF1RxUgrEgRxn5GmP7hM/eYDEZKGwZ0aRsTlqBfQLsVIackz9x2fw1svsYuV0VnK556dXlcTrtw7Kow8s2CVrHHBWbAzKICsap755XRCHHMSKMyQlG3bipSbIKEoZmSUd2JJIoQHqEfaGgPEiXST8TYjeKCVDuyGQp9AwbH6eyJBXMoh93UnR6ovp71ULPr8P7sdq+6pm9AgihUJ8OStbsygCmGaDuxQQbBiQw0IC6q/C3EfCYSVzjCvc7Cnt56FRrlkH5fKN0eF6kWWSA7sgj1wCGxwAqrgGtRAHWDwCJ7BK3gznowX4934mLTOGdnMDvhTxucPIh2avg==</latexit>

R1,3 = A1DA>
3

<latexit sha1_base64="eTP6Ws6UJPIVBf4uY/D8dV5FxFk=">AAACFnicbVDLSgMxFM3UV62vUZdugkUQqWWmiLoR6mPhqlSxD2jrkEnTNjSZGZKMUIb+g0u/xKW6EbduXPg3Zqaz0NYLgfO4l5t73IBRqSzr28jMzS8sLmWXcyura+sb5uZWXfqhwKSGfeaLposkYdQjNUUVI81AEMRdRhru8DL2Gw9ESOp7d2oUkA5HfY/2KEZKS4550HY5vHWiyqFdqIzPYnaesHEMrya8ct9WfuCYeatoJQVngZ2CPEir6phf7a6PQ048hRmSsmVbgepESCiKGRnn2qEkAcJD1CctDT3EiexEyU1juKeVLuz5Qj9PwUT9PREhLuWIu7qTIzWQ014sFlz+n90KVe+0E1EvCBXx8GRXL2RQ+TDOCHapIFixkQYIC6q/C/EACYSVTjKnc7Cnr54F9VLRPi6Wbo7y5Ys0kSzYAbtgH9jgBJTBNaiCGsDgETyDV/BmPBkvxrvxMWnNGOnMNvhTxucPkredHg==</latexit>

RN�1,N = AN�1DA>
N

<latexit sha1_base64="n/Yu5GvW5J/L/RGWiyFp/0Fae9E=">AAACGHicbVBPS8MwHE3nvzn/VT16CQ5hQhntEPUiDBXxOMFtwlpKmmZbWNKWJBVG2Zfw6CfxqF7Eq+DBb2O2VdDNByGP936P5PeChFGpbPvLKCwsLi2vFFdLa+sbm1vm9k5LxqnApIljFou7AEnCaESaiipG7hJBEA8YaQeDi7HfvidC0ji6VcOEeBz1ItqlGCkt+ablBhxenmWu0BdFvVHFZTodIt+xXBbGSlo/wtWhb5btqj0BnCdOTsogR8M3P90wxiknkcIMSdlx7ER5GRKKYkZGJTeVJEF4gHqko2mEOJFeNtlqBA+0EsJuLPSJFJyovxMZ4lIOeaAnOVJ9OeuNRSvg/9mdVHVPvYxGSapIhKdvdVMGVQzHLcGQCoIVG2qCsKD6uxD3kUBY6S5Lugdndut50qpVneNq7eaoXD/PGymCPbAPKsABJ6AOrkEDNAEGD+AJvIBX49F4Nt6M9+lowcgzu+APjI9vraue5Q==</latexit>

D = Diag(�1, . . . , �F )

<latexit sha1_base64="8CIkn7yw6ZGBA+7y2ywGCxW4T+o=">AAACJnicbVDJSgNBEO1xjXEb9eilMQgeQpgJouIpLgdPEsEskAmhp6eTNOmeGbprlDDkXzz6JR7VSxBvfoqd5WASHxQ83quiqp4fC67Bcb6tpeWV1bX1zEZ2c2t7Z9fe26/qKFGUVWgkIlX3iWaCh6wCHASrx4oR6QtW83s3I7/2xJTmUfgI/Zg1JemEvM0pASO17EvvmQesSyD1fImvBi0374kgAp2fN+5nldtBy845BWcMvEjcKcmhKcote+gFEU0kC4EKonXDdWJopkQBp4INsl6iWUxoj3RYw9CQSKab6fjHAT42SoDbkTIVAh6rfydSIrXuS990SgJdPe+NxLwv/7MbCbQvmikP4wRYSCe72onAEOFRZjjgilEQfUMIVdyci2mXKELBJJs1ObjzXy+SarHgnhWKD6e50vU0kQw6REfoBLnoHJXQHSqjCqLoBb2hD/RpvVrv1tD6mrQuWdOZAzQD6+cXRjKlmw==</latexit> bA1, . . . , bAN , bD

<latexit sha1_base64="+QFthtKCg9Y9qpq+f6m/4JdW9bc="></latexit> bPr(X1 = i1, . . . , XN = iN )

=
FX

f=1

NY

j=1

b�f
bAj(ij , f)

<latexit sha1_base64="MEaLzqb5W6Za2Pt02PI9DKpvoeM="></latexit>

Pr(X1 = i1, . . . , XN = iN )

=
FX

f=1

NY

j=1

�fAj(ij , f)

Joint	PMF	
(not	observable)
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I Movie Recommendation
Movie Recommendation Results on the Animation set (MovieLens)

Algorithm RMSE MAE Time (s)
CNMF-SPA [Proposed] 0.8705±0.0095 0.6798±0.0060 0.028
CNMF-OPT [Proposed] 0.8124±0.0031 0.6241±0.0041 61.018

CNMF-SPA-EM [Proposed] 0.8170±0.0075 0.6317±0.0086 2.424
CTD [Kargas et al.] 0.8300±0.0053 0.6335±0.0029 48.253

BMF 0.8408±0.0023 0.6553±0.0015 46.637
Global Average 0.9371±0.0021 0.7042±0.0014 –
User Average 0.8850±0.0009 0.6632±0.0011 –
Movie Average 0.9027±0.0019 0.6900±0.0013 –

I Estimate the rating of movie N by user k via computing the
MMSE estimator:

E[rk(N)|rk(1), . . . , rk(N − 1)],

where the joint PMF of a user rating N movies
Pr(r(1), . . . , r(N)) is estimated.

I more in [IF20].
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Learning Hidden Markov Models
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Hidden Markov Model Learning
4

Topic 1: Clinton, White 
House, Scandal, 

Lewinsky, grand jury…

Topic 2: Utah, Chicago, 
NBA, Jordan, Carl, jazz, 
bull, basketball, final,…

Topic 3: NASA, Columbia, 
shuttle, space, 
experiments, …

Fig. 1: The problem of topic mining.

XtXt−1 Xt+1

YtYt−1 Yt+1

. . . . . .

Fig. 2: The graphical model of a HMM.

M wavelengths—and hence x` is also a spectrum. The linear mixture model (LMM) employed in

hyperspectral imaging, i.e., x` ≈ WH(`, :)> ∈ RM , assumes that every pixel is a convex combination

(i.e., weighted sum) of spectral signatures of different materials on the ground, which is in the same

spirit as the model in [3]. Many hyperspectral unmixing (HU) techniques employ the LMM and aim at

factoring X to recover the ‘endmembers’ (spectral signatures) W and the ‘abundances’ H . This finds

a lot of applications in a variety of domains such as remote planet exploration, mining, agriculture, and

remote detection and surveillance. LMM and NMF based remote sensing and earth science have a very

long history. Some key concepts in geoscience that are heavily related to modern NMF can be traced

back to the 1960s [21], although the word ‘NMF’ was not spelled out during that time.

Another very well-known pioneer application of NMF is representation learning in image recognition

[4]. There, x` is a vectorized image of a human face, and X is a collection of such vectors. Learning

a nonnegative H from the factorization model X ≈WH> can be understood as learning nonnegative

‘embeddings’ of the faces in a low-dimensional space (spanned by columns ofW ); i.e., the learned `th row

ofH can then be used as a low-dimensional representation of face `. It was in this particular paper that Lee

and Seung reported a very thought-provoking empirical result: the columns of W are interpretable—every

column corresponds to a part of a human face. Correspondingly, the embeddings are meaningful—the

embedding of a person’s face H(`, :) contains weights of the learned parts. Such meaningful embeddings

are often found effective in subsequent processing such as clustering and classification since they reflect

the ‘true nature’ of the faces.

B. Topic Modeling

In machine learning, NMF has been an important tool for learning topic models [5], [6]. The task of

topic mining is to discover prominent topics (represented by sets of words) from a large set of documents;

see Fig. 1. In topic mining and the celebrated ‘bag-of-words’ model, X is a word-document matrix that

summarizes the documents over a dictionary. Specifically, X(m,n) represents the m-th word feature of

May 20, 2018 DRAFT

I HMMs are widely used in machine learning for modeling time
series, e.g., speech and language data.

I a sequence of observable data {Yt}Tt=0 emitted from an
underlying unobservable Markov chain {Xt}Tt=0.

I The HMM estimation problem aims at identifying the
transition probability Pr[Xt+1|Xt ] and the emission
probability Pr[Yt |Xt ].



37/128

I How is HMM related to NMF?

Pr[Yt ,Yt+1] =
R∑

k,j=1

Pr[Yt |Xt = xk ] Pr[Yt+1|Xt+1 = xj ]

× Pr[Xt = xk ,Xt+1 = xj ]

I Define Ω ∈ RM×M , M ∈ RM×R , and Θ ∈ RR×R such that

Ω(m, `) = Pr[Yt = ym,Yt+1 = y`],

M(m, r) = Pr[Yt = ym|Xt = xr ],

Θ(k , j) = Pr[Xt = xk ,Xt+1 = xj ].

Here, M denotes the number of observable states and R the
number of hidden states.
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I We then have [HFS18, LR10]:

Ω = MΘM>.

I Let Ω = X , W = M and H = ΘM>, we have an NMF
model X = WH .
I columns of M are emission probabilities.
I elements of Θ are transition probabilities .

I Using HMM to handle topic modelingLearning Hidden Markov Models from Pairwise Co-ocurrences

china daily vermin eat pct grain stocks survey provinces and cities showed ver-
min consume and pct china grain stocks china daily each year mln tonnes pct
china fruit output left rot and mln tonnes pct vegetables paper blamed waste
inadequate storage and bad preservation methods government had launched
national programme reduce waste calling for improved technology storage
and preservation and greater production additives paper gave details

china daily vermin eat pct grain stocks survey provinces and cities showed ver-
min consume and pct china grain stocks china daily each year mln tonnes pct
china fruit output left rot and mln tonnes pct vegetables paper blamed waste
inadequate storage and bad preservation methods government had launched
national programme reduce waste calling for improved technology storage
and preservation and greater production additives paper gave details

Figure 2: Inferred topics of the words shown in different
colors, obtained by probabilistic latent semantic analysis
(top) and hidden topic Markov model (bottom).

itively clear that for fixed N , we need a much larger real-
ization length T in order to accurately estimate (2τ + 1)-
occurrence probabilities as τ grows, which is the price we
need to pay for learning a HMM with a larger number of
hidden states.

1.2. This paper

The focus of this paper is on cases where K ≤ N , and T
is large enough to obtain accurate estimate of Pr[Yt, Yt+1],
but not large enough to accurately estimate triple or higher-
order occurrence probabilities. We prove that it is actually
possible to recover the latent structure of an HMM only
from pairwise co-occurrence probabilities Pr[Yt, Yt+1], pro-
vided that the underlying emission probability Pr[Yt|Xt] is
sufficiently scattered. Compared to the existing NMF-based
HMM learning approaches, our formulation employs a dif-
ferent (determinant-based) criterion to ensure identifiability
of the HMM parameters. Our matrix factorization approach
resolves cases that cannot be handled by tensor methods,
namely when T is insufficient to estimate third-order prob-
abilities, under an additional condition that is quite mild:
that the emission probability matrixM must be sufficiently
scattered, rather than simply full column-rank.

We apply our method to hidden topic Markov modeling
(HTMM) (Gruber et al., 2007), in which case the number
of hidden states (topics) is indeed much smaller than the
number of ambient states (words). HTMM goes beyond
the simple and widely used bag-of-words model by assum-
ing that (ordered) words in a document are emitted from a
hidden topic sequence that evolves according to a Markov
model. We show improved performance on real data when
using this simple and intuitive model to take word ordering
into account when learning topics, which also benefits from
our identifiability guaranteed matrix factorization method.

As an illustrative example, we showcase the inferred topic
of each word in a news article (removing stop words) in
Figure 2, taken from the Reuters21578 data set obtained

at (Mimaroglu, 2007). As we can see, HTMM gets much
more consistent and smooth inferred topics compared to
that obtained from a bag-of-words model (cf. supplemen-
tary material for details). This result agrees with human
understanding.

2. Second-order vs. Third-order Learning
We start by arguing that for the same observation data
{Yt}Tt=0, the estimate of the pairwise co-occurrence proba-
bility Pr[Yt, Yt+1] is always more accurate than that of the
triple co-occurrence probability Pr[Yt−1, Yt, Yt+1].

Let us first explicitly describe the estimator we use for these
probabilities. For each observation Yt, we define a coordi-
nate vector ψt ∈ RK , and ψt = ek if Yt = yk. The natural
estimator for the pairwise co-occurrence probability matrix
Ω is

Ω̂ =
1

T

T−1∑

t=0

ψtψ
>
t+1, (3)

and similarly for the triple co-occurrence probabilityΩ3

Ω̂3 =
1

T − 1

T−1∑

t=1

ψt−1 ◦ψt ◦ψt+1, (4)

where ◦ denotes vector outer-product. 2

The first observation is that both Ω̂ and Ω̂3 are unbiased
estimators: Obviously E(ψtψ

>
t+1) = Ω and likewise for

the triple-occurrences, and taking their averages does not
change the expectation. However, the individual terms in
the summation are not independent of each other, making
it hard to determine how fast estimates converge to their
expectation. The state-of-the-art concentration result for
HMMs (Kontorovich, 2006) states that for any 1-Lipschitz
function f

Pr[|f({Yt})− E f({Yt})| > ε] ≤ 2 exp
(
−Tε2/c

)
,

where c is a constant that only depends on the specific HMM
structure but not on the function f (cf. (Kontorovich, 2006)
for details). Taking f as any entry in Ω̂ or Ω̂3, we can
check that indeed it is 1-Lipschitz, meaning as T goes to
infinity, both estimators converge to their expectation with
negligible fluctuations.

We now prove that for a given set of observations {Yt}Tt=0,
Ω̂ is always going to be more accurate than Ω̂3. Since both
of them represent probabilities, we use two common metrics
to measure the differences between the estimators and their
expectations, the Kullback-Leibler divergence DKL(·) and
the total-variation difference DTV(·).

2In some literature ◦ is written as the Kronecker product ⊗.
Strictly speaking, the Kronecker product of three vectors is a very
long vector, not a three-way array. For this reason, we chose to use
◦ instead of ⊗.
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Wrap-up

I Many statistical model learning problems can be converted to
an NMF problem.

I Less obvious compared to examples like HU.
I Often need to construct some statistics from the data.
I Some more examples in

I Community detection [HF19a, MSC17, PSU17].
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Nonnegative Matrix Factorization (NMF)

PART I – Application-oriented aspects

I Sec. 1: Applications of NMF
I Data analysis: blind hyperspectral image unmixing, image

feature extraction, topic modeling, audio source separation
I Statistical machine learning: crowdsourcing, joint probability

estimation, Hidden Markov models, and community detection.

I Sec. 2: NMF Algorithms
I MU
I Nonconvex Optimization
I Non-Euclidean cost

PART II – Theoretical aspects : understanding NMF, and using
NMF meaningfully
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Algorithms
Problem formulation:

minimize
W ,H≥0

‖X −WHT‖2

I nonconvex and NP-hard [Vav10]
I fix one factor (say W ), convex w.r.t. the other (H)
I still, nonnegative least squares has no closed-form solution

convergence at-a-glance:
I block coordinate descent (BCD) requires each update to be

unique [Ber99], which is hard to guarantee
I block successive upperbound minimization (BSUM) similar

[RHL13]
I BCD with 2 blocks: every limit point is a limit point (without

uniqueness of the minimizer) [GS00]
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Multiplicative Update (MU)

MU for least squares loss [LS01]

H ← H ~ XTW �WHTH W ←W ~ XH � HW TW

I an instance of BSUM
I upperbound function is a quadratic with diagonal Hessian
I minimizer is unique if W ,H > 0 strictly
I if initialized dense, will remain dense (thus converges)
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Hierarchical alternating least squares (HALS)

column-wise BCD [CP09]

wj ←
[
wj + (Xhj −WHThj)/h

T
j hj

]
+

j = 1, . . . , k

hj ←
[
hj + (XTwj − HW Twj)/w

T
j wj

]
+

j = 1, . . . , k

I an instance of BCD with 2k blocks
I not guaranteed to converge in general
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Alternating projected gradient (APG)

APG works better than direct PG [Lin07]

H ← [H−γ(HW TW−XTW )]+ W ← [W−γ(WHTH−XH)]+

I every limit point is a stationary point (with appropriate γ)
I could be accelerated by extrapolation [XYWZ12]
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Exact 2-block BCD

Can we apply exact 2-block BCD?
I use a double-loop algorithm
I many choices for the inner-loop

alternating optimization (AO) variants:
I accelerated MU and HALS [GG12]
I (accelerated) gradient descient [Lin07, GTLY12]
I active set [KP08]
I block principal pivoting [KP11]
I alternating direction method of multipliers [HSL16]
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ALS revisited

minimize
W ,H

‖X −WHT‖2F

I Fix W , update H: HT = (W TW )−1W TX .
I W TX : O(nnz(X )k);
I Cholesky decomposition of W TW = LLT : O(mk2 + k3);
I L−TL−1(W TX ) using forward/backward substitution: O(nk2).

I Then fix H and update W similarly.
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AO sub-problem

Now we focus on how to efficiently solve

minimize
H

`(X −WHT ) + r(H).

I For matrix factorization, this is just the update of the right
factor;

I We propose to solve it using alternating direction method of
multipliers (ADMM).
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ADMM: scaled form

Consider a convex optimization problem in the following form.

minimize
x ,z

f (x) + g(z)

Ax + Bz = c ,

The alternating direction method of multipliers (ADMM)
[GM75], [GM76], [BPC+11]:

x ← arg min
x

f (x) + (ρ/2)‖Ax + Bz − c + u‖22,

z ← arg min
z

g(z) + (ρ/2)‖Ax + Bz − c + u‖22,
u ← u + (Ax + Bz − c), dual update

For convex problems, converges to the global solution.
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Least-squares loss

Adopting the alternating optimization framework, reformulate the
sub-problem for H in each AO iteration as

minimize
H,H̃

‖X −WH̃‖2F + r(H)

H = H̃T .

ADMM iterates:

H̃ ← (W TW + I )−1(W TX + ρ(H + U)T ),

H ← arg min
H

r(H) +
ρ

2
‖H − H̃T + U‖2F ,

U ← U + H − H̃T .
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Inner convergence

I Linear convergence. Theoretically, best convergence rate given
by ρ = σmax(W )σmin(W );

I Empirically, ρ = trace(W TW )/k works almost as good (and
much easier to obtain);

I Initialize H and U from the previous AO outer-loop, then
optimality gap is bounded by the per-iteration improvement of
an AO step;

I After ∼ 10 AO outer-iterations, ADMM converges in only one
inner-iteration.
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Implementation: H̃

H̃ ← (W TW + ρI )−1(W TX + ρ(H + U)T )

I W TX and W TW only need to be computed once,
with complexity O(nnz(X )k) and O(mk2) respectively;

I Can cache the Cholesky decomposition (O(k3)) of
W TW + ρI = LLT ;

I Within one ADMM iteration, H̃ is obtained from
one forward substitution and one backward substitution,
with complexity O(nk2).
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Implementation: H

H ← arg min
H

rH(H) +
ρ

2
‖H − H̃T + U‖2F

so-called proximity operator, in a lot of cases can be efficiently
evaluated
I non-negative: H ≥ 0;
I l1 regularization: λ‖H‖1 (soft thresholding);
I sum to one: H1 = 1 or HT1 = 1;
I smoothness regularization: λ‖TH‖2F where T is tri-diagonal

(linear complexity using banded-system solver).
All with O(nk) complexity.
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ADMM inner-loop: least-squares loss

1: Initialize H and U from previous AO iteration
2: G = W TW , F = W TX
3: ρ = trace(G )/k
4: Cholesky decomposition: G + ρI = LLT

5: repeat
6: H̃ ← L−TL−1(F + ρ(H + U)) by substitution
7: H ← arg minH rH(H) + ρ

2‖H − H̃T + U‖2F
8: U ← U + H − H̃
9: until convergence

10: return H and U.

I Most of the computations are done at line 2 and line 4;
I One iteration of ADMM has complexity = one ALS update;
I Only one matrix inversion is required (line 4).
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NMF

Extended Yale Face Database B
I A dense image data set;
I 32256× 1932.
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NMF

Topic Detection and Tracking 2 (TDT2):
I A sparse text corpus;
I 10212× 36771.
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Extensions

all-at-once updates:
I proximal Gauss-Newton [HF19b]

stochastic algorithms:
I block-randomized stochastic proximal gradient [FGWH20]

non-Euclidean losses:
I generalized Kullback-Liebler divergence [HG20]
I β-divergence [FBD09]
I α-divergence [CLKC08]
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Nonnegative Matrix Factorization (NMF)

PART II – Theoretical aspects : understanding NMF, and using
NMF meaningfully

I Sec. 1: Some theory of NMF
I Geometric intepretation
I Nonnegative rank
I Computational complexity

I Sec. 2: Identifiability
When are the factors W and H unique, up to permutations
and scalings, in an exact NMF model X = WH?
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Geometric interpretation
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Geometric interpretation I: nested cones
Given X = WH with (W ,H) ≥ 0,

for all j ,

X (:, j) = WH(:, j) ⊆ cone (W ) = {x | x = Wh, h ≥ 0} ⊆ Rr
+.

Equivalently,
cone (X ) ⊆ cone (W ) ⊆ Rr

+.

Exact NMF is a nested cone problem:
Given two cones, cone (X ) ⊆ Rr

+, find a nested cone,
cone (W ), with minimum number of extreme rays.
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Geometric interpretation II: nested polytopes
Given X = WH, let us scale X and W to be column stochastic:
e>X = e> and e>W = e>.

This implies

e> = e>X = e>WH = e>H,

and hence H is column stochastic.
The columns of X are convex combinations of the columns of W :
for all j

X (:, j) =
r∑

k=1

W (:, k)H(k , j) with e>H(:, j) = 1 and H(:, j) ≥ 0.

In other terms,

conv (X ) ⊆ conv (W ) ⊆ ∆p,

where conv (X ) is the convex hull of the columns of X , and
∆p = {x ∈ Rp |x ≥ 0, e>x = 1 } is the unit simplex.
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Geometric interpretation of Exact NMF

Figure 4: Left: nested convex cones, Right: nested convex hull on scaled data.
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Geometric interpretation of NMF

Some observations:
I For rank(W ) = r and W>e = e,

conv (W ) is an (r − 1)-dimensional polytope.

I If rank(X ) = r , then rank(W ) = r and col(W ) = col(X ),

conv (X ) ⊆ conv (W ) ⊆ ∆p ∩ col(X ),

so that conv (X ) and conv (W ) have the same dimension,
namely rank(X )− 1.
This is called the nested polytope problem in computational
geometry.
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Nonnegative Rank
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What is the nonnegative rank?

The nonnegative rank of a nonnegative matrix X ∈ Rp×n
+ is the

minimum r such that an exact NMF exists:

X = WH =
r∑

k=1

W (:, k)H(k , :), W ≥ 0,H ≥ 0.

Geometrically: minimum number of vertices of a polytope nested
between conv (X ) and ∆p (where X is normalized).

The nonnegative rank of X is denoted rank+(X ). Clearly,

rank(X ) ≤ rank+(X ) ≤ min(p, n).
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Example on nested hexagons
Example. Let

Xa =
1
6a




1 a 2a− 1 2a− 1 a 1
1 1 a 2a− 1 2a− 1 a
a 1 1 a 2a− 1 2a− 1

2a− 1 a 1 1 a 2a− 1
2a− 1 2a− 1 a 1 1 a

a 2a− 1 2a− 1 a 1 1



,

=
1
6a




1 2 0
0 1 0
0 0 1
1 0 2
2 1 2
2 2 1






−1 a− 2 −1 1− 2a 2− 3a 1− 2a
1 1 a 2a− 1 2a− 1 a
a 1 1 a 2a− 1 2a− 1


 ,

hence rank(Xa) = 3 for all a > 1, so that conv (Xa) is a polygon.

In fact, it is an hexagon.
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Example on nested hexagons
Example. Case 1: a = 2,

conv (X ) ⊆ ? ⊆ col(X ) ∩∆p.

6  col(X
2
)

conv(X
2
)
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Example on nested hexagons
Case 2: a = 3, we have rank+(Xa) = 4, with

col(X ) ⊆ ? ⊆ col(X ) ∩∆p.

6
  col(X

3
)

conv(X
3
)
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Example on nested hexagons
Example. Case 3: a→ +∞, the inner and outer polygons coincide, no
nested polygon with less than 6 vertices...

X+∞ =
1
6




0 1 2 2 1 0
0 0 1 2 2 1
1 0 0 1 2 2
2 1 0 0 1 2
2 2 1 0 0 1
1 2 2 1 0 0



.

What is the nonnegative rank of X?
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Example on nested hexagons
Example. Case 3: a→ +∞.
However, rank+(Xa) = 5, because there exists W ≥ 0 with
rank(W ) = 4 > 3 = rank(X ) such that X = WH, H ≥ 0.
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Factorization of the nested hexagon matrix

X+∞ =




0 1 2 2 1 0
0 0 1 2 2 1
1 0 0 1 2 2
2 1 0 0 1 2
2 2 1 0 0 1
1 2 2 1 0 0




=




1 0 0 1/2 0
0 1 0 1 0
0 0 1 1/2 0
0 0 1 0 1/2
0 1 0 0 1
1 0 0 0 1/2







0 1 2 1 0 0
0 0 1 0 0 1
1 0 0 0 1 2
0 0 0 2 2 0
2 2 0 0 0 0



,

where 4 = rank(W ) > rank(X ) = 3, so that
conv (W ) has dimension 3, while conv (X ) has dimension 2.
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An amazing result: NMF and extended formulations

Let P be a polytope

P = {x ∈ Rk | bi − A(i , :)x ≥ 0 for 1 ≤ i ≤ p},

and let vj ’s (1 ≤ j ≤ n) be its vertices.

We define the p-by-n slack matrix SP of P as follows:

SP(i , j) = bi − A(i , :)vj≥ 0 1 ≤ i ≤ p, 1 ≤ j ≤ n.

The hexagon:

SP =


0 1 2 2 1 0
0 0 1 2 2 1
1 0 0 1 2 2
2 1 0 0 1 2
2 2 1 0 0 1
1 2 2 1 0 0


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An amazing result: NMF and extended formulations

An extended formulation of P is higher dimensional polyhedron
Q ⊆ Rk+p that (linearly) projects onto P . The minimum number
of facets of such a polytope is called the extension complexity
xp(P) of P.

Theorem [Yan91]
rank+(SP) = xp(P).

Application: limits of LP for solving combinatorial problems: given
a polytope, what is the most compact way to represent it?
Its extension complexity = nonnegative rank of its slack matrix.
Key tool: lower bound techniques for the nonnegative rank.
Ex. The matching problem cannot be solved via a polynomial-size
LP [Rot14]. (Fulkerson prize 2018)
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The Hexagon

SP =


0 1 2 2 1 0
0 0 1 2 2 1
1 0 0 1 2 2
2 1 0 0 1 2
2 2 1 0 0 1
1 2 2 1 0 0


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The Hexagon

SP =


0 1 2 2 1 0
0 0 1 2 2 1
1 0 0 1 2 2
2 1 0 0 1 2
2 2 1 0 0 1
1 2 2 1 0 0

 =


1 0 0 1/2 0
0 1 0 1 0
0 0 1 1/2 0
0 0 1 0 1/2
0 1 0 0 1
1 0 0 0 1/2




0 1 2 1 0 0
0 0 1 0 0 1
1 0 0 0 1 2
0 0 0 2 2 0
2 2 0 0 0 0

 ,

with

rank(SP) = 3 ≤ rank+(SP) = 5 ≤ min(m, n) = 6.
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Bounding the nonnegative rank
Providing lower bounds for the nonnegative rank has been an
important direction of research.

Two simple examples:

I If the columns of X have different supports

rank+(X ) ≥ log2(n). (Goemans, 2008)

Example: For X (i , j) = (i − j)2 for i , j = 1, 2, . . . , n,
rank(X ) = 3 while rank+(X ) ≥ log2(n).

I The nonnegative rank is larger than the minimum number of
binary rectangles needed to cover X ; see [FKPT13].
Example (continued): for n = 6, rank+(X ) ≥ 4 since


0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1 1 1 0 0 0
1 1 1 0 0 0
1 1 1 0 0 0

 +


0 0 0 0 0 0
1 0 0 1 0 1
1 0 0 1 0 1
0 0 0 0 0 0
1 0 0 1 0 1
0 0 0 0 0 0

 +


0 1 0 0 1 1
0 0 0 0 0 0
0 1 0 0 1 1
0 1 0 0 1 1
0 0 0 0 0 0
0 0 0 0 0 0



+


0 0 1 1 1 0
0 0 1 1 1 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 1 1 1 0

 =


0 1 1 1 2 1
1 0 1 2 1 1
1 1 0 1 1 2
1 2 1 0 1 1
2 1 1 1 0 1
1 1 2 1 1 0
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Computational Complexity
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Complexity of NMF

min
W∈Rp×r ,H∈Rr×n

||M −WH||2F such that W ≥ 0,H ≥ 0.

I For r = 1, Eckart-Young and Perron-Frobenius theorems.

Polynomial-time algorithms for the Kullback-Leibler divergence
[HVD08], for `∞ [GS19].

I Checking whether there exists an exact factorization X = WH:

I NP-hard where p, n and r are not fixed [Vav10].
I Using quantifier elimination:

I [CR93]: (pn)O(pr+nr), non-polynomial
I [AGKM12]: (pn)O(2r ), polynomial in p and n
I [Moi13]: (pn)O(r2), polynomial in p and n

→ not really useful in practice . . .

I Does not imply that rank+ can be computed in polynomial
time for fixed rank, because there are no upper bound on
rank+ that depend on the rank.
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Complexity for other norms

min
w∈Rp ,h∈Rn

||X − whT ||1 =
∑

i ,j

|Xij − wihj | . (`1 norm)

If X is binary, X ∈ {0, 1}p×n, any optimal solution (w∗, h∗) can be
assumed to be binary, that is, (w∗, h∗) ∈ {0, 1}p × {0, 1}n [GV18].

min
w∈Rp ,h∈Rn

||X−whT ||2P =
∑

i ,j

Pij(X−whT )2ij , (weighted `2 norm)

where P is a nonnegative weight matrix. This model can be used
when
I data is missing (Pij = 0 for missing entries),
I entries have different variances (Pij = 1/σ2ij).

The `1 and weighted rank-one approximation problems are NP-hard
[GV18, GG11].
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where P is a nonnegative weight matrix. This model can be used
when
I data is missing (Pij = 0 for missing entries),
I entries have different variances (Pij = 1/σ2ij).

The `1 and weighted rank-one approximation problems are NP-hard
[GV18, GG11].
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Nonnegative Matrix Factorization (NMF)

PART II – Theoretical aspects : understanding NMF, and using
NMF meaningfully

I Sec. 1: Some theory of NMF
I Geometric intepretation
I Computational complexity
I Nonnegative rank

I Sec. 2: Identifiability
When are the factors W and H unique, up to
permutations and scalings, in an exact NMF model
X = WH?
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Identifiability of NMF
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Why care about identifiability/uniqueness of the factor matrices?

I In general, X = WH is not unique.
I W̃ = WQ ≥ 0 and H̃ = Q−1H ≥ 0 give the same X = W̃ H̃,

where Q is any nonsingular matrix.

I Many problems are latent factor identification problems.

10/128

Topic recovery and document classification

I Basis elements allow to recover the different topics;
I Weights allow to assign each text to its corresponding topics.

I If an NMF algorithm outputs WQ, it is not meaningful.
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Identifiability

Definition of NMF Identifiability:

Consider a data matrix generated from the model

X = W\H\.

Suppose that W\ and H\ satisfy a certain condition. Let
(W?,H?) be obtained from an identification method. If

W? = W\ΠD, H? = ΠTD−1H\,

where Π is a perm. matrix and D is a full-rank diagonal matrix,
then the NMF model is identifiable.
I scaling and permutation are intrinsic.



78/128

Geometric View Revisited

w1
<latexit sha1_base64="7Ct6GpbP2nh9Vylp9FAkTVHWl5k=">AAACAHicbZBLSwMxFIXv1Fetr6pLN8EiuCozItRl0Y3LCvYh7VAyaaYNTTJDklHKMBv/glvduxO3/hO3/hLTdha29UDg49xzyeUEMWfauO63U1hb39jcKm6Xdnb39g/Kh0ctHSWK0CaJeKQ6AdaUM0mbhhlOO7GiWASctoPxzXTefqRKs0jem0lMfYGHkoWMYGOth7QXCPSU9b1+ueJW3ZnQKng5VCBXo1/+6Q0ikggqDeFY667nxsZPsTKMcJqVeommMSZjPKRdixILqv10dnCGzqwzQGGk7JMGzdy/GykWWk9EYJMCm5FemAUiW85OQ/9lu4kJr/yUyTgxVJL5x2HCkYnQtA00YIoSwycWMFHM3o7ICCtMjO2sZEvxlitYhdZF1XOr3t1lpX6d11OEEziFc/CgBnW4hQY0gYCAF3iFN+fZeXc+nM95tODkO8ewIOfrF8tqlsQ=</latexit><latexit sha1_base64="7Ct6GpbP2nh9Vylp9FAkTVHWl5k=">AAACAHicbZBLSwMxFIXv1Fetr6pLN8EiuCozItRl0Y3LCvYh7VAyaaYNTTJDklHKMBv/glvduxO3/hO3/hLTdha29UDg49xzyeUEMWfauO63U1hb39jcKm6Xdnb39g/Kh0ctHSWK0CaJeKQ6AdaUM0mbhhlOO7GiWASctoPxzXTefqRKs0jem0lMfYGHkoWMYGOth7QXCPSU9b1+ueJW3ZnQKng5VCBXo1/+6Q0ikggqDeFY667nxsZPsTKMcJqVeommMSZjPKRdixILqv10dnCGzqwzQGGk7JMGzdy/GykWWk9EYJMCm5FemAUiW85OQ/9lu4kJr/yUyTgxVJL5x2HCkYnQtA00YIoSwycWMFHM3o7ICCtMjO2sZEvxlitYhdZF1XOr3t1lpX6d11OEEziFc/CgBnW4hQY0gYCAF3iFN+fZeXc+nM95tODkO8ewIOfrF8tqlsQ=</latexit><latexit sha1_base64="7Ct6GpbP2nh9Vylp9FAkTVHWl5k=">AAACAHicbZBLSwMxFIXv1Fetr6pLN8EiuCozItRl0Y3LCvYh7VAyaaYNTTJDklHKMBv/glvduxO3/hO3/hLTdha29UDg49xzyeUEMWfauO63U1hb39jcKm6Xdnb39g/Kh0ctHSWK0CaJeKQ6AdaUM0mbhhlOO7GiWASctoPxzXTefqRKs0jem0lMfYGHkoWMYGOth7QXCPSU9b1+ueJW3ZnQKng5VCBXo1/+6Q0ikggqDeFY667nxsZPsTKMcJqVeommMSZjPKRdixILqv10dnCGzqwzQGGk7JMGzdy/GykWWk9EYJMCm5FemAUiW85OQ/9lu4kJr/yUyTgxVJL5x2HCkYnQtA00YIoSwycWMFHM3o7ICCtMjO2sZEvxlitYhdZF1XOr3t1lpX6d11OEEziFc/CgBnW4hQY0gYCAF3iFN+fZeXc+nM95tODkO8ewIOfrF8tqlsQ=</latexit><latexit sha1_base64="7Ct6GpbP2nh9Vylp9FAkTVHWl5k=">AAACAHicbZBLSwMxFIXv1Fetr6pLN8EiuCozItRl0Y3LCvYh7VAyaaYNTTJDklHKMBv/glvduxO3/hO3/hLTdha29UDg49xzyeUEMWfauO63U1hb39jcKm6Xdnb39g/Kh0ctHSWK0CaJeKQ6AdaUM0mbhhlOO7GiWASctoPxzXTefqRKs0jem0lMfYGHkoWMYGOth7QXCPSU9b1+ueJW3ZnQKng5VCBXo1/+6Q0ikggqDeFY667nxsZPsTKMcJqVeommMSZjPKRdixILqv10dnCGzqwzQGGk7JMGzdy/GykWWk9EYJMCm5FemAUiW85OQ/9lu4kJr/yUyTgxVJL5x2HCkYnQtA00YIoSwycWMFHM3o7ICCtMjO2sZEvxlitYhdZF1XOr3t1lpX6d11OEEziFc/CgBnW4hQY0gYCAF3iFN+fZeXc+nM95tODkO8ewIOfrF8tqlsQ=</latexit>

w2
<latexit sha1_base64="CYhZCPEK9B+HOgsy6FqTiswwd14=">AAACAHicbZBLSwMxFIXv1Fetr6pLN8EiuCozRdBl0Y3LCvYh7VAyaaYNTTJDklHKMBv/glvduxO3/hO3/hLTdha29UDg49xzyeUEMWfauO63U1hb39jcKm6Xdnb39g/Kh0ctHSWK0CaJeKQ6AdaUM0mbhhlOO7GiWASctoPxzXTefqRKs0jem0lMfYGHkoWMYGOth7QXCPSU9Wv9csWtujOhVfByqECuRr/80xtEJBFUGsKx1l3PjY2fYmUY4TQr9RJNY0zGeEi7FiUWVPvp7OAMnVlngMJI2ScNmrl/N1IstJ6IwCYFNiO9MAtEtpydhv7LdhMTXvkpk3FiqCTzj8OEIxOhaRtowBQlhk8sYKKYvR2REVaYGNtZyZbiLVewCq1a1XOr3t1FpX6d11OEEziFc/DgEupwCw1oAgEBL/AKb86z8+58OJ/zaMHJd45hQc7XL8z+lsU=</latexit><latexit sha1_base64="CYhZCPEK9B+HOgsy6FqTiswwd14=">AAACAHicbZBLSwMxFIXv1Fetr6pLN8EiuCozRdBl0Y3LCvYh7VAyaaYNTTJDklHKMBv/glvduxO3/hO3/hLTdha29UDg49xzyeUEMWfauO63U1hb39jcKm6Xdnb39g/Kh0ctHSWK0CaJeKQ6AdaUM0mbhhlOO7GiWASctoPxzXTefqRKs0jem0lMfYGHkoWMYGOth7QXCPSU9Wv9csWtujOhVfByqECuRr/80xtEJBFUGsKx1l3PjY2fYmUY4TQr9RJNY0zGeEi7FiUWVPvp7OAMnVlngMJI2ScNmrl/N1IstJ6IwCYFNiO9MAtEtpydhv7LdhMTXvkpk3FiqCTzj8OEIxOhaRtowBQlhk8sYKKYvR2REVaYGNtZyZbiLVewCq1a1XOr3t1FpX6d11OEEziFc/DgEupwCw1oAgEBL/AKb86z8+58OJ/zaMHJd45hQc7XL8z+lsU=</latexit><latexit sha1_base64="CYhZCPEK9B+HOgsy6FqTiswwd14=">AAACAHicbZBLSwMxFIXv1Fetr6pLN8EiuCozRdBl0Y3LCvYh7VAyaaYNTTJDklHKMBv/glvduxO3/hO3/hLTdha29UDg49xzyeUEMWfauO63U1hb39jcKm6Xdnb39g/Kh0ctHSWK0CaJeKQ6AdaUM0mbhhlOO7GiWASctoPxzXTefqRKs0jem0lMfYGHkoWMYGOth7QXCPSU9Wv9csWtujOhVfByqECuRr/80xtEJBFUGsKx1l3PjY2fYmUY4TQr9RJNY0zGeEi7FiUWVPvp7OAMnVlngMJI2ScNmrl/N1IstJ6IwCYFNiO9MAtEtpydhv7LdhMTXvkpk3FiqCTzj8OEIxOhaRtowBQlhk8sYKKYvR2REVaYGNtZyZbiLVewCq1a1XOr3t1FpX6d11OEEziFc/DgEupwCw1oAgEBL/AKb86z8+58OJ/zaMHJd45hQc7XL8z+lsU=</latexit><latexit sha1_base64="CYhZCPEK9B+HOgsy6FqTiswwd14=">AAACAHicbZBLSwMxFIXv1Fetr6pLN8EiuCozRdBl0Y3LCvYh7VAyaaYNTTJDklHKMBv/glvduxO3/hO3/hLTdha29UDg49xzyeUEMWfauO63U1hb39jcKm6Xdnb39g/Kh0ctHSWK0CaJeKQ6AdaUM0mbhhlOO7GiWASctoPxzXTefqRKs0jem0lMfYGHkoWMYGOth7QXCPSU9Wv9csWtujOhVfByqECuRr/80xtEJBFUGsKx1l3PjY2fYmUY4TQr9RJNY0zGeEi7FiUWVPvp7OAMnVlngMJI2ScNmrl/N1IstJ6IwCYFNiO9MAtEtpydhv7LdhMTXvkpk3FiqCTzj8OEIxOhaRtowBQlhk8sYKKYvR2REVaYGNtZyZbiLVewCq1a1XOr3t1FpX6d11OEEziFc/DgEupwCw1oAgEBL/AKb86z8+58OJ/zaMHJd45hQc7XL8z+lsU=</latexit>

w3
<latexit sha1_base64="wHnbaUhfePH2+U3N0Ip1PWAzKo0=">AAACAHicbZBLSwMxFIXv1Fetr6pLN8EiuCozKuiy6MZlBfuQdiiZNNOGJpkhyShlmI1/wa3u3Ylb/4lbf4lpOwvbeiDwce655HKCmDNtXPfbKaysrq1vFDdLW9s7u3vl/YOmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZjJvPVKlWSTvzTimvsADyUJGsLHWQ9oNBHrKeue9csWtulOhZfByqECueq/80+1HJBFUGsKx1h3PjY2fYmUY4TQrdRNNY0xGeEA7FiUWVPvp9OAMnVinj8JI2ScNmrp/N1IstB6LwCYFNkM9NwtEtpidhP7LdhITXvkpk3FiqCSzj8OEIxOhSRuozxQlho8tYKKYvR2RIVaYGNtZyZbiLVawDM2zqudWvbuLSu06r6cIR3AMp+DBJdTgFurQAAICXuAV3pxn5935cD5n0YKT7xzCnJyvX86SlsY=</latexit><latexit sha1_base64="wHnbaUhfePH2+U3N0Ip1PWAzKo0=">AAACAHicbZBLSwMxFIXv1Fetr6pLN8EiuCozKuiy6MZlBfuQdiiZNNOGJpkhyShlmI1/wa3u3Ylb/4lbf4lpOwvbeiDwce655HKCmDNtXPfbKaysrq1vFDdLW9s7u3vl/YOmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZjJvPVKlWSTvzTimvsADyUJGsLHWQ9oNBHrKeue9csWtulOhZfByqECueq/80+1HJBFUGsKx1h3PjY2fYmUY4TQrdRNNY0xGeEA7FiUWVPvp9OAMnVinj8JI2ScNmrp/N1IstB6LwCYFNkM9NwtEtpidhP7LdhITXvkpk3FiqCSzj8OEIxOhSRuozxQlho8tYKKYvR2RIVaYGNtZyZbiLVawDM2zqudWvbuLSu06r6cIR3AMp+DBJdTgFurQAAICXuAV3pxn5935cD5n0YKT7xzCnJyvX86SlsY=</latexit><latexit sha1_base64="wHnbaUhfePH2+U3N0Ip1PWAzKo0=">AAACAHicbZBLSwMxFIXv1Fetr6pLN8EiuCozKuiy6MZlBfuQdiiZNNOGJpkhyShlmI1/wa3u3Ylb/4lbf4lpOwvbeiDwce655HKCmDNtXPfbKaysrq1vFDdLW9s7u3vl/YOmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZjJvPVKlWSTvzTimvsADyUJGsLHWQ9oNBHrKeue9csWtulOhZfByqECueq/80+1HJBFUGsKx1h3PjY2fYmUY4TQrdRNNY0xGeEA7FiUWVPvp9OAMnVinj8JI2ScNmrp/N1IstB6LwCYFNkM9NwtEtpidhP7LdhITXvkpk3FiqCSzj8OEIxOhSRuozxQlho8tYKKYvR2RIVaYGNtZyZbiLVawDM2zqudWvbuLSu06r6cIR3AMp+DBJdTgFurQAAICXuAV3pxn5935cD5n0YKT7xzCnJyvX86SlsY=</latexit><latexit sha1_base64="wHnbaUhfePH2+U3N0Ip1PWAzKo0=">AAACAHicbZBLSwMxFIXv1Fetr6pLN8EiuCozKuiy6MZlBfuQdiiZNNOGJpkhyShlmI1/wa3u3Ylb/4lbf4lpOwvbeiDwce655HKCmDNtXPfbKaysrq1vFDdLW9s7u3vl/YOmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZjJvPVKlWSTvzTimvsADyUJGsLHWQ9oNBHrKeue9csWtulOhZfByqECueq/80+1HJBFUGsKx1h3PjY2fYmUY4TQrdRNNY0xGeEA7FiUWVPvp9OAMnVinj8JI2ScNmrp/N1IstB6LwCYFNkM9NwtEtpidhP7LdhITXvkpk3FiqCSzj8OEIxOhSRuozxQlho8tYKKYvR2RIVaYGNtZyZbiLVawDM2zqudWvbuLSu06r6cIR3AMp+DBJdTgFurQAAICXuAV3pxn5935cD5n0YKT7xzCnJyvX86SlsY=</latexit>

x`
<latexit sha1_base64="luiXFg4z01NpHvm9y9mhIMlQncI=">AAACA3icbZBLSwMxFIUz9VXrq+rSTbAIrsqMCLosunFZwT6gM5RMeqcNTTJDkhHLMEv/glvduxO3/hC3/hLTdha29UDg49xzyeWECWfauO63U1pb39jcKm9Xdnb39g+qh0dtHaeKQovGPFbdkGjgTELLMMOhmyggIuTQCce303nnEZRmsXwwkwQCQYaSRYwSYy0/80OBn/K+D5z3qzW37s6EV8EroIYKNfvVH38Q01SANJQTrXuem5ggI8owyiGv+KmGhNAxGULPoiQCdJDNbs7xmXUGOIqVfdLgmft3IyNC64kIbVIQM9ILs1Dky9lp6L9sLzXRdZAxmaQGJJ1/HKUcmxhPC8EDpoAaPrFAqGL2dkxHRBFqbG0VW4q3XMEqtC/qnlv37i9rjZuinjI6QafoHHnoCjXQHWqiFqIoQS/oFb05z8678+F8zqMlp9g5Rgtyvn4Bf/iYSw==</latexit><latexit sha1_base64="luiXFg4z01NpHvm9y9mhIMlQncI=">AAACA3icbZBLSwMxFIUz9VXrq+rSTbAIrsqMCLosunFZwT6gM5RMeqcNTTJDkhHLMEv/glvduxO3/hC3/hLTdha29UDg49xzyeWECWfauO63U1pb39jcKm9Xdnb39g+qh0dtHaeKQovGPFbdkGjgTELLMMOhmyggIuTQCce303nnEZRmsXwwkwQCQYaSRYwSYy0/80OBn/K+D5z3qzW37s6EV8EroIYKNfvVH38Q01SANJQTrXuem5ggI8owyiGv+KmGhNAxGULPoiQCdJDNbs7xmXUGOIqVfdLgmft3IyNC64kIbVIQM9ILs1Dky9lp6L9sLzXRdZAxmaQGJJ1/HKUcmxhPC8EDpoAaPrFAqGL2dkxHRBFqbG0VW4q3XMEqtC/qnlv37i9rjZuinjI6QafoHHnoCjXQHWqiFqIoQS/oFb05z8678+F8zqMlp9g5Rgtyvn4Bf/iYSw==</latexit><latexit sha1_base64="luiXFg4z01NpHvm9y9mhIMlQncI=">AAACA3icbZBLSwMxFIUz9VXrq+rSTbAIrsqMCLosunFZwT6gM5RMeqcNTTJDkhHLMEv/glvduxO3/hC3/hLTdha29UDg49xzyeWECWfauO63U1pb39jcKm9Xdnb39g+qh0dtHaeKQovGPFbdkGjgTELLMMOhmyggIuTQCce303nnEZRmsXwwkwQCQYaSRYwSYy0/80OBn/K+D5z3qzW37s6EV8EroIYKNfvVH38Q01SANJQTrXuem5ggI8owyiGv+KmGhNAxGULPoiQCdJDNbs7xmXUGOIqVfdLgmft3IyNC64kIbVIQM9ILs1Dky9lp6L9sLzXRdZAxmaQGJJ1/HKUcmxhPC8EDpoAaPrFAqGL2dkxHRBFqbG0VW4q3XMEqtC/qnlv37i9rjZuinjI6QafoHHnoCjXQHWqiFqIoQS/oFb05z8678+F8zqMlp9g5Rgtyvn4Bf/iYSw==</latexit><latexit sha1_base64="luiXFg4z01NpHvm9y9mhIMlQncI=">AAACA3icbZBLSwMxFIUz9VXrq+rSTbAIrsqMCLosunFZwT6gM5RMeqcNTTJDkhHLMEv/glvduxO3/hC3/hLTdha29UDg49xzyeWECWfauO63U1pb39jcKm9Xdnb39g+qh0dtHaeKQovGPFbdkGjgTELLMMOhmyggIuTQCce303nnEZRmsXwwkwQCQYaSRYwSYy0/80OBn/K+D5z3qzW37s6EV8EroIYKNfvVH38Q01SANJQTrXuem5ggI8owyiGv+KmGhNAxGULPoiQCdJDNbs7xmXUGOIqVfdLgmft3IyNC64kIbVIQM9ILs1Dky9lp6L9sLzXRdZAxmaQGJJ1/HKUcmxhPC8EDpoAaPrFAqGL2dkxHRBFqbG0VW4q3XMEqtC/qnlv37i9rjZuinjI6QafoHHnoCjXQHWqiFqIoQS/oFb05z8678+F8zqMlp9g5Rgtyvn4Bf/iYSw==</latexit>

cone{W }
<latexit sha1_base64="4WxF7gzWb2CWA7++P89ad2pd8PE=">AAACDHicbZDLSsNAGIUn9VbrLdqlm8EiuCqJCLosunFZwV6gCWUynbRD5xJmJkIIeQVfwa3u3Ylb38GtT+K0zcK2Hhj4OP/5mZ8TJYxq43nfTmVjc2t7p7pb29s/ODxyj0+6WqYKkw6WTKp+hDRhVJCOoYaRfqII4hEjvWh6N5v3nojSVIpHkyUk5GgsaEwxMtYauvU80DHEUpAiyIOIw15QDN2G1/Tmguvgl9AApdpD9ycYSZxyIgxmSOuB7yUmzJEyFDNS1IJUkwThKRqTgUWBONFhPj++gOfWGcFYKvuEgXP370aOuNYZj2ySIzPRS7OIF6vZWei/7CA18U2YU5Gkhgi8+DhOGTQSzpqBI6oINiyzgLCi9naIJ0ghbGx/NVuKv1rBOnQvm77X9B+uGq3bsp4qOAVn4AL44Bq0wD1ogw7AIAMv4BW8Oc/Ou/PhfC6iFafcqYMlOV+/M3qbUw==</latexit><latexit sha1_base64="4WxF7gzWb2CWA7++P89ad2pd8PE=">AAACDHicbZDLSsNAGIUn9VbrLdqlm8EiuCqJCLosunFZwV6gCWUynbRD5xJmJkIIeQVfwa3u3Ylb38GtT+K0zcK2Hhj4OP/5mZ8TJYxq43nfTmVjc2t7p7pb29s/ODxyj0+6WqYKkw6WTKp+hDRhVJCOoYaRfqII4hEjvWh6N5v3nojSVIpHkyUk5GgsaEwxMtYauvU80DHEUpAiyIOIw15QDN2G1/Tmguvgl9AApdpD9ycYSZxyIgxmSOuB7yUmzJEyFDNS1IJUkwThKRqTgUWBONFhPj++gOfWGcFYKvuEgXP370aOuNYZj2ySIzPRS7OIF6vZWei/7CA18U2YU5Gkhgi8+DhOGTQSzpqBI6oINiyzgLCi9naIJ0ghbGx/NVuKv1rBOnQvm77X9B+uGq3bsp4qOAVn4AL44Bq0wD1ogw7AIAMv4BW8Oc/Ou/PhfC6iFafcqYMlOV+/M3qbUw==</latexit><latexit sha1_base64="4WxF7gzWb2CWA7++P89ad2pd8PE=">AAACDHicbZDLSsNAGIUn9VbrLdqlm8EiuCqJCLosunFZwV6gCWUynbRD5xJmJkIIeQVfwa3u3Ylb38GtT+K0zcK2Hhj4OP/5mZ8TJYxq43nfTmVjc2t7p7pb29s/ODxyj0+6WqYKkw6WTKp+hDRhVJCOoYaRfqII4hEjvWh6N5v3nojSVIpHkyUk5GgsaEwxMtYauvU80DHEUpAiyIOIw15QDN2G1/Tmguvgl9AApdpD9ycYSZxyIgxmSOuB7yUmzJEyFDNS1IJUkwThKRqTgUWBONFhPj++gOfWGcFYKvuEgXP370aOuNYZj2ySIzPRS7OIF6vZWei/7CA18U2YU5Gkhgi8+DhOGTQSzpqBI6oINiyzgLCi9naIJ0ghbGx/NVuKv1rBOnQvm77X9B+uGq3bsp4qOAVn4AL44Bq0wD1ogw7AIAMv4BW8Oc/Ou/PhfC6iFafcqYMlOV+/M3qbUw==</latexit><latexit sha1_base64="4WxF7gzWb2CWA7++P89ad2pd8PE=">AAACDHicbZDLSsNAGIUn9VbrLdqlm8EiuCqJCLosunFZwV6gCWUynbRD5xJmJkIIeQVfwa3u3Ylb38GtT+K0zcK2Hhj4OP/5mZ8TJYxq43nfTmVjc2t7p7pb29s/ODxyj0+6WqYKkw6WTKp+hDRhVJCOoYaRfqII4hEjvWh6N5v3nojSVIpHkyUk5GgsaEwxMtYauvU80DHEUpAiyIOIw15QDN2G1/Tmguvgl9AApdpD9ycYSZxyIgxmSOuB7yUmzJEyFDNS1IJUkwThKRqTgUWBONFhPj++gOfWGcFYKvuEgXP370aOuNYZj2ySIzPRS7OIF6vZWei/7CA18U2YU5Gkhgi8+DhOGTQSzpqBI6oINiyzgLCi9naIJ0ghbGx/NVuKv1rBOnQvm77X9B+uGq3bsp4qOAVn4AL44Bq0wD1ogw7AIAMv4BW8Oc/Ou/PhfC6iFafcqYMlOV+/M3qbUw==</latexit>

w1
<latexit sha1_base64="7Ct6GpbP2nh9Vylp9FAkTVHWl5k=">AAACAHicbZBLSwMxFIXv1Fetr6pLN8EiuCozItRl0Y3LCvYh7VAyaaYNTTJDklHKMBv/glvduxO3/hO3/hLTdha29UDg49xzyeUEMWfauO63U1hb39jcKm6Xdnb39g/Kh0ctHSWK0CaJeKQ6AdaUM0mbhhlOO7GiWASctoPxzXTefqRKs0jem0lMfYGHkoWMYGOth7QXCPSU9b1+ueJW3ZnQKng5VCBXo1/+6Q0ikggqDeFY667nxsZPsTKMcJqVeommMSZjPKRdixILqv10dnCGzqwzQGGk7JMGzdy/GykWWk9EYJMCm5FemAUiW85OQ/9lu4kJr/yUyTgxVJL5x2HCkYnQtA00YIoSwycWMFHM3o7ICCtMjO2sZEvxlitYhdZF1XOr3t1lpX6d11OEEziFc/CgBnW4hQY0gYCAF3iFN+fZeXc+nM95tODkO8ewIOfrF8tqlsQ=</latexit><latexit sha1_base64="7Ct6GpbP2nh9Vylp9FAkTVHWl5k=">AAACAHicbZBLSwMxFIXv1Fetr6pLN8EiuCozItRl0Y3LCvYh7VAyaaYNTTJDklHKMBv/glvduxO3/hO3/hLTdha29UDg49xzyeUEMWfauO63U1hb39jcKm6Xdnb39g/Kh0ctHSWK0CaJeKQ6AdaUM0mbhhlOO7GiWASctoPxzXTefqRKs0jem0lMfYGHkoWMYGOth7QXCPSU9b1+ueJW3ZnQKng5VCBXo1/+6Q0ikggqDeFY667nxsZPsTKMcJqVeommMSZjPKRdixILqv10dnCGzqwzQGGk7JMGzdy/GykWWk9EYJMCm5FemAUiW85OQ/9lu4kJr/yUyTgxVJL5x2HCkYnQtA00YIoSwycWMFHM3o7ICCtMjO2sZEvxlitYhdZF1XOr3t1lpX6d11OEEziFc/CgBnW4hQY0gYCAF3iFN+fZeXc+nM95tODkO8ewIOfrF8tqlsQ=</latexit><latexit sha1_base64="7Ct6GpbP2nh9Vylp9FAkTVHWl5k=">AAACAHicbZBLSwMxFIXv1Fetr6pLN8EiuCozItRl0Y3LCvYh7VAyaaYNTTJDklHKMBv/glvduxO3/hO3/hLTdha29UDg49xzyeUEMWfauO63U1hb39jcKm6Xdnb39g/Kh0ctHSWK0CaJeKQ6AdaUM0mbhhlOO7GiWASctoPxzXTefqRKs0jem0lMfYGHkoWMYGOth7QXCPSU9b1+ueJW3ZnQKng5VCBXo1/+6Q0ikggqDeFY667nxsZPsTKMcJqVeommMSZjPKRdixILqv10dnCGzqwzQGGk7JMGzdy/GykWWk9EYJMCm5FemAUiW85OQ/9lu4kJr/yUyTgxVJL5x2HCkYnQtA00YIoSwycWMFHM3o7ICCtMjO2sZEvxlitYhdZF1XOr3t1lpX6d11OEEziFc/CgBnW4hQY0gYCAF3iFN+fZeXc+nM95tODkO8ewIOfrF8tqlsQ=</latexit><latexit sha1_base64="7Ct6GpbP2nh9Vylp9FAkTVHWl5k=">AAACAHicbZBLSwMxFIXv1Fetr6pLN8EiuCozItRl0Y3LCvYh7VAyaaYNTTJDklHKMBv/glvduxO3/hO3/hLTdha29UDg49xzyeUEMWfauO63U1hb39jcKm6Xdnb39g/Kh0ctHSWK0CaJeKQ6AdaUM0mbhhlOO7GiWASctoPxzXTefqRKs0jem0lMfYGHkoWMYGOth7QXCPSU9b1+ueJW3ZnQKng5VCBXo1/+6Q0ikggqDeFY667nxsZPsTKMcJqVeommMSZjPKRdixILqv10dnCGzqwzQGGk7JMGzdy/GykWWk9EYJMCm5FemAUiW85OQ/9lu4kJr/yUyTgxVJL5x2HCkYnQtA00YIoSwycWMFHM3o7ICCtMjO2sZEvxlitYhdZF1XOr3t1lpX6d11OEEziFc/CgBnW4hQY0gYCAF3iFN+fZeXc+nM95tODkO8ewIOfrF8tqlsQ=</latexit>

w2
<latexit sha1_base64="CYhZCPEK9B+HOgsy6FqTiswwd14=">AAACAHicbZBLSwMxFIXv1Fetr6pLN8EiuCozRdBl0Y3LCvYh7VAyaaYNTTJDklHKMBv/glvduxO3/hO3/hLTdha29UDg49xzyeUEMWfauO63U1hb39jcKm6Xdnb39g/Kh0ctHSWK0CaJeKQ6AdaUM0mbhhlOO7GiWASctoPxzXTefqRKs0jem0lMfYGHkoWMYGOth7QXCPSU9Wv9csWtujOhVfByqECuRr/80xtEJBFUGsKx1l3PjY2fYmUY4TQr9RJNY0zGeEi7FiUWVPvp7OAMnVlngMJI2ScNmrl/N1IstJ6IwCYFNiO9MAtEtpydhv7LdhMTXvkpk3FiqCTzj8OEIxOhaRtowBQlhk8sYKKYvR2REVaYGNtZyZbiLVewCq1a1XOr3t1FpX6d11OEEziFc/DgEupwCw1oAgEBL/AKb86z8+58OJ/zaMHJd45hQc7XL8z+lsU=</latexit><latexit sha1_base64="CYhZCPEK9B+HOgsy6FqTiswwd14=">AAACAHicbZBLSwMxFIXv1Fetr6pLN8EiuCozRdBl0Y3LCvYh7VAyaaYNTTJDklHKMBv/glvduxO3/hO3/hLTdha29UDg49xzyeUEMWfauO63U1hb39jcKm6Xdnb39g/Kh0ctHSWK0CaJeKQ6AdaUM0mbhhlOO7GiWASctoPxzXTefqRKs0jem0lMfYGHkoWMYGOth7QXCPSU9Wv9csWtujOhVfByqECuRr/80xtEJBFUGsKx1l3PjY2fYmUY4TQr9RJNY0zGeEi7FiUWVPvp7OAMnVlngMJI2ScNmrl/N1IstJ6IwCYFNiO9MAtEtpydhv7LdhMTXvkpk3FiqCTzj8OEIxOhaRtowBQlhk8sYKKYvR2REVaYGNtZyZbiLVewCq1a1XOr3t1FpX6d11OEEziFc/DgEupwCw1oAgEBL/AKb86z8+58OJ/zaMHJd45hQc7XL8z+lsU=</latexit><latexit sha1_base64="CYhZCPEK9B+HOgsy6FqTiswwd14=">AAACAHicbZBLSwMxFIXv1Fetr6pLN8EiuCozRdBl0Y3LCvYh7VAyaaYNTTJDklHKMBv/glvduxO3/hO3/hLTdha29UDg49xzyeUEMWfauO63U1hb39jcKm6Xdnb39g/Kh0ctHSWK0CaJeKQ6AdaUM0mbhhlOO7GiWASctoPxzXTefqRKs0jem0lMfYGHkoWMYGOth7QXCPSU9Wv9csWtujOhVfByqECuRr/80xtEJBFUGsKx1l3PjY2fYmUY4TQr9RJNY0zGeEi7FiUWVPvp7OAMnVlngMJI2ScNmrl/N1IstJ6IwCYFNiO9MAtEtpydhv7LdhMTXvkpk3FiqCTzj8OEIxOhaRtowBQlhk8sYKKYvR2REVaYGNtZyZbiLVewCq1a1XOr3t1FpX6d11OEEziFc/DgEupwCw1oAgEBL/AKb86z8+58OJ/zaMHJd45hQc7XL8z+lsU=</latexit><latexit sha1_base64="CYhZCPEK9B+HOgsy6FqTiswwd14=">AAACAHicbZBLSwMxFIXv1Fetr6pLN8EiuCozRdBl0Y3LCvYh7VAyaaYNTTJDklHKMBv/glvduxO3/hO3/hLTdha29UDg49xzyeUEMWfauO63U1hb39jcKm6Xdnb39g/Kh0ctHSWK0CaJeKQ6AdaUM0mbhhlOO7GiWASctoPxzXTefqRKs0jem0lMfYGHkoWMYGOth7QXCPSU9Wv9csWtujOhVfByqECuRr/80xtEJBFUGsKx1l3PjY2fYmUY4TQr9RJNY0zGeEi7FiUWVPvp7OAMnVlngMJI2ScNmrl/N1IstJ6IwCYFNiO9MAtEtpydhv7LdhMTXvkpk3FiqCTzj8OEIxOhaRtowBQlhk8sYKKYvR2REVaYGNtZyZbiLVewCq1a1XOr3t1FpX6d11OEEziFc/DgEupwCw1oAgEBL/AKb86z8+58OJ/zaMHJd45hQc7XL8z+lsU=</latexit>

w3
<latexit sha1_base64="wHnbaUhfePH2+U3N0Ip1PWAzKo0=">AAACAHicbZBLSwMxFIXv1Fetr6pLN8EiuCozKuiy6MZlBfuQdiiZNNOGJpkhyShlmI1/wa3u3Ylb/4lbf4lpOwvbeiDwce655HKCmDNtXPfbKaysrq1vFDdLW9s7u3vl/YOmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZjJvPVKlWSTvzTimvsADyUJGsLHWQ9oNBHrKeue9csWtulOhZfByqECueq/80+1HJBFUGsKx1h3PjY2fYmUY4TQrdRNNY0xGeEA7FiUWVPvp9OAMnVinj8JI2ScNmrp/N1IstB6LwCYFNkM9NwtEtpidhP7LdhITXvkpk3FiqCSzj8OEIxOhSRuozxQlho8tYKKYvR2RIVaYGNtZyZbiLVawDM2zqudWvbuLSu06r6cIR3AMp+DBJdTgFurQAAICXuAV3pxn5935cD5n0YKT7xzCnJyvX86SlsY=</latexit><latexit sha1_base64="wHnbaUhfePH2+U3N0Ip1PWAzKo0=">AAACAHicbZBLSwMxFIXv1Fetr6pLN8EiuCozKuiy6MZlBfuQdiiZNNOGJpkhyShlmI1/wa3u3Ylb/4lbf4lpOwvbeiDwce655HKCmDNtXPfbKaysrq1vFDdLW9s7u3vl/YOmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZjJvPVKlWSTvzTimvsADyUJGsLHWQ9oNBHrKeue9csWtulOhZfByqECueq/80+1HJBFUGsKx1h3PjY2fYmUY4TQrdRNNY0xGeEA7FiUWVPvp9OAMnVinj8JI2ScNmrp/N1IstB6LwCYFNkM9NwtEtpidhP7LdhITXvkpk3FiqCSzj8OEIxOhSRuozxQlho8tYKKYvR2RIVaYGNtZyZbiLVawDM2zqudWvbuLSu06r6cIR3AMp+DBJdTgFurQAAICXuAV3pxn5935cD5n0YKT7xzCnJyvX86SlsY=</latexit><latexit sha1_base64="wHnbaUhfePH2+U3N0Ip1PWAzKo0=">AAACAHicbZBLSwMxFIXv1Fetr6pLN8EiuCozKuiy6MZlBfuQdiiZNNOGJpkhyShlmI1/wa3u3Ylb/4lbf4lpOwvbeiDwce655HKCmDNtXPfbKaysrq1vFDdLW9s7u3vl/YOmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZjJvPVKlWSTvzTimvsADyUJGsLHWQ9oNBHrKeue9csWtulOhZfByqECueq/80+1HJBFUGsKx1h3PjY2fYmUY4TQrdRNNY0xGeEA7FiUWVPvp9OAMnVinj8JI2ScNmrp/N1IstB6LwCYFNkM9NwtEtpidhP7LdhITXvkpk3FiqCSzj8OEIxOhSRuozxQlho8tYKKYvR2RIVaYGNtZyZbiLVawDM2zqudWvbuLSu06r6cIR3AMp+DBJdTgFurQAAICXuAV3pxn5935cD5n0YKT7xzCnJyvX86SlsY=</latexit><latexit sha1_base64="wHnbaUhfePH2+U3N0Ip1PWAzKo0=">AAACAHicbZBLSwMxFIXv1Fetr6pLN8EiuCozKuiy6MZlBfuQdiiZNNOGJpkhyShlmI1/wa3u3Ylb/4lbf4lpOwvbeiDwce655HKCmDNtXPfbKaysrq1vFDdLW9s7u3vl/YOmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8HoZjJvPVKlWSTvzTimvsADyUJGsLHWQ9oNBHrKeue9csWtulOhZfByqECueq/80+1HJBFUGsKx1h3PjY2fYmUY4TQrdRNNY0xGeEA7FiUWVPvp9OAMnVinj8JI2ScNmrp/N1IstB6LwCYFNkM9NwtEtpidhP7LdhITXvkpk3FiqCSzj8OEIxOhSRuozxQlho8tYKKYvR2RIVaYGNtZyZbiLVawDM2zqudWvbuLSu06r6cIR3AMp+DBJdTgFurQAAICXuAV3pxn5935cD5n0YKT7xzCnJyvX86SlsY=</latexit>

x`
<latexit sha1_base64="luiXFg4z01NpHvm9y9mhIMlQncI=">AAACA3icbZBLSwMxFIUz9VXrq+rSTbAIrsqMCLosunFZwT6gM5RMeqcNTTJDkhHLMEv/glvduxO3/hC3/hLTdha29UDg49xzyeWECWfauO63U1pb39jcKm9Xdnb39g+qh0dtHaeKQovGPFbdkGjgTELLMMOhmyggIuTQCce303nnEZRmsXwwkwQCQYaSRYwSYy0/80OBn/K+D5z3qzW37s6EV8EroIYKNfvVH38Q01SANJQTrXuem5ggI8owyiGv+KmGhNAxGULPoiQCdJDNbs7xmXUGOIqVfdLgmft3IyNC64kIbVIQM9ILs1Dky9lp6L9sLzXRdZAxmaQGJJ1/HKUcmxhPC8EDpoAaPrFAqGL2dkxHRBFqbG0VW4q3XMEqtC/qnlv37i9rjZuinjI6QafoHHnoCjXQHWqiFqIoQS/oFb05z8678+F8zqMlp9g5Rgtyvn4Bf/iYSw==</latexit><latexit sha1_base64="luiXFg4z01NpHvm9y9mhIMlQncI=">AAACA3icbZBLSwMxFIUz9VXrq+rSTbAIrsqMCLosunFZwT6gM5RMeqcNTTJDkhHLMEv/glvduxO3/hC3/hLTdha29UDg49xzyeWECWfauO63U1pb39jcKm9Xdnb39g+qh0dtHaeKQovGPFbdkGjgTELLMMOhmyggIuTQCce303nnEZRmsXwwkwQCQYaSRYwSYy0/80OBn/K+D5z3qzW37s6EV8EroIYKNfvVH38Q01SANJQTrXuem5ggI8owyiGv+KmGhNAxGULPoiQCdJDNbs7xmXUGOIqVfdLgmft3IyNC64kIbVIQM9ILs1Dky9lp6L9sLzXRdZAxmaQGJJ1/HKUcmxhPC8EDpoAaPrFAqGL2dkxHRBFqbG0VW4q3XMEqtC/qnlv37i9rjZuinjI6QafoHHnoCjXQHWqiFqIoQS/oFb05z8678+F8zqMlp9g5Rgtyvn4Bf/iYSw==</latexit><latexit sha1_base64="luiXFg4z01NpHvm9y9mhIMlQncI=">AAACA3icbZBLSwMxFIUz9VXrq+rSTbAIrsqMCLosunFZwT6gM5RMeqcNTTJDkhHLMEv/glvduxO3/hC3/hLTdha29UDg49xzyeWECWfauO63U1pb39jcKm9Xdnb39g+qh0dtHaeKQovGPFbdkGjgTELLMMOhmyggIuTQCce303nnEZRmsXwwkwQCQYaSRYwSYy0/80OBn/K+D5z3qzW37s6EV8EroIYKNfvVH38Q01SANJQTrXuem5ggI8owyiGv+KmGhNAxGULPoiQCdJDNbs7xmXUGOIqVfdLgmft3IyNC64kIbVIQM9ILs1Dky9lp6L9sLzXRdZAxmaQGJJ1/HKUcmxhPC8EDpoAaPrFAqGL2dkxHRBFqbG0VW4q3XMEqtC/qnlv37i9rjZuinjI6QafoHHnoCjXQHWqiFqIoQS/oFb05z8678+F8zqMlp9g5Rgtyvn4Bf/iYSw==</latexit><latexit sha1_base64="luiXFg4z01NpHvm9y9mhIMlQncI=">AAACA3icbZBLSwMxFIUz9VXrq+rSTbAIrsqMCLosunFZwT6gM5RMeqcNTTJDkhHLMEv/glvduxO3/hC3/hLTdha29UDg49xzyeWECWfauO63U1pb39jcKm9Xdnb39g+qh0dtHaeKQovGPFbdkGjgTELLMMOhmyggIuTQCce303nnEZRmsXwwkwQCQYaSRYwSYy0/80OBn/K+D5z3qzW37s6EV8EroIYKNfvVH38Q01SANJQTrXuem5ggI8owyiGv+KmGhNAxGULPoiQCdJDNbs7xmXUGOIqVfdLgmft3IyNC64kIbVIQM9ILs1Dky9lp6L9sLzXRdZAxmaQGJJ1/HKUcmxhPC8EDpoAaPrFAqGL2dkxHRBFqbG0VW4q3XMEqtC/qnlv37i9rjZuinjI6QafoHHnoCjXQHWqiFqIoQS/oFb05z8678+F8zqMlp9g5Rgtyvn4Bf/iYSw==</latexit>

conv{W }
<latexit sha1_base64="hpd8ozT96zCtHYihJ/UMKhOq8O0=">AAACDHicbZDLSsNAGIUn9VbrLdqlm8EiuCqJCLosunFZwbZCE8pkOmmHziXMTAoh5BV8Bbe6dydufQe3PonTNgvbemDg4/znZ35OlDCqjed9O5WNza3tnepubW//4PDIPT7papkqTDpYMqmeIqQJo4J0DDWMPCWKIB4x0osmd7N5b0qUplI8miwhIUcjQWOKkbHWwK3ngY4hlmJaBHkQcdgLioHb8JreXHAd/BIaoFR74P4EQ4lTToTBDGnd973EhDlShmJGilqQapIgPEEj0rcoECc6zOfHF/DcOkMYS2WfMHDu/t3IEdc645FNcmTGemkW8WI1Owv9l+2nJr4JcyqS1BCBFx/HKYNGwlkzcEgVwYZlFhBW1N4O8RgphI3tr2ZL8VcrWIfuZdP3mv7DVaN1W9ZTBafgDFwAH1yDFrgHbdABGGTgBbyCN+fZeXc+nM9FtOKUO3WwJOfrF074m2Q=</latexit><latexit sha1_base64="hpd8ozT96zCtHYihJ/UMKhOq8O0=">AAACDHicbZDLSsNAGIUn9VbrLdqlm8EiuCqJCLosunFZwbZCE8pkOmmHziXMTAoh5BV8Bbe6dydufQe3PonTNgvbemDg4/znZ35OlDCqjed9O5WNza3tnepubW//4PDIPT7papkqTDpYMqmeIqQJo4J0DDWMPCWKIB4x0osmd7N5b0qUplI8miwhIUcjQWOKkbHWwK3ngY4hlmJaBHkQcdgLioHb8JreXHAd/BIaoFR74P4EQ4lTToTBDGnd973EhDlShmJGilqQapIgPEEj0rcoECc6zOfHF/DcOkMYS2WfMHDu/t3IEdc645FNcmTGemkW8WI1Owv9l+2nJr4JcyqS1BCBFx/HKYNGwlkzcEgVwYZlFhBW1N4O8RgphI3tr2ZL8VcrWIfuZdP3mv7DVaN1W9ZTBafgDFwAH1yDFrgHbdABGGTgBbyCN+fZeXc+nM9FtOKUO3WwJOfrF074m2Q=</latexit><latexit sha1_base64="hpd8ozT96zCtHYihJ/UMKhOq8O0=">AAACDHicbZDLSsNAGIUn9VbrLdqlm8EiuCqJCLosunFZwbZCE8pkOmmHziXMTAoh5BV8Bbe6dydufQe3PonTNgvbemDg4/znZ35OlDCqjed9O5WNza3tnepubW//4PDIPT7papkqTDpYMqmeIqQJo4J0DDWMPCWKIB4x0osmd7N5b0qUplI8miwhIUcjQWOKkbHWwK3ngY4hlmJaBHkQcdgLioHb8JreXHAd/BIaoFR74P4EQ4lTToTBDGnd973EhDlShmJGilqQapIgPEEj0rcoECc6zOfHF/DcOkMYS2WfMHDu/t3IEdc645FNcmTGemkW8WI1Owv9l+2nJr4JcyqS1BCBFx/HKYNGwlkzcEgVwYZlFhBW1N4O8RgphI3tr2ZL8VcrWIfuZdP3mv7DVaN1W9ZTBafgDFwAH1yDFrgHbdABGGTgBbyCN+fZeXc+nM9FtOKUO3WwJOfrF074m2Q=</latexit><latexit sha1_base64="hpd8ozT96zCtHYihJ/UMKhOq8O0=">AAACDHicbZDLSsNAGIUn9VbrLdqlm8EiuCqJCLosunFZwbZCE8pkOmmHziXMTAoh5BV8Bbe6dydufQe3PonTNgvbemDg4/znZ35OlDCqjed9O5WNza3tnepubW//4PDIPT7papkqTDpYMqmeIqQJo4J0DDWMPCWKIB4x0osmd7N5b0qUplI8miwhIUcjQWOKkbHWwK3ngY4hlmJaBHkQcdgLioHb8JreXHAd/BIaoFR74P4EQ4lTToTBDGnd973EhDlShmJGilqQapIgPEEj0rcoECc6zOfHF/DcOkMYS2WfMHDu/t3IEdc645FNcmTGemkW8WI1Owv9l+2nJr4JcyqS1BCBFx/HKYNGwlkzcEgVwYZlFhBW1N4O8RgphI3tr2ZL8VcrWIfuZdP3mv7DVaN1W9ZTBafgDFwAH1yDFrgHbdABGGTgBbyCN+fZeXc+nM9FtOKUO3WwJOfrF074m2Q=</latexit>

I The dots are x`’s, i.e., the columns of X .
I NMF identifiability = a geometric problem:

Given the dots, can we recover the extremes rays (vertices)
of the convex cone (convex hull) that enclose all the dots?

I Apparently no in general.
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Separability-based NMF
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A Key Assumption
I Separability [DS03]

For every k = 1, ..., r , there exists a row index `k such that
H(:, `k) = h`k = αkek , where αk > 0 is a scalar and ek is
the kth coordinate vector in Rr .

(There exists Λ such that H(:, Λ) = Σ = Diag(α1, . . . , αr ).)

I Also means cone(H) = cone{e1, . . . , er}.
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Separability-Based NMF
Under separability, the task of NMF is significantly simplified.

I Consider the case where 1TH = 1T .
I Note that if x`k = WH(:, `k) = Wh`k = Wek = wk .

I Instead of estimating W and H from nowhere, we can simply
find x`’s that are vertices of the convex hull and let

Ŵ = [x`1 , . . . , x`r ].



82/128

Separability-Based NMF

I Another view of separability.
<latexit sha1_base64="V3DOLh1JOlqEHOI38yM+kkz/Pm0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15kWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuAOM4w==</latexit>

X
<latexit sha1_base64="ieoYEKU5FtUTxS5NFWM8K9tef1s=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0qhXvqlJtXJZrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDtn+M4g==</latexit>

W
<latexit sha1_base64="1e2YKhEQ2T8xnhjGHaGpDF8SQ84=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELxwhkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj+7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd12uNK5K1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJ/DjNM=</latexit>

H
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A Gram-Schmidt-like Algorithm

I Assume 1TH = 1T and H ≥ 0. First vertex of conv (W ) can
be found by

̂̀1 = arg max
`=1,...,n

‖x`‖2, ŵ1 = x̂̀1
Proof:

‖x`‖2 =

∥∥∥∥∥
r∑

i=1

wihi ,`

∥∥∥∥∥
2

≤
r∑

i=1

‖wihi ,`‖2

=
r∑

i=1

hi ,` ‖wi‖2 ≤ max
i=1,...,r

‖wi‖2

where the equalities hold if and only if h` = ei for some i .
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I Assume that there are k (k < r) vertices have been found; we
now wish to find the next one.

I First form Ŵ1:k = [ŵ1, . . . , ŵk ].

̂̀
k+1 = arg max

`=1,...,n

∥∥∥P⊥
Ŵ1:k

x`

∥∥∥
2
.

Proof:

∥∥∥P⊥
Ŵ1:k

x`

∥∥∥
2

=

∥∥∥∥∥
r∑

i=1

P⊥
Ŵ1:k

wihi ,`

∥∥∥∥∥
2

≤
r∑

i=1

∥∥∥P⊥
Ŵ1:k

wihi ,`

∥∥∥
2

=
r∑

i=1

hi ,`

∥∥∥P⊥
Ŵ1:k

wi

∥∥∥
2
≤ max

i=k+1,...,r

∥∥∥P⊥
Ŵ1:k

wi

∥∥∥
2

I Called successive projection algorithm (SPA) [ASGa+01].
I Provably robust to bounded noise [GV14].
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Other Separable NMF Methods

Other Separability-Based Approach (incomplete list)

I Sparse Optimization

min
C∈Rn×n

‖X − XC‖2F + λRowSparse(C )

s.t. C ≥ 0;

see convex relaxation in [FM16, RRTB12, GL14].

<latexit sha1_base64="ieoYEKU5FtUTxS5NFWM8K9tef1s=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0qhXvqlJtXJZrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDtn+M4g==</latexit>

W

<latexit sha1_base64="V3DOLh1JOlqEHOI38yM+kkz/Pm0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15kWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuAOM4w==</latexit>

X
<latexit sha1_base64="V3DOLh1JOlqEHOI38yM+kkz/Pm0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15kWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuAOM4w==</latexit>

X
<latexit sha1_base64="0DLPKYG4xzaRkJI59VNfCsXAcTo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELh4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj2txvP6HSPJYPZpKgH9Gh5CFn1FipUesXS27ZXYCsEy8jJchQ7xe/eoOYpRFKwwTVuuu5ifGnVBnOBM4KvVRjQtmYDrFrqaQRan+6OHRGLqwyIGGsbElDFurviSmNtJ5Ege2MqBnpVW8u/ud1UxPe+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrUrZuy5XGlel6l0WRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJgvjM4=</latexit>

C

<latexit sha1_base64="1e2YKhEQ2T8xnhjGHaGpDF8SQ84=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELxwhkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj+7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd12uNK5K1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJ/DjNM=</latexit>

H

<latexit sha1_base64="1bVFHYixAC4BXBIxvhHrOSm06I4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqJdCsZceK9g20Iay2W7apZtN3N0IJfRPePGgiFf/jjf/jZs2B219MPB4b4aZeX7MmdK2/W0VNja3tneKu6W9/YPDo/LxSVdFiSS0QyIeSdfHinImaEczzakbS4pDn9OeP21mfu+JSsUi8aBnMfVCPBYsYARrI7lu3W2ieq81LFfsqr0AWidOTiqQoz0sfw1GEUlCKjThWKm+Y8faS7HUjHA6Lw0SRWNMpnhM+4YKHFLlpYt75+jCKCMURNKU0Gih/p5IcajULPRNZ4j1RK16mfif1090cOulTMSJpoIsFwUJRzpC2fNoxCQlms8MwUQycysiEywx0SaikgnBWX15nXRrVee6Wru/qjTu8jiKcAbncAkO3EADWtCGDhDg8Ayv8GY9Wi/Wu/WxbC1Y+cwp/IH1+QOHwI79</latexit>

X = XC = WH

<latexit sha1_base64="2Qsdalu/dg77by3FFjV+bjq8QIQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGUS9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2WK/WLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP48XjMg=</latexit>= <latexit sha1_base64="rS+A6hzuNvMumB0NiceRNKJ51V4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRF1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJq1b1L6u1+4tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL5pjz8=</latexit>. . .<latexit sha1_base64="rS+A6hzuNvMumB0NiceRNKJ51V4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRF1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJq1b1L6u1+4tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL5pjz8=</latexit>. . .

<latexit sha1_base64="rS+A6hzuNvMumB0NiceRNKJ51V4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRF1GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJq1b1L6u1+4tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL5pjz8=</latexit>

...
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Other Separable NMF Methods

Other Separability-Based Approach (incomplete list)

I Simplex-volume Maximization [Win99, CMAC11].
I Minimum-volume Enclosing Ellipsoid [Miz14, GV15].

<latexit sha1_base64="tLSggqtUx7BnJmkkEiI2IgY2hnA=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkpSRD0WvXisYD+gCWWz3bRLN5uwuynUkF/ixYMiXv0p3vw3btsctPXBwOO9GWbmBQlnSjvOt1Xa2Nza3invVvb2Dw6r9tFxR8WpJLRNYh7LXoAV5UzQtmaa014iKY4CTrvB5G7ud6dUKhaLRz1LqB/hkWAhI1gbaWBXM0+FiMRimntZ18sHds2pOwugdeIWpAYFWgP7yxvGJI2o0IRjpfquk2g/w1Izwmle8VJFE0wmeET7hgocUeVni8NzdG6UIQpjaUpotFB/T2Q4UmoWBaYzwnqsVr25+J/XT3V442dMJKmmgiwXhSlHOkbzFNCQSUo0nxmCiWTmVkTGWGKiTVYVE4K7+vI66TTq7lW98XBZa94WcZThFM7gAly4hibcQwvaQCCFZ3iFN+vJerHerY9la8kqZk7gD6zPHwDjk1I=</latexit>

conv{W}

<latexit sha1_base64="ejtVtdmACFg6+cbMz0tPyv0d/f4=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4KCUpoi6LblxWsA9oQphMJ+3QyUyYmZSW0I0bf8WNC0Xc+g/u/BunbRbaeuDC4Zx7ufeeMGFUacf5tlZW19Y3Ngtbxe2d3b19++CwqUQqMWlgwYRsh0gRRjlpaKoZaSeSoDhkpBUObqd+a0ikooI/6HFC/Bj1OI0oRtpIgX2SeSqCWPDhxMtGgVv2WFdoVR4F3JsEdsmpODPAZeLmpARy1AP7y+sKnMaEa8yQUh3XSbSfIakpZmRS9FJFEoQHqEc6hnIUE+Vnsy8m8MwoXRgJaYprOFN/T2QoVmoch6YzRrqvFr2p+J/XSXV07WeUJ6kmHM8XRSmDWsBpJLBLJcGajQ1BWFJzK8R9JBHWJriiCcFdfHmZNKsV97JSvb8o1W7yOArgGJyCc+CCK1ADd6AOGgCDR/AMXsGb9WS9WO/Wx7x1xcpnjsAfWJ8/mL+YpA==</latexit>

conv{x
1 , . . . , x

n }

<latexit sha1_base64="cZ9Y0g5nqL0YqwSKFKEqw+8nLT4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxbuoVO/Oy7XrPI4CHMMJnIEHl1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEMdI2m</latexit>w1

<latexit sha1_base64="PJ/xZyj991Rd83ap84aXai7eIw0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBi2W3FPVY9OKxgv2AdinZNNuGJtklySpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hk0sXTwBuUK27VnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSrlW9y2rtvl5p3ORxFOEETuEcPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHdheN3Q==</latexit>�w1
<latexit sha1_base64="n2wm0TVZtIWTrlgYqhLHFyl8d+8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGi/YA2lM120y7dbMLuRCmhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindRqd6dl2vXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMN+I2n</latexit>w2

<latexit sha1_base64="DDczN9IKl3QNqyDCVJx7hKNPN1Y=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBi2W3FPVY9OKxgv2AdinZNNuGJtklySpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hk0sXToDYoV9yqOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukXat6l9Xafb3SuMnjKMIJnMI5eHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPd5uN3g==</latexit>�w2
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Separability and Applications

In HU, separability = pure pixels [BDPD+12, MBDC+14].

Pure	pixel	of	material	1

<latexit sha1_base64="lb+9mhN9sfpq5WCAyZJDBjucdvw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0gH2vX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSatW9S6rtfuLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP/D5jZQ=</latexit>e1
<latexit sha1_base64="GJdVPfPljQYnMG6MibGQibj84y8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0gH3VL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m586JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZ/U0GXCEzYmIJZYrbWwkbUUWZsemUbAje8surpFWrepfV2v1FpX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnCeXHenY9Fa8HJZ47hD5zPH1OMjdU=</latexit>er
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Separability and Applications

The remote sensing community started using “pure pixels” earlier
(see [ASGa+01]) than “separability” formally defined by Donoho
and Stodden in 2004 [DS03].

soil

water

pure pixel of water

pure pixel of soil
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Separability and Applications

In topic modeling, separability = anchor words
[AGM12, AGH+13, RRTB12]

<latexit sha1_base64="V3DOLh1JOlqEHOI38yM+kkz/Pm0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15kWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuAOM4w==</latexit>

X

<latexit sha1_base64="ieoYEKU5FtUTxS5NFWM8K9tef1s=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0qhXvqlJtXJZrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDtn+M4g==</latexit>

W

<latexit sha1_base64="1e2YKhEQ2T8xnhjGHaGpDF8SQ84=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELxwhkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj+7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd12uNK5K1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJ/DjNM=</latexit>

H
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Separability and Applications

In topic modeling, separability = anchor words
[AGM12, AGH+13, RRTB12]

<latexit sha1_base64="V3DOLh1JOlqEHOI38yM+kkz/Pm0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15kWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuAOM4w==</latexit>

X

<latexit sha1_base64="ieoYEKU5FtUTxS5NFWM8K9tef1s=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0qhXvqlJtXJZrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDtn+M4g==</latexit>

W

<latexit sha1_base64="1e2YKhEQ2T8xnhjGHaGpDF8SQ84=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELxwhkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj+7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd12uNK5K1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJ/DjNM=</latexit>

H
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Separability and Applications

In topic modeling, separability = anchor words
[AGM12, AGH+13, RRTB12]

<latexit sha1_base64="V3DOLh1JOlqEHOI38yM+kkz/Pm0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15kWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuAOM4w==</latexit>

X

<latexit sha1_base64="ieoYEKU5FtUTxS5NFWM8K9tef1s=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0qhXvqlJtXJZrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDtn+M4g==</latexit>

W

<latexit sha1_base64="1e2YKhEQ2T8xnhjGHaGpDF8SQ84=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELxwhkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj+7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd12uNK5K1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJ/DjNM=</latexit>

H
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Separability and Applications

In topic modeling, separability = anchor words
[AGM12, AGH+13, RRTB12]

<latexit sha1_base64="V3DOLh1JOlqEHOI38yM+kkz/Pm0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15kWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuAOM4w==</latexit>

X

<latexit sha1_base64="ieoYEKU5FtUTxS5NFWM8K9tef1s=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0qhXvqlJtXJZrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDtn+M4g==</latexit>

W

<latexit sha1_base64="1e2YKhEQ2T8xnhjGHaGpDF8SQ84=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELxwhkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj+7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd12uNK5K1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJ/DjNM=</latexit>

H
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Separability and Applications

In image rep. learning, separability = local dominance

<latexit sha1_base64="V3DOLh1JOlqEHOI38yM+kkz/Pm0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15kWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuAOM4w==</latexit>

X

<latexit sha1_base64="ieoYEKU5FtUTxS5NFWM8K9tef1s=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0qhXvqlJtXJZrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDtn+M4g==</latexit>

W

<latexit sha1_base64="1e2YKhEQ2T8xnhjGHaGpDF8SQ84=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELxwhkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj+7nffkKleSwfzCRBP6JDyUPOqLFSo9YvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia89adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd12uNK5K1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJ/DjNM=</latexit>

H
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Separability and Applications

In image rep. learning, separability = local dominance

<latexit sha1_base64="V3DOLh1JOlqEHOI38yM+kkz/Pm0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15kWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuAOM4w==</latexit>

X
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Separability and Applications

In image rep. learning, separability = local dominance

<latexit sha1_base64="V3DOLh1JOlqEHOI38yM+kkz/Pm0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15kWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuAOM4w==</latexit>

X
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Separability and Applications

In image rep. learning, separability = local dominance

<latexit sha1_base64="V3DOLh1JOlqEHOI38yM+kkz/Pm0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15kWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fuAOM4w==</latexit>

X



97/128

Separability and Applications

More in the literature ...

I In speech separation, separability could be induced by pauses
between utterances [FMHS15].

I In crowdsourcing, separability = existence of class specialists
[IFKH19].

I In community detection, separability = existence of anchor
nodes [MSC17, PSU17].

I In spectrum sensing (comm.), separability = existence of
designated carrier freq. [FMS16].

I ...
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Separability and H ’s Size

In the crowdsourcing example, we mentioned that we hope H to be
“fat” to attain separability.

I Assume H(:, `) ∈ Rr for ` = 1, . . . , n are drawn from the prob.
simplex uniformly at random.

Proposition [IFKH19] Let ρ > 0, ε > 0. If

n = Ω

(
ε−2(r−1)

r
log

(
r

ρ

))
,

then, with prob. of at least 1− ρ, there exist H(:, `k)’s such that

‖H(`k , :)− eTk ‖2 ≤ ε, k = 1, . . . , r .
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Separability-free NMF
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Plain Vanilla Fitting

I Most popular criterion:

min
W ,H

‖X −WH‖2F
s.t. W ≥ 0, H ≥ 0.

I The above was the original formulation used in Lee and
Seung’s Nature article.

I If one finds the optimal solution (W?,H?), do we have

W? = W\ΠD, H? = ΠTD−1H\

hold for all possible optimal solutions?
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Beyond Separability

I Sufficiently Scattered Condition (SSC)

A nonnegative matrix H ∈ Rk×n is said to be sufficiently
scattered if the following two conditions are satisfied:
1. the column of H are spread enough so that

C ⊆ cone (H)

where C is a second-order cone defined as
C = {x ∈ Rk | x>1 ≥

√
k − 1‖x‖2}.

2. cone{H} ⊆ cone{Q} does not hold for any orthonormal
Q except the permutation matrices.
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A Closer Look at C
7

Fig. 8. A closer look at C for R = 3 from another angle.

α > 0) are ‘touched’ by some rows of H and thus the
conic hull of H> equals to the entire nonnegative orthant;
see Fig. 7 (top). Correspondingly, in the data domain, one can
see that there exists x`r = αrwr for all r = 1, . . . , R, which
indicates that x`’s spreads very well with in cone {W }—
we have cone {X} = cone {W } under separability. Another
condition that can effectively model the spread of the nonneg-
ative vectors but is considered much more relaxed relative to
separability is as follows [7], [13], [15] (see also [14], [32]):

Definition 3 (Sufficiently Scattered) A nonnegative matrix
H ∈ RN×R is sufficiently scattered if

C ⊆ cone
{
H>
}

(10)

and a certain regularity condition is satisfied (see details in the
supplementary materials and [7], [13]), where C is a second-
order cone defined as follows:

C = {x|x>1 ≥
√
R− 1‖x‖2}.

To understand the sufficiently scattered condition, one key
is to understand the second-order cone C. This second-order
cone is special and of interest since it is tangent to every facet
of the nonnegative orthant (see Fig. 7 (left bottom)). Hence,
if H satisfies the sufficiently scattered condition, it means the
rows ofH spread enough in the nonnegative orthant. However,
the rows of H need not be ‘extremely scattered’ that its conic
hull ‘covers’ the entire nonnegative orthant, but only ‘well
scattered’ to contain the second-order cone C as its subset—
which is uch more relaxed a condition relative to separability.

Another key difference in the data geometries resulted
from Definitions 2-3 is that under the sufficiently scattered
condition, there may not be data point touching wr (see Fig. 7
(right bottom)). As one will see, such difference leads to quite
different NMF algorithms and theoretical results.

Before we go to the next section, one important remark is
that we will use W\ and H\ in the sequel to denote the true
generating factors of that give rise to the data X = W\H

>
\ ,

to differentiate with the optimization variables W and H in
the NMF factorization criteria. We will assume full rank of
ground-truth generating factors W\ and H\ throughout this
article, since most NMF methods work under this condition
(although there exists interesting exceptions such as that in
[33]).

IV. SEPARABILITY-BASED METHODS FOR NMF

In this section, we will introduce some representative ap-
proaches that explicitly make use of the separability condition
and have identifiability guarantees. The separability condition
was first named by Donoho et al. in 2004 [9]. However, this
condition was used for NMF in the context of hyperspectral
unmixing even before 2004. In HU, researchers have found
that there are many pixels that only contain a single material,
i.e., xnr = W\(:, r) for r = 1, . . . , R (assuming X = W\H

>
\

without noise), and the existence of such ‘pure pixels’ can be
utilized to build very effective HU algorithms [26], [28], [34].

To understand the reason why separability helps, we assume
that H\1 = 1 and H\ ≥ 0, i.e., H\ is row-stochastic.
Under separability, there is an index set Λ = {n1, n2, . . . , nR}
that collects the indices efined in Definition 2, which satisfy
H\(nr, :) = e>r for r = 1, . . . , R. As we have seen in Fig. 7,
the vertices of the convex hull are now ‘touched’ by some
data samples (i.e., columns of X). In other words, we have
X(:, Λ) = W\ in the noiseless case. Instead of finding a
simplex that encloses all the data columns, now the problem
boils down to finding data columns which span a convex
hull (or conic hull) that encloses all the other data columns.
If Λ can be successfully identified, one can simply retrieve
the latent factors via Ŵ = X(:, Λ) and Ĥ = Ŵ †X (or
Ĥ = arg minH≥0 ‖X − ŴH>‖2F ).

A. Convex Formulations

• Basic Insight Under separability, the critical step towards
NMF identification is to design an efficient algorithm to ‘pick
out’ the vertices of the data convex hull (or extreme rays if
H\1 = 1 is not assumed) from x1, . . . ,xN . It turns out that
this can be done via a variety of convex formulations. The
idea behind is based on a simple fact: The vertices (or extreme
rays) of a convex hull (conic hull) cannot be represented by
any other vectors that reside inside the convex hull (conic hull)
using their convex combinations (nonngetiave combinations).
For example, if noise is absent, Eq. (8) (row-stochasticity of
H\) is satisfied, and ` ∈ Λ = {n1, . . . , nR}, then we always
have (

min
θ≥0,1T θ=1

‖x` −X−`θ‖q
)
> 0, (11)

where X−` denotes X with the column x` taken out and
q ≥ 1, i.e., ‖ · ‖q is any convex norm. When ` /∈ Λ, we
always have minθ≥0,1T θ=1 ‖x` −X−`θ‖q = 0 since x` ∈
conv {X(:, Λ)}.

A relatively naive implementation of separability-based
NMF is to repeatedly solve Problem (11) for each ` ∈
{1, . . . , N} and compare the objective values, which is the
basic idea in [35], [36]. It can be shown that even there is
noise, (11) can still effectively identify a Ŵ that is a fairly
good approximation for the true W\, under certain conditions.
These are favorable properties. However, this formulation
needs to solve N convex programs, each of which has N − 1
decision variables, which can be quite inefficient when N is
large.
• Self-dictionary Convex Formulations To avoid solving
a large number of convex programs, a class of convex
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Fitting-Based NMF

I [HSS14] proved the following theorem

If both W T
\ and H\ are sufficiently scattered, then the optimal

solutions of the fitting criterion are W? = W\ΠD and H? =
D−1ΠTH\, where Π and D are defined as before.

I Notable: the generative model does not need to satisfy the
separability condition.

I Remarks:
I unlike separability-based methods that come with tractable

algorithms, the identifiability result of fitting-based NMF does
not tell us how to really solve the fitting problem.

I the fitting problem is in fact NP-hard.
I necessary condition for identifiabity of fitting based NMF: both

W\ and H\ have some zeros.
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Sufficiently Scattered Condition

Proposition [HSS14]
If H is sufficiently scattered, each row of H contains at least
k − 1 zeros.

Random W and H with m = 200, n = 250, and k = 30.

Algorithm: AO-ADMM [HSL16]
density max ‖Ŵ −W ‖F max ‖Ĥ − H‖F
0.5 0.0070× 10−7 0.0083× 10−5

0.6 0.0030× 10−7 0.0067× 10−5

0.7 0.0184× 10−7 0.0302× 10−5

0.8 0.1154× 10−7 0.1991× 10−5

0.9 0.4 78.2

Casual Claim
NMF X = WH is unique if both W and H are sparse.
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Sufficiently scattered on one of the factors

Theorem [FHS18]
Suppose H\ is sufficiently scattered, and rank(W\) = k .
Denote (W?,H?) as an optimal solution of

minimize
W ,H

det(W TW )

subject to X = WH,H ≥ 0,H1 = 1

Then there exists a permutation matrix Π and a diagonal
matrix D such that W\ = W?ΠD and H\ = D−1ΠTH?.

I NMF is identifiable if only one of the factor is “sparse”
I W does not even have to be ≥ 0
I Identifiability can be enforced by a det criterion
I A slight variation resolves the long-standing Craig’s conjecture

in remote sensing
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Geometric Interpretation

xi = Whi =
k∑

j=1

wjhji hi ∈ ∆

I xi is a convex combination of w1, ...,wk

I xi belongs to the convex hull of w1, ...,wk

I There are infinitely many enclosing simplexes

F Intuition: Find the one with minimum volume

minimize
W ,H

1
(k − 1)!

∣∣∣ det
[
w1 − wk · · · wk−1 − wk

] ∣∣∣

subject to X = WH, H ≥ 0, 1TH = 1.
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Algorithm

minimize
W ,H

det(W TW )

subject to X = WH,H ≥ 0,H1 = 1

I assume W is invertible (apply PCA first)
I change of variable M = W−1

I eliminate H

⇓
maximize

M
| detM|

subject to MX ≥ 0,MX1 = 1

I convex (linear) constraints, disjoint on each row
I nonconvex objective
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Cyclic Row Update
I let mi denote the ith row of M
I Laplace’s formula: detM = f Tmi where

fj = (−1)i+j det(Mij), Mij is M without its ith row and jth col.

I in fact f = (detM)M−1ei per Cramer’s rule
I cyclic row update [HF19a]

1: repeat
2: for i = 1, . . . , k do
3: f ← M−1ei
4: z ← arg max

z
f T z s.t. zTX ≥ 0, zTX1 = 1

5: replace ith row of M with z
6: end for
7: until convergence

I monotonically increases the objective
I converges to a stationary point
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Synthetic Experiment

I H\ ∈ R20×1000 is 50% sparse (w.h.p. sufficiently scattered)
I W\ ∈ R20×20 is i.i.d. normal
I X = W\H\ is fed into the algorithm
I we know the optimal value is (| detW\|)−1

and the solution is unique (up to permutation)
I 50 random trials, optimality gap goes to zero in all cases
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Application: Topic Modeling

Mining topics from a corpus [BNJ03]

Non-convex 
Optimization

Phase Retrival

Tensor Factorization
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5 topics in TDT2

Latent Dirichlet Allocation [BNJ03]

lewinsky spkr school clinton jordan
starr news gm president time

president people workers house game
white monica arkansas white bulls
house story people clintons night
ms voice children public team

grand reporter students allegations left
lawyers washington strike presidents i’m
jury dont jonesboro political chicago
jones media flint bill jazz
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5 topics in TDT2

AnchorFree [HFS16]

lewinsky gm shuttle bulls jonesboro
monica motors space jazz arkansas
starr plants columbia nba school
grand flint astronauts chicago shooting
white workers nasa game boys
jury michigan crew utah teacher
house auto experiments finals students
clinton plant rats jordan westside
counsel strikes mission malone middle
intern gms nervous michael 11year
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Application: Community Detection

Detecting communities from a social network [ABFX08]

I 518× 518 co-authorship network [HSS14]
courtesy: A. Swami @ARL

G. B. Giannakis Lang Tong Mariusz A. Fecko
Shengli Zhou Ananthram Swami Sunil Samtani
Xiaoli Ma Qing Zhao M. Umit Uyar
Pengfei Xia Brian M. Sadler Ibrahim Hokelek
Xiaodong Cai Yunxia Chen Jianping Zou
Tairan Wang Min Dong Jianliang Zheng
Qingwen Liu Youngchul Sung Myung Jong Lee
Xing Wang Ting He Tarek N. Saadawi

Zhengdao Wang G. B. Giannakis Ulas C. Kozat
Alfonso Cano P. Venkitasubramaniam Phillip T. Conrad
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Community Detection from Co-authorship Networks

CD-MVSI [HF19a]
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Concluding Remarks

1. NMF is a useful and widely used linear model in data analysis
and machine learning.

2. NMF is difficult (NP-hard) and non-unique (identifiability
issue).

3. However, there are several venues to circumvent these issues:

I Separable NMF, which relies on a rather strong assumption,
makes NMF identifiable and solvable in polynomial time, even
in the presence of noise.

I Identifiability via minimum volume or sparsity but, as opposed
to separability, no polynomial-time algorithm yet. This is an
important direction of research, along with their robustness to
noise.
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Main references

Survey on NMF (2019)
IEEE Signal Process. Mag.

Book on NMF (2020)
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