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RNA Secondary Structure Prediction
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Results: LinearFold is Much Faster and More Accurate

 3 3

A

 0

 2

 4

 6

 8

 10

0 1000nt 2000nt 3000nt

ru
n
n
in

g
 t
im

e
 (

s
e
c
o
n
d
s
)

Vienna RNAfold: ~n
2.4

CONTRAfold MFE: ~n
2.2

LinearFold-V: ~n
1.2

LinearFold-C: ~n
1.1

B

1s

10s

10
2
s

10
3
s

1h

2h

3000nt 10
4
nt 10

5
nt

Vienna RNAfold: ~n
2.7

CONTRAfold MFE: ~n
3.0

LinearFold-V: ~n
1.0

LinearFold-C: ~n
1.0

C

100MB

1GB

10GB
30GB

3000nt 104
nt 105

nt

m
e
m

o
ry

 u
s
e
d

Vienna RNAfold: ~n
2.0

CONTRAfold MFE: ~n
2.0

LinearFold-V: ~n
1.0

LinearFold-C: ~n
1.0

our work

ex
is

tin
g 

on
es

 40

 50

 60

 70

 80

tR
N
A

5S rR
N
A

SR
P

R
N
aseP

tm
R
N
A

G
roup I Intron

telom
erase R

N
A

16S rR
N
A

23S rR
N
A

 *

P
re

ci
si

o
n

Standard O(n3) search

LinearFold: O(n) search

 *

 *

 40

 50

 60

 70

 80

tR
N
A

5S rR
N
A

SR
P

R
N
aseP

tm
R
N
A

G
roup I Intron

telom
erase R

N
A

16S rR
N
A

23S rR
N
A

**

R
e

ca
ll

Standard O(n3) search

LinearFold: O(n) search

 *

 *

 *

 *



From Linguistics to Biology
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Computational Linguistics => Computational Biology
linguistics computational biologycompiler theory

1958 Backus & Naur:
        CFGs for program, lang.

1978: Nussinov O(n3) RNA folding
1981: Zuker & Siegler
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5’                                                                         3’  

GCGGGAAUAGCUCAGUUGGUAGAGCACGACCUUGCCAAGGUCGGGGUCGCGAGUUCGAGUCUCGUUUCCCGCUCCA 

How to Fold RNAs in Linear-Time?

• idea 0: tag each nucleotide from left to right

• maintain a stack:  push “(”,   pop “)”,   skip “.”

• naive: O(3n)
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• DP+beam: O(n)

How to Fold RNAs in Linear-Time?
(((((((..((((........)))).(((((.......))))).....(((((.......)))))))))))).... 

 9



5’                                                                         3’  

GCGGGAAUAGCUCAGUUGGUAGAGCACGACCUUGCCAAGGUCGGGGUCGCGAGUUCGAGUCUCGUUUCCCGCUCCA 

• idea 2: approximate search: beam pruning

• keep only top b states per step

• DP+beam: O(n)

How to Fold RNAs in Linear-Time?
(((((((..((((........)))).(((((.......))))).....(((((.......)))))))))))).... 

 9

each DP state corresponds to 
exponentially many non-DP states



5’                                                                         3’  

GCGGGAAUAGCUCAGUUGGUAGAGCACGACCUUGCCAAGGUCGGGGUCGCGAGUUCGAGUCUCGUUUCCCGCUCCA 

• idea 2: approximate search: beam pruning

• keep only top b states per step

• DP+beam: O(n)

How to Fold RNAs in Linear-Time?
(((((((..((((........)))).(((((.......))))).....(((((.......)))))))))))).... 

 9

each DP state corresponds to 
exponentially many non-DP states



5’                                                                         3’  

GCGGGAAUAGCUCAGUUGGUAGAGCACGACCUUGCCAAGGUCGGGGUCGCGAGUUCGAGUCUCGUUUCCCGCUCCA 

• idea 2: approximate search: beam pruning

• keep only top b states per step

• DP+beam: O(n)

How to Fold RNAs in Linear-Time?
(((((((..((((........)))).(((((.......))))).....(((((.......)))))))))))).... 

 9

beam se
arch

each DP state corresponds to 
exponentially many non-DP states



Details: Packing “Temporarily Equivalent” States
• two states are “temporarily equivalent” if they share the same stack top index

• because they are looking for the same nucleotide(s) to match this stack-top nucleotide

• we pack them as a single state until a matching is found, when they unpack

• this is how we can explore exponentially many structures in linear time
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LinearFold with SOTA Prediction Models

• models from two widely-used folding engines

• CONTRAfold MFE (machine-learned)

• Vienna RNAfold (thermodynamic)

• we linearized both systems from O(n3) to O(n)

efficiency systems

time space machine-learned thermo-dynamic

baselines O(n3) O(n2) CONTRAfold Vienna RNAfold

our work O(n) O(n) LinearFold-C LinearFold-V
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Efficiency & Scalability: O(n) time, O(n) memory
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Accuracy

• Tested on Archive II dataset  
(on a family-by-family basis)

• significantly better on 3 long families

• biggest boost on the longest families:  
16S/23S rRNAs

• LinearFold-V vs. Vienna is similar

 14

 40

 50

 60

 70

 80

tRNA
5S rRNA

SRP
RNaseP

tm
RNA

G
roup I Intron

telom
erase RNA

16S rRNA

23S rRNA

 *

P
re

ci
si

on

Standard O(n3) search

LinearFold: O(n) search

 *

 *

 40

 50

 60

 70

 80

tRNA
5S rRNA

SRP
RNaseP

tm
RNA

G
roup I Intron

telom
erase RNA

16S rRNA

23S rRNA

**

R
ec

al
l

Standard O(n3) search

LinearFold: O(n) search

 *

 *

 *

 *

(precision) (recall)



Accuracy

• Tested on Archive II dataset  
(on a family-by-family basis)

• significantly better on 3 long families

• biggest boost on the longest families:  
16S/23S rRNAs

• LinearFold-V vs. Vienna is similar

 14

 40

 50

 60

 70

 80

tRNA
5S rRNA

SRP
RNaseP

tm
RNA

G
roup I Intron

telom
erase RNA

16S rRNA

23S rRNA

 *

P
re

ci
si

on

Standard O(n3) search

LinearFold: O(n) search

 *

 *

 40

 50

 60

 70

 80

tRNA
5S rRNA

SRP
RNaseP

tm
RNA

G
roup I Intron

telom
erase RNA

16S rRNA

23S rRNA

**

R
ec

al
l

Standard O(n3) search

LinearFold: O(n) search

 *

 *

 *

 *

(precision) (recall)



Improvements on Long-Range Base Pairs
• long-distance pairs are well-known to be hard to predict 

• LinearFold outputs less long-range base pairs, but more correct ones
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Fig. 8. Circular plots of the prediction results on three RNA sequences (from three different RNA families) comparing the baselines (A–C: CONTRAfold MFE; G–I: Vienna RNAfold)
and our LinearFold (D–F: LinearFold-C; J–L: LinearFold-V). Correctly predicted base pairs are in blue (true positives), incorrectly predicted pairs in red (false positives), and missing true
base pairs in light gray (false negatives). Each plot is clockwise from 5’ to 3’. We can observe that (1) our LinearFold greatly reduces the false positives, esp. on CONTRAfold; (2) our
LinearFold correctly predicts many long-range pairs, e.g., LinearFold-C on all three sequences (D–F) and LinearFold-V on E. coli 23S rRNA (L); (3) our LinearFold is able to predict the
longest 5’-3’ pairs, even with the beam size of 100, which is an order of magnitude smaller than the sequence lengths of 16S and 23S rRNAs. (4) in almost all cases (except for LinearFold-V
on B. subtilis 16S rRNA (K)), LinearFold substantially outperforms the corresponding baseline.
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Fig. 8. Circular plots of the prediction results on three RNA sequences (from three different RNA families) comparing the baselines (A–C: CONTRAfold MFE; G–I: Vienna RNAfold)
and our LinearFold (D–F: LinearFold-C; J–L: LinearFold-V). Correctly predicted base pairs are in blue (true positives), incorrectly predicted pairs in red (false positives), and missing true
base pairs in light gray (false negatives). Each plot is clockwise from 5’ to 3’. We can observe that (1) our LinearFold greatly reduces the false positives, esp. on CONTRAfold; (2) our
LinearFold correctly predicts many long-range pairs, e.g., LinearFold-C on all three sequences (D–F) and LinearFold-V on E. coli 23S rRNA (L); (3) our LinearFold is able to predict the
longest 5’-3’ pairs, even with the beam size of 100, which is an order of magnitude smaller than the sequence lengths of 16S and 23S rRNAs. (4) in almost all cases (except for LinearFold-V
on B. subtilis 16S rRNA (K)), LinearFold substantially outperforms the corresponding baseline.
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Improvements on Long-Range Base Pairs
• long-distance pairs are well-known to be hard to predict 

• LinearFold outputs less long-range base pairs, but more correct ones
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Fig. 8. Circular plots of the prediction results on three RNA sequences (from three different RNA families) comparing the baselines (A–C: CONTRAfold MFE; G–I: Vienna RNAfold)
and our LinearFold (D–F: LinearFold-C; J–L: LinearFold-V). Correctly predicted base pairs are in blue (true positives), incorrectly predicted pairs in red (false positives), and missing true
base pairs in light gray (false negatives). Each plot is clockwise from 5’ to 3’. We can observe that (1) our LinearFold greatly reduces the false positives, esp. on CONTRAfold; (2) our
LinearFold correctly predicts many long-range pairs, e.g., LinearFold-C on all three sequences (D–F) and LinearFold-V on E. coli 23S rRNA (L); (3) our LinearFold is able to predict the
longest 5’-3’ pairs, even with the beam size of 100, which is an order of magnitude smaller than the sequence lengths of 16S and 23S rRNAs. (4) in almost all cases (except for LinearFold-V
on B. subtilis 16S rRNA (K)), LinearFold substantially outperforms the corresponding baseline.
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Fig. 8. Circular plots of the prediction results on three RNA sequences (from three different RNA families) comparing the baselines (A–C: CONTRAfold MFE; G–I: Vienna RNAfold)
and our LinearFold (D–F: LinearFold-C; J–L: LinearFold-V). Correctly predicted base pairs are in blue (true positives), incorrectly predicted pairs in red (false positives), and missing true
base pairs in light gray (false negatives). Each plot is clockwise from 5’ to 3’. We can observe that (1) our LinearFold greatly reduces the false positives, esp. on CONTRAfold; (2) our
LinearFold correctly predicts many long-range pairs, e.g., LinearFold-C on all three sequences (D–F) and LinearFold-V on E. coli 23S rRNA (L); (3) our LinearFold is able to predict the
longest 5’-3’ pairs, even with the beam size of 100, which is an order of magnitude smaller than the sequence lengths of 16S and 23S rRNAs. (4) in almost all cases (except for LinearFold-V
on B. subtilis 16S rRNA (K)), LinearFold substantially outperforms the corresponding baseline.
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Fig. 8. Circular plots of the prediction results on three RNA sequences (from three different RNA families) comparing the baselines (A–C: CONTRAfold MFE; G–I: Vienna RNAfold)
and our LinearFold (D–F: LinearFold-C; J–L: LinearFold-V). Correctly predicted base pairs are in blue (true positives), incorrectly predicted pairs in red (false positives), and missing true
base pairs in light gray (false negatives). Each plot is clockwise from 5’ to 3’. We can observe that (1) our LinearFold greatly reduces the false positives, esp. on CONTRAfold; (2) our
LinearFold correctly predicts many long-range pairs, e.g., LinearFold-C on all three sequences (D–F) and LinearFold-V on E. coli 23S rRNA (L); (3) our LinearFold is able to predict the
longest 5’-3’ pairs, even with the beam size of 100, which is an order of magnitude smaller than the sequence lengths of 16S and 23S rRNAs. (4) in almost all cases (except for LinearFold-V
on B. subtilis 16S rRNA (K)), LinearFold substantially outperforms the corresponding baseline.
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Fig. 8. Circular plots of the prediction results on three RNA sequences (from three different RNA families) comparing the baselines (A–C: CONTRAfold MFE; G–I: Vienna RNAfold)
and our LinearFold (D–F: LinearFold-C; J–L: LinearFold-V). Correctly predicted base pairs are in blue (true positives), incorrectly predicted pairs in red (false positives), and missing true
base pairs in light gray (false negatives). Each plot is clockwise from 5’ to 3’. We can observe that (1) our LinearFold greatly reduces the false positives, esp. on CONTRAfold; (2) our
LinearFold correctly predicts many long-range pairs, e.g., LinearFold-C on all three sequences (D–F) and LinearFold-V on E. coli 23S rRNA (L); (3) our LinearFold is able to predict the
longest 5’-3’ pairs, even with the beam size of 100, which is an order of magnitude smaller than the sequence lengths of 16S and 23S rRNAs. (4) in almost all cases (except for LinearFold-V
on B. subtilis 16S rRNA (K)), LinearFold substantially outperforms the corresponding baseline.
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Search (Approximation) Quality
• search error = energy (or model score) gap between exact search and our search

• search error quickly shrinks to 0 as beam size increases

• search error grows linearly with sequence length (constant search error per nucleotide)

• both PPV & Sensitivity peaks around beam=120, but we choose beam=100 for simplicity
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Fig. 4. Accuracy of LinearFold. A: Each bar represents PPV/sensitivity averaged over all sequences in one family. Statistical significance is marked as ⇤(0.01p<0.05) or ⇤⇤(p<0.01).
See Table SI 1 for details. B: The overall accuracies, averaging over all families. C: Each bar represents the overall PPV/sensitivity of all base pairs in a certain length range across all
sequences. Supplementary Fig. SI 1 shows a similar result for LinearFold-V. Overall, LinearFold outperforms exact search baselines, esp. on longer families and long-range pairs.

being 244,296nt (Homo Sapiens Transcript NONHSAT168677.1, from the
NONCODE database (Zhao et al., 2016)). We run all programs (compiled
by GCC 4.9.0) on Linux, with 3.40GHz Intel Xeon E3-1231 CPU and 32G
memory.

Figure 3A shows that on the relatively short ArchiveII set, LinearFold’s
runtime scales almost linearly with the sequence length, while the two
baselines have superquadratic runtimes. On the much longer RNAcentral
set, Figure 3B shows strictly linear runtime for LinearFold and near-cubic
runtimes for the baselines, which agrees with the asymptotic analyses
and suggests that the minor deviations from the theoretical runtimes are
due to the short sequence lengths in the ArchiveII set. For a sequence of
⇠10,000nt (e.g., the HIV genome), LinearFold takes only 8 seconds while
the baselines take 4 minutes. For a sequence of 32,753nt, LinearFold takes
26 seconds while CONTRAfold and RNAfold take 2 and 1.7 hours, resp.

In addition, LinearFold uses only O(n) memory (Fig. 3C). The
classical O(n3)-time algorithm uses O(n2) space, because it needs to
solve the best-scoring substructure for each substring [i, j] bottom-up.
LinearFold, by contrast, uses O(n) space thanks to left-to-right beam
search, and is the first O(n)-space algorithm to be able to predict base
pairs of unbounded distance. It is able to fold the longest sequence in
RNAcentral (244,296nt) within 3 minutes while neither CONTRAfold
or RNAfold runs on anything longer than 32,767nt due to datastructure
limitations. As a result, the sequence limit on our web server (105nt, see
abstract) is 10x that of RNAfold web server (the previous largest), being
by far the largest limit among all available servers (as of March 2019). The

curve-fittings in Fig. 3 were done log-log in gnuplot with n>103 in A,
n>3⇥103 in B, and n>104 in C, to focus on the asymptotics.

3.2 Accuracy

We next compare LinearFold with the two baselines in accuracy, reporting
both Positive Predictive Value (PPV, the fraction of predicted pairs in the
known structure) and sensitivity (the fraction of known pairs predicted)
on each RNA family in the ArchiveII dataset, allowing correctly predicted
pairs to be offset by one position for one nucleotide as compared to the
known structure (Sloma and Mathews, 2016); we also report exact match
accuracies in Supplementary Table SI 2. We test statistical significance
using a paired, one-sided permutation test, following (Aghaeepour and
Hoos, 2013).

Figure 4 shows that LinearFold is more accurate than the baselines,
and interestingly, this advantage is more pronunced on longer sequences.
Individually, LinearFold-C (the LinearFold implementation of the
CONTRAfold model) is significantly more accurate in sensitivity than
CONTRAfold on one family (Group I Intron), and both PPV/sensitivity
on two families (16S and 23S ribosomal RNAs), with the last two being
the longest families in this dataset, where they have average lengths
1548nt and 2927nt, and enjoyed +3.56%/+3.09% and +8.65%/+5.66%
(absolute) improvements in PPV/sensitivity, respectively. LinearFold-
V (the LinearFold implementation of the Vienna RNAfold model) also
outperforms RNAfold with significant improvements in PPV on two
families (SRP and 16S rRNA), and both PPV/sensitivity on one family
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Fig. 5. Search error (model score gap or free energy gap ��G). A: average free energy gap (Vienna RNAfold vs. LinearFold-V) and model cost gap (CONTRAfold vs. LinearFold-C) with
varying beam size; the search error shrinks with beam size, quickly converging to 0. B and C: the search error (or gap) grows linearly with sequence length. Here tmRNA is the outlier with
disproportionally severe search errors, which can explain the slightly worse accuracies of LinearFold on tmRNA in Fig. 4A. See Supplementary Fig. SI 3 for a close-up on short sequences.
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for LinearFold-C (B) and LinearFold-V (D). Note that LinearFold with b = 1 is exact search in O(n

3
) time (Idea 2) and produces identical results to the baselines.

(Group I Intron). Overall (across all families), LinearFold-C outperforms
CONTRAfold by +1.3%/+0.9% PPV/sensitivity, while LinearFold-V
outperforms RNAfold by +0.3%/+0.2%. See Supplementary Table SI 1
for details.

Long-range base pairs are notoriously difficult to predict under current
models (Amman et al., 2013). Interestingly, LinearFold is more accurate
in both PPV and sensitivity than the exact search algorithm for long-
range base pairs of nucleotides greater than 500 nucleotides apart, as
shown in Fig. 4C. Combined with Supplementary Fig. SI 1, we conclude
that LinearFold is more selective in predicting long-range base pairs
(higher PPV), but nevertheless predicts more such pairs that are correct
(higher Sensitivity). Supplementary Fig. SI 2B–C further shows that both
LinearFold-C and LinearFold-V correct the severe overprediction of those
long-range base pairs in exact search baselines.

Interestingly, even though our algorithm scans 5’-to-3’, the accuracy
does not degrade toward the 3’-end, shown in Supplementary Fig. SI 4.

3.3 Search Quality

Above we used beam size 100. Now we investigate the impacts of varying
beam size. We first study its impact on search quality. Since our search is
approximate, we quantify the notion of search error (Huang and Sagae,
2010) as the difference in score or free energy between ŷ, the optimal
structure returned by exact search, and ȳ, the one found by our linear-time
beam search, i.e.,

scw(x, ŷ)� scw(x, ȳ).

The smaller this gap, the better the search quality. Figure 5A shows that
search error shrinks with beam size, quickly converging to 0 (exact search);

E. coli 23S rRNA (2904 nt, 830 pairs)
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Fig. 7. Circular plots of prediction results using the local folding mode of Vienna RNAfold
(which only predicts local pairs no more than 150 nt apart) on the E. coli 23S rRNA
(corresponding to Figure 8I). Moreover, the O(nL

2
)-time local folding (with default

L = 150) is twice as slow as theO(nb log b)-time LinearFold-V (with default b = 100).

Figure 5B–C show that the search error (at b = 100) grows linearly with
sequence length, indicating that our search quality does not degrade with
longer sequences (the average search error per nucleotide stays the same).

3.4 Impacts of Beam Size on Prediction Accuracy

Figure 6A plots PPV and sensitivity as a function of beam size. LinearFold-
C outperforms CONTRAfold MFE in both PPV and sensitivity with b �
75 and is stable with b 2 [100, 150]. Figure 6B shows the tradeoff between
PPV and sensitivity. Both PPV and sensitivity increase initially with beam
size, culminating at b=120, and then decrease, converging to exact search.
We do not tune the beam size on any dataset and use the round number of
100 as default. Figures 6C–D show a similar trend for LinearFold-V.

3.5 Example Predictions: Group I Intron, 16S & 23S rRNAs

Fig. 8 visualizes the predicted secondary structures from three RNA
families: Cryptothallus mirabilis Group I Intron, Bacillus subtilis 16S
rRNA, and Escherichia coli 23S rRNA. We observe that LinearFold
substantially reduces false positives (shown in red), especially on the
CONTRAfold model. It also correctly predicts many (clusters of) long-
range base pairs (true positives, shown in blue), e.g., in C. mirabilis
Group I Intron with LinearFold-C (Fig. 8D, pair distance 237nt), B. subtilis
16S rRNA with LinearFold-C (Fig. 8E, pair distance 460nt), E. coli 23S
rRNA with both LinearFold-C and LinearFold-V (Figs. 8F and 8L, pair
distance 582nt). This reconfirms LinearFold’s advantage in predicting
long-range base pairs shown in Fig. 4C. Moreover, LinearFold is able
to predict the longest 5’-3’ pairs, as shown in E. coli 23S rRNA with
LinearFold-V (Fig. 8L, pair distance 2,901nt). In most cases (except
LinearFold-V on B. subtilis 16S rRNA, Fig. 8K), LinearFold improves
substantially over the corresponding baselines. By contrast, local folding
methods do not predict any long-range pairs, shown in Fig. 7. We use
rnafold --maxBPspan 150 for local folding, and this limit of 150
is the largest default limit in the local folding literature and softwares.

4 Discussion

There are several reasons why our beam search algorithm, though
approximate, outperforms the exact search baselines in terms of accuracy
(esp. in 16S and 23S rRNAs and long-range base pairs).

1. First, the scoring functions are imperfect, so it is totally possible for
a suboptimal structure (in terms of model score or free energy) to be
more accurate than the optimal-score structure. For example, it was
well studied that while the lowest free energy structure contains only
72.9% of the actual base pairs (given a dataset), a structure containing
86.1% of them can be found with a free energy within 4.8% of the
optimal structure (Zuker et al., 1991; Mathews et al., 1999).



Connections to Cotranscriptional Folding
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• RNAs & proteins fold while being assembled

• RNA & protein sequences evolve to be incrementally foldable

• these might explain why LinearFold performs better than exact search



LinearFold Server & GitHub

http://linearfold.org  18

• fastest RNA folding server 
(by a very large margin)

• thanks to O(n) time

• longest sequence limit

• 100,000 nt (10x Vienna)

• thanks to O(n) space

• source code on GitHub

• unified implementation of 
LinearFold-C & LinearFold-V

https://github.com/LinearFold/LinearFold

http://linearfold.eecs.oregonstate.edu:8080/
https://github.com/LinearFold/LinearFold


Extensions of LinearFold
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LinearFold
single strand 

single structure 
no pseudoknots

LinearCoFold
two strand folding 

=> multistrand also

Learning to Fold
learning folding 

parameters in linear time

LinearPseudoFold
(restricted subset of)  

pseudoknots

LinearPartition
partition function and 
base pair probabilities



first linear-time (approximate) RNA folding algorithm
better in accuracy (esp. long seqs and long-range pairs) 

http://linearfold.org

http://linearfold.org


Thank you very much !

first linear-time (approximate) RNA folding algorithm
better in accuracy (esp. long seqs and long-range pairs) 

http://linearfold.org

http://linearfold.org


Backup Slide: Local Folding
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23S rRNA E. coli (2904 nt, 830 pairs)
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PPV: 52.02, Sens.: 57.47, pairs: 917, time: 7.6s. PPV: 51.63, Sens.: 55.18, pairs: 887, time: 6.3s. PPV: 55.60, Sens.: 62.17, pairs: 928, time: 2.2s.

Figure 5: Circular plots of prediction results on E. coli 23S rRNA: Vienna RNAfold, its local folding mode, and our LinearFold-V.
Blue and red arcs denote true and false positive predictions, resp., and gray arcs denote false negatives (missing pairs).

and 16S rRNA). Overall (across all families), LinearFold-C outperforms CONTRAfold by +2.1%/+1.4% PPV/sensitivity,
while LinearFold-V outperforms RNAfold by +0.2%/+0.2%.

Figure 5 visualizes the prediction results on E. coli 23S rRNA (2,904nt), comparing the cubic-time Vienna RNAfold,
its local folding alternative, and our LinearFold-V. Even with approximate search, our result is substantially more
accurate than the exact search baseline Vienna RNAfold. LinearFold-V correctly predicts a long-distance pair of
582nt, and retains the longest 5’-3’ pairings (2,901 nt apart). By contrast, local folding only outputs local pairs.

C.1.4 Aim 1a : Linear-Time Approximation of Base Pair Probabilities

Figure 6: Number of structures explored by our linear-time
beam search algorithm, compared to exact search. Both
explore exponentially many structures.

Free energy minimization is an important paradigm for predict-
ing structure when a single structure is expected. Many RNA
sequences, for example mRNAs, exist in a thermodynamic en-
semble of structures [54]. To model these sequences, we need
to calculate the partition function, which provides a normaliza-
tion factor from which we can estimate base pairing probabili-
ties [79, 69] or statistically sample structures from the ensem-
ble [26, 73]. The base pairing probabilities also provide confi-
dence estimates for predicted pairs [69, 130]. As a by-product,
the pair probabilities also enable maximum expected accuracy
structure prediction [30, 63].

We can speed up the O(n3) McCaskill algorithm using
the exact same linear-time dynamic programming idea. Let
in(i, j) and out(i, j) be the inside and outside scores of state
hi, ji, respectively; now we compute

in(i, j) =
X

i<k<j, hk, ji 2 Bj , hi, ki 2 Bk

in(i, k) · in(k, j) · scorepop(k, j)

out(i, j) =
X

k<i, hk, ji 2 Bj , hk, ii 2 Bi

out(k, j) · in(k, i) · scorepop(i, j) +
X

j<k, hi, ki 2 Bk, hj, ki 2 Bk

out(i, k) · in(j, k) · scorepop(j, k)

Note that the only difference from classical McCaskill is the shaded parts, which restrict the computation to be on
those states that survive the beam search, rather than all possible states, thus ensuring linear run time.

We hypothesize that our incremental algorithm (with a reasonable beam size, e.g., 100) can capture a large
portion of the probability mass, resulting in a reasonable approximation of the partition function, and return a matrix of


