Binary Number Divisible by 4

® 4-state solution (trivial)
® 3-state solution (merge ql w/ q3)

® in general, how do you:

see Linz 2.4 or Sipser problem 7.42 (p. 327)

will discuss later after NFA

® test if two DFAs are equivalent!?

follow pairs of states, check if all visited state-pairs
agree on finality (both accept or both reject)

O(n? ) time and space

https://www.cse.iitb.ac.in/~trivedi/courses/cs208-springl4/lec05.pdf
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Test if two DFAs are equivalent

® traverse all state-pairs and make sure each pair agrees
on “finality” (both accept or both reject)

1

1
£ o 4
Start @ Start
0

. 0
pair final! on 0 on | HlF ; 11 kil

(AA) | (ny) | (B,B) [ (AC) |
Y ° C Q) | ‘

(B,B) [ (n,n) [(A,C)|(B,B) ‘

(AC)| (ry) | (B,B) | (AA)

no new pairs found

CS 321 -TOC 41




Proof b)’ Induction (inz 1.1-12, sipser 0.4)

® Theorem to prove: |uv| = |u| + |v|

e first define string length rigorously and inductively:
® lagl=1+ |g| =0, |wa| =|w|+ |

® now prove the Theorem by induction on |v|
® base case: [v| = 0, then v = g, so |uv|=|u|=|u|+0=|u|+]|v|

® inductive case: assume Theorem holds for any |v| of length 0..n (IH)
Now take any v of length n+1. Let v = wa, then |v| = |w|+| (by def.)

then |uv| = |uwa| = |uw|+ ] (by definition)
by induction hypothesis (applicable to any w of length n)

luw| = |u|*+|w|, so that |uv| = |u|*|w|+] = |u|+]|v|

HWV: prove by induction on |u]
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What'’s wrong with this proof?

Theorem(?!): All horses are the same color.

Proof: Let P(n) be the predicate “in all non-empty collections of n horses, all the horses are
the same color.” We show that P(n) holds for all n by induction on n (using 1 as the base case).

Base case: Clearly, P(1) holds.
Induction case: Given P(n), we must show P(n + 1).

Consider an arbitrary collection of n + 1 horses. Remove one horse temporarily. Now we have n
horses and hence, by the induction hypothesis, these n horses are all the same color. Now call
the exiled horse back and send a different horse away. Again, we have a collection of n horses,
which, by the induction hypothesis, are all the same color. Moreover, these n horses are the same
color as the first collection. Thus, the horse we brought back was the same color as the second
horse we sent away, and all the n 4+ 1 horses are the same color.
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Quiz | scores and Projected Final Grade

® mean: 2.0, median: 2

rojected 1.5 (2) Qs) (3) 35)4 45 §5)
fna{ grade F C/C C+ B- B B+ A- A
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UON, 5] xeA o xe ]

CONCATENATION

Aol ?xj\xeA ond 5€:B§

STAK “C\asul‘c s | %
/A\* :?Xfxt'”xk k=0 ond each 7 A
EXAMPLE
> = ?A,b,c)... z§
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A—X' il ff, aoL)b)c\a«.\a)aa\o) baa hb,
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A&C&CL&& i &Osﬁkh) &&b aa., aa. b)

® other operations:
® intersection
® complement
e difference

® regular languages
are closed under all
these operations
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Union
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Union by Cross-Product Construction

Let M;=(Q2.91,A1,01) and M, = (Q,.2,q9,,A,.,5,) be two FA's.

We know that L(M;) U L(M,) is regular.

Construct an FA M such that L(M) = L(M;) U L(M,).
b

le. A

o
L)

@D

Ua > Ua

L(ﬂ.) v L(NL\ conbuns e
slams over 1abY sk.
e

Gomsbruchon
seo nant slide

(
'-va has om ovtm Fas or

—

o~ odd #‘O‘S
anbbb ¢ LIM) yL(M)
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Intersection by Cross-Product Construct.

Let M;=(Q:.2.91,A1,01) and M, = (Q,,2,q9,.A,,5,) be two FA's.

Is L(M;) N L(M,) is regular ?
Construct an FA M such that L(M) = L(M;) N L(M,).

M: (Qlil arWAld.) W‘n% 1DEA: )
Q= Q xQ ombomaln walle kyﬂ\%,
R ww  shkes = pouir of chues,
%o (4up) ove brrm M, e fom M,

A- A‘XAL ) see e “wtma, odd b ”“”‘V’"‘
§ (o) ) = (6,68 &(g0) o fons shides back
VpeQ ¥gqeQy YL

\VJ
&r Wnigm ' A': AQ‘ Qy_ U Q\XAZ
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Complement and Difference

Let M;=(QX2,9;,A1,0;) beanFA.

Is L(M;)' regular?
Construct an FA M such that L(M) = L(M,)".

ldea swildh kcc_ef,'fv‘a for m-o.c_carl-in% shades in Ml

M= (QIZI?OIAI 6)

Let M;=(Q:.2,9;,A1,8;) and M, = (Q,.2,q,.,A,,5,) be two FA's.

Construct an FA M such that L(M) = L(M;) - L(M,).
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Summary: Union, Intersection, Difference

® “cross-product” construction (also used in table-filling algorithm)
M1 — (Ql,E,él,QOl,Fl) LaTeX source:

Ms = <Q27 Ea 527 q02; FQ)
M — (Ql X QQ, Z, 5, (q01, QOQ), F) delta & : (Q_1 \times Q_2) \times \Sigma \mapsto Q_1 \times Q_2, \\
& \delta ((p,q), a) = (\delta_1(p,a), \delta_2(q,a)d)\\

. F_\cap & = F_1 \times F_2 \\
0 : (Ql X QQ) X 21— Ql X QQ? F\cup & = F_1 \times Q2 \cup Q_1 \times F_2 \\
F_- & = F_1 \times \bar{F_2} \\

5((]?7 Q)7a) — (51(]77 a)752(Q7 CL)) N

\deltar* & : (Q_1 \times Q_2) \times \SigmaAr* \mapsto Q_1 \times Q_2, \\

_1 & = (Q_1, \Sigma, \delta_1, q_{01}, F_1I)\\
_2 & = (Q_2, \Sigma, \delta_2, q_{02}, F_2)\\
&

M
M
M & = (Q_1 \times Q_2, \Sigma, \delta, (q_{01}, gq_{02}), FO\\
\

_ \deltar* & ((p,q), w) = \begin{cases}
Fm = F1 X F2 (p,a) & w = \epsilon \\
\delta(\deltar*((p,q), x), a) & w = xa
F = F X U X F \end{cases}\\
Y 1 Q2 Ql 2 &\text{alternatively, }\\
F_ — Fl X F2 \deltar* & ((p,q), w) = (\delta_1r*(p, w), \delta_2A*(q, w))

5*:(Q1 XQQ)XE*HQl X Q2,
, )9 w=¢
o)) = {5(5*((19, q),x),a) w=2za

alternatively,

0" ((ps @), w) = (01 (p, w), 05(q, w))
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HWV: prove equivalence




