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boundaries of the ensuing mixture are determined by the combined mechanisms of convection,
. dispersion, dxﬁ'usmn, and sorption. In this study, the mass conservation equationffor a dis-

solved substance in two-dimensional groundwater flow is developed. An analytical solution and
a numerical solution of this equation are obtained for the radial and temporal distribution
of a conservative, dissolved substance, which is injected into a homogeneous isotropic con-
fined aquifer by a single recharging well. Experimental measurements of thev concentration
distributions of a dilute salt water tracer support the theoretical solutions. It is found that,
for homogeneous media, the dispersed or mixed region may be less than 1% of the volume
of fluid recharged at" dlstances of only 30-60 meters from the well. Finally, from the experi-
mental results it is shown that the dispersion coefficient along the streamlines is the same for

INTRODUCTION

he successful operation of a recharge or
disposal well requires a knowledge of how the
fecharged water or wastes will be distributed
jroughout a groundwater basin and what ef-
s there will be on tl"le quality of the natural
roundwater. The regulting water quality is a
omplex problem requiring an understanding
the effects of adsorption, decay, aeration,
i8nd dilution by mixing on the chemical, bio-
gical, and radiological constituents in the

id distribution of waters within a ground-
ater basin are studied by means of tracers and
servation wells. The interpretation of such
udies, however, requires a knowledge of the
echanics of miscible fluid displacement since
acers, like recharged waters and wastes, are
1scible with the natural groundwater.

Studies on longitudinal and lateral dispersion
n flow through porous media date from
Kitagawa’s [1934] work; however, during the
last 10 to 15 years, numerous investigators
“(see summaries of this work in Harleman and
Rumer [1962] and Hoopes and Harleman

ater moving through the soil. The movements’

both uniform and nonuniform flows at the same velocity.

[1965]) have presented theoretical models and
experimental measurements of this phenomenon.

These theoretical descriptions of dispersion have

employed either -a statistical analysis of the
finid particle motion through a porous media or

. & mass conservation requirement on a tracer

traveling with the fluid. ,
The earliest studies on dispersion in well

recharge were reported by the Sanitary Engi-

neering Research Laboratory [1955]; this work
involved a field study using both fresh and
treated waste water. Bacteria in the waste
water were adsorbed by the media within 100
feet of the well, independent of recharge rate
or period of recharging; however, chemical
constituents in the water were not attenuated
but were transported with the recharged water,
This study was followed with some laboratory
model tests and some additional field testing
of different tracers by Lau et al. [1957]. Ogata
[1958] obtained an integral solution to the
radial flow-dispersion equation; however, the
solution was not evaluated. Lau et al. [1959]
reported on an approximate expression for the
spread (standard - deviation) of a tracer dis-
tribution in radial flow; laboratory model
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studies. supported their ‘derived expression.
Raimondi et al. [1959] modified the dispersion
term in the tracer conservation equation and
obtained a solution for the tracer distribution
in radial flow due to a slug injection at the
recharge well. Harpaz and Bear [1964] pre-
sented some results of laboratory and field
. tests on underground storage operations with a
single recharging well. No solution was given
for the tracer distribution including dispersion;
estimates of the longitudinal dispersion coeffi-
cient were made, using the results of Lau et al.
[1959].

In this paper, the mass conservation equa-

tion for a dissolved substance in two-dimen-
sional groundwater flow is developed. In the
case of radial flow from a well, a simple, ap-
proximate expression for the radial and tem-
poral “distribution of a  dissolved substance

introduced at the well is obtained. A com-

patison -of the approximate expressxon with a

numerical solution to the differential equation

is given in order to define the region in which
. the approximate solution is valid. In addition,

some measured tracer distributions in'a labora-

tory model are presented to verify the theoreti-
: cal predictions and to show the relative impor-
tance, of convection, dispersion, and diffusion
-on the displacement proecess in a laboratory
. model and a field situation.

NoraTioN
A, Q/27b8, cm?/sec:
b, thickness of confined aquifer, cm.
concentration of tracer, mass of tracer/
mass of solution.

cq, tracer concentration at point of tracer .

injection.

ds,, mean particle size of porous medium, B

cm.,
Dy, coefficient of ]ongltudmal d)spersmn in
" uniform flow, cm’/sec
coefficients of longltudmal and lateral
dispersion in nonuniform flow, cm’§sec
molecular diffusion coefficient, cm?/sec
G, dimensionless concentration ratio, ¢/c.
h, piezometric head, cm. -
k, - integer, 0, 1, 2, 3.
K, Darcy permeability, cm/sec.
m, integer, 0, 1, 2, 3.
n, coordinate along an equipotential line,
cm.

’ ’
Dl,D?:

- distribution of a substance can be obtained fromt
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‘ny, exponent on the velocity in the longj.
tudinal dispersion coeflicient.
g, seepage velocity along a streamhney
" em/sec.
r, w, 2z, cylindrical coordinates, cm.
re, radius of a well, cm.
®, Reynolds number = gdso/».
s, coordinate along a streamline, cm.
S, rate of gain of tracer in the controk
volume, mass/sec.
t, time, sec.
ts0, time at which ¢/co = § any point, sec

lso,, time at which ¢/co 3 in recharg
well, see. g §
Ly t— Uso,, SEC. 4

uniformity coeﬁ‘iment of particle s
distribution = dso/dus.
ai, longitudinal disperswﬂ;y coefficient "inf
uniformy flow} em.
longitudinal and lateral dlspersw1t
‘coefficient in nonuniform flow, cm.
n, (8/3)(ers’/7).
6, ‘porosity.
i, 3D,r/4a’A
v, kinematic viscosity, cm?/sec.
£ 24t /r.
7, solution density, mass of solution/vols
ume of solution.
p, dimensionless radial coordinate, r/a;
o, standard deviation of cdncentratj
distribution, cm.
7, dimensionless time coordinate =
At/ al”.
¢, equipotential function, cm?/sec.
¥, stream function, cm?/sec.
¥, coefficient of dispersion coefficie
correlation with Reynolds number
complementary error function of

= 5—;[: e d\

ANALYTICAL FRAMEWORK

erf (A),

Convective-dispersion equation for two-dime
sional flows. A substance (i.e., tracer or po
ant material) introduced into a flow, over
area or at a point, will be moved away from
point of introduction and distributed throug
out the flow by the combined mechanisms
convection, dispersion, diffusion, and sorptio
For any flow, the resulting time and sp




: he condition that the substance must be con-
rved. : ' :

Consider a two-dimensional laminar flow
hrough' a porous medium with part of its
reamline: and equipotential pattern as shown
‘m Figure 1. In- Figure 1, g, and s are the
‘average seepage velocities in the two stream
“tubes, and AQ is the discharge in each stream

‘tube. Darcy’s law is assumed to govern vt'he ,

flow; hence, the flow satisfies Laplace’s equa-

tion (V% = 0 and V¥ = 0), where lines of 7
~"substance from the pore volume by dispersion

constant ¢ and ¢ form an orthogonal, curvi-
‘linear coordinate system. s and n are orthogonal
j‘éoordinates along the streamlines and equipo-
‘fential lines, respectively. .

For a small volume of the flow field AnAsAz
(Az is the thickness of the small volume per-
_pendicular to the plane of flow), the mass con-
servation requirement for a substance intro-
duced into the flow is expressed by the equation
“(see Hoopes and Harleman [1965])

9 . " B
5 (pc As An Az 6) + 38 (pcq An Az 6) As

al,. 8
‘=.¢9—s[(D’,+ D,,,)g;(ﬁc) AnAzBZI As

ﬁ‘, +aa_n [(Dz"l‘va) % (pc) As Az o] An + S

M

~In equation 1, 5 is the average solution density
‘(mass of solution/volume:of solution), ¢ is the
average concentratién of substance (mass of
substance/mass of -‘éolution), 6 is porosity, Dy,

Dy, and D,, are cobfficients of longitudinal and:

lateral dispersion and molecular diffusion, re-
spectively, and S is the rate of gain of substance

Fig. 1. Streamline and equipotential pattern for
a steady two-dimensional flow.
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within the volume due to leaching from the
porous material or chemical reaction. It has been
assumed in the development of equation 1 that
there is no mass flux in the z direction (i.e.,
9c/dz = 0). The two terms on the left side of
equation 1 tepresent the time rate of _change of
substance within the pore volume AsAnAz6 and.

-the net rate of efflux of substance from this

volume b;{,(énvection with the average seepage
velocity g. The first two terms on the right side
of-equation 1 express the net rate of efflux of

and molecular diffusion. The dispersion coefli-
cients, Dy’ and D', result from variatiops of the
seepage velocity from the mean seepage velocity
in -the pore volume [Rumer, 1962; Sg:h‘eidegger, :
1961]; models of their dependence on pore.
geometry and seepage velocity have seen dis-
cussed by Scheidegger [1961] and Bear [1961]..

In this paper, the substance is assumed to be
conservative, and the density variations due to
the substance are negligible. Thus, S is equal to°
zero and 5 is equal to a constant. Experimental
evidence [see Harleman and. Rumer, 1962;
Hoopes and Harleman, 1965] indicates that the
dispersion coefficients for uniform flow vary with
the seepage velocity to a power different from 1;
however, if the seepage velocity variations
throughout the flow field are not large (i.e.,
variations less than about one order of magni-

_tude), the dispersion coefficients vary nearly

linearly with the seepage velocity. For .non-

uniform flows, it will be assumed that the dis-

persion coefficients vary linearly with the seepage
velocity and are given by

Dl, = le’q ' ' (2)

D, = a’q (3)
o’ and o’ are constants, called intrinsic dis-
persivity coefficients, that are functions of the
media structure only.

Introducing these assumptions into equation
1 allows it to be simplified to

dc a4
- As An - o (cq An) As
N 3 )
= o ([‘11 q+ Dm] s An ‘AS

+ 2 ([o;z'q + D %% As) An (4)

Since the streamline and equipotential line
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pattern approximates squares in the z-y plane,
As == An (see Figure 1). In addition, as gAn =
flow through a stream tube, we have ’

— Ay = AQ = g An =2 g As = constant  (5)

for all stream tubes, independent of As or An.
Using equation 5 in equation 4, with the ap-
proximatély equal sign replaced by an equal
sign, gives ,

—+q = [a'q+ Dal 3 2+[azq+Dm]
¢, Du dc 3(An)

an An ds 0s + As on dn

where D,, has been assumed constant. In this
form equation 6 is the general convective-
dlsperswn equation for a conservative tracer
dispersing in a plane, laminar flow through a
porous medium, with s and n as coordinates
along the streamlines and equipotential lines,
respectively.

Equation 6 can also be expressed i in terms of
the stream function and equipotential func-
“tion, ¢ and ¢. Since '

¢ = dp/ds = dg/dn (D)
and

dy/ds = dp/dn = 0 (8)

o _90dp_ 9
| o5 9 ds  1ag ©)
and}

9 _9ddy 9

om —ogdn - Yoy (10)

Using equations 7, 9, and 10, equation 6 can be
written

e , 200 _ z_a_( ' @)
5 T ¢ a6~ ¢ 3 fen” g + D'T»]’a‘ﬁ

+ ¢35y (tov'q +B. %) (1

Equation 11 is another useful form of the gen-
eral convective-dispersion equation for two-
dimensional laminar flows. For D, = 0, Bach-
mat and Bear [1964] have also obtained equa-
tions 6 and 11. They arrived at these equations,
however, by first expressing the conservation of
mass equation in a general tensorial form, suit-
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able for any coordinate system; in the case
plane flows, their results reduce to equatios
6 and 11. :

Dispersion in steady, radial flow from a liy
source. The flow field in this study is ger
erated by a vertica.l line source, along the.
axis at r = 0, which discharges ﬁuld at.
constant rate Q into a homogeneous, lsotroplgg
aquifer of infinite, horizontal extent. The aqu: '
fer is confined by two parallel planes, perper
dicular to the z axis and spaced a distance, |
apart (see Figure 2). :

The seepage velocity at any radius, gbtai
from the continuity equation, is

where § = porosity and A = Q/2wbl. Aws
from the immediate v{cmlty of the source, t}
flow will be laminar and governed by Dar
law, ¢ == —(K/8) (dh/or), where K is tt
permeability of the media, & is the piezometr
head at any radius r. Combining Darcy’s
with equation 12 and integrating gives

@
27 bk

for the head distribution in the aquifer. A, ani
h, are the piezometric heads at 1, and ra.

The general equation descrlb(ng the spati;
and temporal distribution of a dissolved sul
stance introduced at the line source (or ar
other point) is given by equations 6 or 11.-
terms of the r and « coordinates, equatio
becomes

T2

In

hl_h2=

A dc N
at r or r or rr

Fig. 2. Flow field and coordmate system for d
persion in radial flow from a line source.




ith s =— 7, n = re, As = Ar, An = rAw, and
, A/r. If we assume that the concentration
{istribution is symmetrical Wlth respect t0 o,

E
é&'quatlon 14 reduces to

Aac

Aac
r 672+

0 AL,

r or

ﬁgata [1958] has obtained a solution to equa-
on 15 in integral form for the case where

0atr = r, (r, is the well radius) and the
gqncentration of tracer at r = r, is maintained
Zeonstant for ¢ > 0. This integral solution is too
¢omplicated to evaluate analytically, even for
ithe case of r, = O (ie. a line source), and a
fhumerical integration of the integral would be
quired. In lieu of a numerical integration of
gata’s [1958] solution, a direct numerical
olution of equation 15 and several other

“with D.. = 0 were tried.
“For D,, = O equation 15 was solved by using

umerical solution, equation 15 was first ex-
ressed in dimensionless form as

3@ , 190G 19°G
ar Yo0p  mor (16)

here @ = c¢/c,, p = r/a’, T = At/ay” and ¢,

o carry out a numerical solution of equation
6, the continuous (p, 7) plane is replaced by
grid or mesh of points, spaced Ap and Ar
sapart, such that p.— kAp and 7 = mir, where
and m are the integers 1,2, 3, * + - and Ap
nd A are constant, In addition, the continuous
erivatives in equation 16 are replaced by finite

ansions of the relative concentration G about
ach mesh point (p, 7). With these approxima-
ons, equation 16 can be expressed in finite
ifference form as (for details see Hoopes and
arleman [1965])

_ 247
E,m+1 — Gk,m<1 k(Ap)s)
Ar At
+ Gk+1,m<k(Ap)3 - 2k(Ap)2)

+ G"“""‘(lc(A 0’ T 2k(A 0’ ) ()

DISPERSION FROM RECHARGE WELL

» 5‘(‘3‘) (18):

.. = 0 and a substance is introduced when -

-tion being introduced at p

the concentration of tracer at the point r — 0. -

pproximations, derived from Taylor series ex-.

3599
in which Gy, . is the relative concentration at
the point p = kAp at time 7 = mAr. Thus,
knowing the values of G at all the spatial mesh
points %, for one time m, the time history of
relative tracer concentration G can be deter-
mined at each spatial mesh point % by using-
equation 17. The boundary and initial condi-
tions applied in the computations were G(k =
Om-—O)_lfz,G(k_Om>1)_1 and
Gk > 1,m = 0) = 0. These initial and
boundary condltlons correspond to a step fune-
= 0and 7 = 0,
where the value of G at p = = = 0, was set
equal to 14 because of the concentration dis-
continuity. In order for equation 17 fo predict
the tracer concentration distribution * described
by equation 16, the mesh size Ap and Ar must
be chosen in such a way that equation 17 will
be stable and converge to the exact solution of
equation 16. Stability of the difference equa-
tion 17 requires that Gi, m« be bounded; thus,
equation 17 will be stable provided that the
coefficients of each of the terms on the right-
hand side of equation 17 are positive and their
sum is equal;to 1 and the initial distribution,
G, o is bounded [see Richtmyer, 1962, p. 13].
Convergence of equation 17 to the exact solu-
tion of equation 16 follows from the  stability
crltena using Lax’s equivalence theorem [see
Richtmyer, 1962, pp. 14, 15, and 44]. Thus, for.
stability and convergence ‘

12 Ar/k(Ap)® > 0 (18)
and _
ATt 1 1
A R
Wap): <Ap | 2) = (19)
For these conditions to hold,
Ap £ 2 (20)
and
Ar < (Ap)/2 < (21)
since the critical case occurs when k = 1 (G =
10fork = 0).

To test the influence of mesh size Ap and Ar
on the rate of convergence of equation 17 to
equation 16 two numerical solutions of equa-

_ tion 17 were carried out; in the first case, Ap =

1, Ar = %4 and in the second case, Ap = 2,
A7 — 4. The regults for the numerical solu-
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".Fig. 3. Comparison. of numerlca,l and apprommate solutions for the conpentratmn distribution

tion

,ure 3 for 7 = 0, 225, 450, 900, and 1800. For
" the second case, the numerical solution is plotted
«in Figure & for 7 = 1856 and 8040. In addi-

tion,

e S R R T an Do e

LOLIIIII |\|\|||| I\l\llllllllllllllll%l—l“l}
- o Computer Solution
08+ bp=l, AT =y, T=A'/a:|z,
B - Approximate Solution
- \ equation 26
0.6
04t
\.
_\T=O
0.2F\
L\
\
- N
R ~o
o) L1 4 b T4 4 Lo bg ) 40y T4eop F
(o} 8

in'radial flow.

for. G in the first case are plotted in Fig- Ap = 1 and Ar = 14 is also plotted in Figu
4. Comparing the numerical solutions for t
two mesh sizes at + — 1856 shows that the co
centration distributions are in close agreemen
the numerical solutlon at T = 1856 with  hence, for r > 2000, the coarser mesh size wil

10 1 T T 1 |
———Approximate Solution
08 Equaﬁgn 26
0O Computer Solution
Ap=2, AT=4, T-AL
. a,
06 - " A GComputer Soluhon
Ap=l, AT= /4
04 }~ -
T=1856 |\ ‘
02 - s —
o I | b ! .
(e} 20 40 60 80 100 120 IGQ

p="a;

Fig. 4. Comparison of numerical and approximate solutions for the. concentration distribu-
tion in radial flow.



e a good approximation to the exact solu-
n of equation 16, For very small values of
a mesh smaller than Ap = 1 and A7 = 3
dhould be used; however, as the errors in the
oncentratlons mtroduced at any = by the mesh.
ize will be damped within a few time steps
{¢nce the numerical solution is stable);, and

0-the source (p'= 0) were not needed in the
xperimental work, no calculations with a finer
‘esh size were performed.

4 Ogata [1958] has also carried out a numeri-
%al solution to equation 16, using a finite dif-
;{’ference scheme similar to the one used here.
{e assumes that the parameter A7/p(Ap)* or_
k(Ap)® (see equation 17) and Ap are con-
istant. Thus, as his solution progresses to larger
ind larger p values, Ar must increase; however,
o apparently assumes that Ar is a constant,
%nd so his numerical solution is in error. A
‘¢heck of his numerical calculations showed that
they lagged the experimental results of this
study and the results of Lau et al. [1959] by
50—100% in time at any radius.

. In addition to the numerical solution of equa-
tlon 15, several other analytical approaches
Were 1nvest1gated however, only one of these
:approaches gave a solution that agreed with
‘the experimental findings. This method, used
«also by Raimondi et al. [1959], assumes that
‘at some distance from the source, the influ-
‘ences of dispersion and- diffusion on the con-
‘centration distribution, a3 the substance moves
)by a point, are small comparison to the
fotal dispersion and dxi%n usion that has taken
place up to that point.” Thus; neglectmg the
Tight side of equation 15, we have that

3/ar =2 —(r/ A) 3/9t - (22)

Introducing equation 22 into the dispersion and
diffusion terms of equation 15 changes the
spatial gradients to temporal gradients and
leads to the expression

r | 9%
=Al:a1’ 'Z + D, ?] (")_té (23)
For the continuous injection of a substance

at a steady rate with a concentration ¢ at r =
0, the solution to equation 23 is given by

\ ,
¢/cq = L erf, [(% - At)/(%al"ra

b, A

r ar
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ce the concentration distributions very close
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D 1/2
+ = r‘) (249)
where erf, [A] is the complementary error
function. Equation 24- was obtained by inte-
grating with respeet to time

¢ = (M/pQ)(1/V BTV (25)

in which M is the ‘mass of substance injected,
p is density of fluid, Q is well flow rate, a = 71/24,
and b = (ary/34? + D,r‘/4A49). Equation 25 is
the solution to equation 23 for an instantaneous
injection of a mass of substance M af r = 0
and £ = 0. 4
Equation 24 satisfies the bounda.ry conditions
(i.e., pQco = rate of mass supply at 7 = 0 and.
e(r = «, t > 0) = 0); however, it does not

~gatisfy the initial condition, ¢(r, t = 0) = 0. In

obtaining equation 24, dc/dt was set equal to
zero at £ = 0. This assumption is approxxmately
true away from the immediate vicinity of the
source; however, it is not true within 10-20
particle diameters of the source. As.a result of
assuming dc/dt = 0 at ¢t = 0, the approximate
solution, equation 24, predicts a finite amount
of mass in the media at ¢ = 0. It.should also be
noted that equation 24 is the solution to equation
23 for the case where a constant concentration
co of tracer substamce is maintained at the
recharge well (ie., c(r = 0, > 0) = cqd).

Expressing equation 24 in the dimensionless
orm . .

c 4 . .|e/2—7
rabal erf, [(4113/3)1/2] (26)

where D,, has been set equal to zéro, p=r/af,

. and + = At/ it has been plotted:-in Figures

3 and 4 for comparison with the numerical
solutions. From these figures, it ¢an be seen
that the approximate solution, equation 26, at
any 7 predicts that the substance has moved
farther into the media than is predicted from
the numerical solution. The difference in area
between these two solutions is a constant for all

7 and is equal to the amount of mass, predicted

by the approximate solution, that is present in
the media at + — 0. The shape and standard
deviation of concentration of ‘the approximate
and numerical solutions are, however, the same
for all '+ values. Thus, as = increases, the ap-
proximate solution, equation 24, will give a
good approximation of the concentration distri-
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bution (for = > 1000 the time error between
* the approximate and numerical solutions is less
than 1%). - '

Lau et ol. [1959] suggested an approximate
‘method by which the standard deviation of the
concentration distribution may be estimated,
based on the assumption that the concentration
distribution is the linear sum of two effects:
one due to longitudinal dispersion and the other

due to the divergence of the streamlines. This -

assumption leads to the expression

¢ = Vil — r./r) 27
where o is the standard deviation for the con-
centration distribution, o is the longitudinal
dispersivity coefficient for uniform  flow, and
r, is the radius of the well. For- thie case 1o =
0, the standard deviation obtained from the
approximate solution (26) and that obtained
from equation 27 have the same value

o = V(2/3)ur
“provided that ‘the dispersivity coefficient, o,

aléng the radial streamlines is equal to g, the
* longitudinal dispersivity coefficient for uniform
flow. '

Piezometer Taps O
Conductivity Probes [J

_Screen Boundary
Of Sond Bed

2y

(28)

1372 m. Rw

/\\/ l ¢1.2I9 m. ~R‘m\//\ N
\ ! A,
\ ,
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EXPERIMENTAL EQUIPMENT AND PROCEDURE

Equipment. To investigate the validity of
the numerical and approximate solutions to:
equation 16 and to determine )/, the dis-t

-persivity coefficient along the radial streamlines;’

a sand model was built and tested. A plan view
of the model is shown in Figure 5. The model.
represented a horizontal -confined aquifer with;

‘a fully penetrating well zlong one boundaryg

and a perforated screen around the outer circus:
lar boundary. The circular boundary and open:

" channel around the model enabled a constant:

head to be maintained on this boundary during*
the tests. - ‘-

In the experiments a New Jersey Beach sand;
having a mean diameter (d=) of 0.167 ¢cm and:
o uniformity coefficient (de/dw) of 1.35, was:
used for the porous medium #The sand was con-;
fined between a plywoods base and a lucite:
cover. Sheets of. polyurethane sponge, placed;i
or“the plywood base and glued to the lucité~’§
covert prevented the fluid from short circuiting;
along the top or bottom boundaries of the'
model, and, when compressed by .the lucite
cover, they gave a uniform and dense packing:
of the particles between the two boundaries.

3

~

Heod Control For Sand Bed
| Wide Open. Chaonnel ~

Recharge ‘Well

Impervious Boundary Of Sand Be;s

Fig. 5. Plan view of well recharge apparatus.
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The thickness and- porosity of the sand layer
tere 8.90 em and 0.374, respectively.

© The well was made from a 2.54-cm OD brass
pipe with a fine mesh brass screen soldered to
the pipe over %4 its circumference. A lucite
‘manifold, extending the full depth of the well,

rapidly distributed the fluid entering the well-

yniformly over its full length. The well was
packed with the same media as in the model in
order to reduce the volume of dead space above
and below the model and to reduce any in-
fluence of differences between the mixing char-
acteristics inside and outside the well on the
measured concentration distributions.

_ In the experiments, a dilute solution of NaCl
was used as a tracer since its presence could
,ibe detected by conductivity probes located
Jwithin the well and at several points in the
“aquifer. The conductivity probes consisted of
wo parallel platinum plate electrodes, mounted
4t one end of a 0.64-cm, OD lucite tube [Hoopes
‘and Harleman, 1965]. The maximum concentra-
‘tion of NaCl used was 0.1% in ordér to mini-
mize density and viscosity differences between
‘the fresh water and the tracer. The probes were
:cahbrated against. solutions ‘of known concen-
:‘tratlons of NaCl, and their response (deflection
“of the recording pen) was found to vary linearly
“with NaCl concentration for a tenfold change
in concentration. The continuous injection of
tracer at the well was accomplished by feeding
both the salt water tracer and the fresh water
1o the recharge well through @ three-way valve.
In this way, a steady’ flow of fresh water
‘could be rapidly chaxig;d to a steady flow of
‘{tracer at the same rate, br vice versa.
. Piezometer taps, shown in Figure §, were
iused to measure variations in the piezometric

Before begmmng a  dispersion
test, a steady-state flow pattern of fresh water
was established throughout the model with a
tonstant head in the outer channel. The rate of
;ﬁow and the piezometric head distribution were
easured; the radial variation of plezometnc
head was plotted on semilog graph paper and
checked against equation 13. Having determined
the head distribution, the conductivity probes
n the recharging well and at locations 15.24,
3048, and 60.96 cm into the media from the
-recharge well were balanced to read zero de-
flection on the Sanborn. recorder. With the
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probes balanced, the 3-way valve was quickly
changed to stop the fresh water flow and to
start the salt water flow. When the tracer front
had moved beyond the probe at a radius of
60.96 cm, the tracer measurements were com-
pleted; however, the salt water flow was main-
tained. The conductivity probes were rebal-
anced to read zero deflection in the salt water
flow, and another run was begun, following the
same procedure as before:;"in this case, how-
ever, fresh water displaced salt water. Experi-

_ménts were performed at different flow rates,

but, in all cages, the flow rate was ‘adjusted so
that the Reynolds number at the. edge of the
well was less than 6. This limit was placed on
the flow rate in order that Darcy’s faw would
apply throughout the model. ,

‘Dara ANALYSIS

To determine the dispersivity coefficient o’
from the experimental measurements, the ap-
proximate solution, equation- 24, was used. The-
use of the apprommate solution: to analyze the
experimental results is discussed in the next
section. If we define new variables § = 24¢,/r*
and 9 = (8/3)a.’/r where {, = & — tsor and if
we set D, = 0; then equatlon 24 becomes

loo = b ot [0 = B/VEN] (29

(Note that 4 = Q/=b0, since the flow field in
the model has a width of 180°.) The correction
twr Was the time at which ¢/co = % in the re-
charge well and accounted for the travel time
between the three-way valve and the well. This
correction -was always less than 2% of the
travel time to the probe 6 .inches from the re-
charge well.

For any radial position, 5 is a constant, and,
since the erf, (A) is the integral of the Gauss-
ian probability distribution, a plot of c/c, ver-
sus 1 — £ on arithmetic probability paper re-
sults in a straight line with a standard devia-
tion .equal to (x)“?. Thus, knowmg 7, & 18
given by

o = 3 = 3o’ (30)
where ¢ = (n)'2 is the standard deviatioﬁ,

"determined from the plot of ¢/c, versus 1 — £.

The quantity 4 = Q/b8 can be determined
either from the tracer distribution at any radius
(when ¢/co = % in equation 29, 4 = %/ 2ts0.) OF
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from' the rate of flow @, the aquifer thlckness,'
and the porosity. The permeability of the pack- -

ing was determined using equation 13 (with the
27 changed to 7) and the measurements of the
radial piezometric head gradient. ;

A ‘typical radial dispersion test (run 3) and
its analysis are presented below to illustrate the
~method. of data.reduction. Figure 6 shows a plot
of ¢f¢, versus time of the experimental results
and the approximate ‘solution, equation 24, at
‘the positions 15.24, 30.48, and 60.96 cm into the
media from the recharging ‘well.. In Figure 7,
¢/cs is plotted against. 1 — £ on arithmetic

probability paper. The lines of best fit through -

the data in Figure 7 give au’ values of 0.16,.0.15,
‘and: 0.15 ¢m at 15.24, 30.48, and 60.69 cm,
respectlvely, from: the rechargmg well, “using
~equation 30. The Reynolds number (® =
_gdso/v with g =A/7) ateach of the three positions
was 0.47, 0.23, and: 0.12, respectlvely, the
Reynolds number a.t the well was 5.6.

: ’PRESENTATION AND DiscussioN oF ResuLrs

Table 1 summarizes the radial dispersivity
coefﬁclents . obtained from the experimental
“investigation along with the flow rates and the
propertles of ‘the- media used in the tests. For

HOOPES AND HARLEMAN |

-that the dlspersmn coefficient varies linearly:

‘& is the longitudinal dis Perswny coefficient fg

‘tests in radial flow; af — 0.15 em; thus, it 1

“sults for the longitudinal dispersion coefficie

the Reynolds number range of this study, th
experimental results. indicate that @ has a
constant value of 0.15 cm independent of thé»
distance from the recharging well and the Wel}é
flow rate. This value of ay. agrees very wel _f
with : @, obtained - from Iongltudmal d1spers1om
testing. If an equation, Di/v = ¢ (qdw/v), 1575
fitted at a Reynolds number of 1 to the resultg
of Harleman et al. [1963] for longitudinal dls %
persion in sands (7, =.1 since it was assumeg

with the seepage velocity), it is found that
Dl = 0.86d5oq = ‘alq (31)§
’i&w

o = 0.86ds , (39
D, is the longitudinal digpersion coefficient and

uniform flow. Using the s of 0.167 c¢m for thi
sand gives e =-Q.14 dm. F rom the laborato

apparent that the dispersion coefficient (D,
ag or DY = a’q) along a streamline is the
same for both uniform and nonuniform flow:
at the same velocity. Hence, experimental reé:

obtained for uniform flow, can be applied

0 T l | 1 [ | |
: /
SO 0Bl Probe Probe 3048 cm. Probe 60.96 cm.
! Y 15.24 cm. . from recharge well from recharge well
from
recharge ‘
06— well O Experimental Results, Test 3
~C/C ———Approximate -Solution, equation 26‘
o !
04— ¢ —
P
02— -
v /
o ] | bbbl | | |
0 700 1400 2100 2800 3500 4200 4900 5604
1, sec. o

Fig. 6.

¢/cq versus t. for three radii, radial dispersion test 3.
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‘ 4 - —T ' :
- @® T T T ol T T T T T T T T T 7171
. — ' O—Probe 15.24 cm. from Rechcrge Well —
O=0.166"
0.10 - ; _ R
A O—Probe 3048 cm. from Recharge ‘Well
B g=0.15 ]
0.06— A-~Probe 60.96 em. from Recharge Well —]

0 =0.082:-
~ o e

Fig. 7.
ispersion problems mvolv.mg nonuniform flows.
As the media are isotropic and homogeneous, &’
hould be equal to a,; however, little experi-
ntal confirmation of this fact has been pre-

usly reported. " ‘

0.02}
| 2A i
o & =_2_’&r :
-0.02}— AT
[ A —m'037asec o
-0.06— Q 395%c ]
-0.10 o
~0.14 I I | N IS O NOUCH OO PO SN IGO0 SO0 A AN At o
0.2 I 2: 5 10 98- '99 - 99.8

20 30 40 50 60 70 .80

9095

C/C %

¢/co versus 1 — g, radxa.l dlspersmn test 3.

Lau et al [1959] in’ their expenmental work '
found that @, and o/ were equal at 22.86 and
45.72 cm from the well; however, at 9144 cm
from the well, @’ was about 35% less than a,
(perhaps owing to samphng errors). Harpaz

¥  Tablel. Summary of Ra.dla,l Dlspersmn Tests

0

Radial Position from Q, =22 4 :
¢st - Recharge Well, em cm3/sec L cm Remarks

15.24 2.82 0.34 0.15  No. 2 sand: deo = 0.167 cm,
30.48 0.17 0.15 UC 1.35 = dco/dxo
60.96 0.09 0.15
15.24 2.72" 0.33 . 0.16 .

15,24 3.82 0.47 0.16 6 =0.374; K = 1.87 cm/sec”
30.48 0.24 0.15
60.96 0.12 0.15
15.24 3.72 0.45 0.16
15.24 1.98 0.24 0.15 D, = 0.95 X 10~% cm?/sec
30.48 0.12 0:14 .
60.96 0.06 -  0.15
15.24 1.90 0.23 0.15
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and Bear [1964] have presented laboratory and

" field measurements of tracer distributions in

radial flow; however, values ‘of o were not
given and their results could not be analyzed
by equation . 24,

" In the analysis of the experimental results,
the approximate solution, equation 24 with
Dn. = 0, to the radial flow  dispersion was
used, since the assumptions underlying its de-
velopment (i.e., the tracer measurement points
were located far enough from the recharge well
so that 8/0r = —(r/A) 9/9t, equation 22, and
dc/ot ~ 0 at t = 0) were satisfied. As the
probes were located at p = 101.5, 203, and 406,
the approximate and numerical solutions of
equation 16 at these positions are in close
agreement (see Figures 3 and 4). In addition,
the agreement in Figure 6 between the experi-
mental results and the approximate solution

-also shows that the approximate solution, equa-
“tion 24, does describe the concentration distri-

~time the approximate solution by about 1, 0.25, .

bution in radial flow from a recharge well.

.- For run 5, with the minimum flow rate, at
the probes 15.24, 30.48, and 60.96 cm from the

recharge well, the numerical solution lags in

and” 0.06%, respectively, of the mean travel

time to each probe; thus, any time errors in-
. troduced by the use of the approximate solu-

tion will be very small. Molecular diffusion also
had a negligible influence on' the measured
tracer distribution. The relative importance of
molecular diffusion to radial dispersion can be
obtained by taking the ratio of the two terms
in the demominator of equation 24. Letting u
be this ratio gives
. D*/A 3 D.r

B= 4/30!1’ ;o Zal,A (33)

For run 5 at the probe 60.96 cm from ‘the- ror

charge well, u = 0.015.

The volume of the dlspers@/reglon in the
radial displacement process; 4§ compared with
the volume of fluid recharged, can be esti-
mated from the standard deviation of the
tracer distribution at any radius. Using =*2¢
of the mean radius r as a measure of the width
of the dispersed zone (includes 959 of the dis-
persed ‘region), the ratio of the volume of the
dispersed region to the volume of the fluid re-
charged is given by

since they - used different
-boundary and flow conditions.

- aquifer at Manhattan

_charged water in the mixed region between th

*'305 meters from the -well -do/r is equal 1

HOOPES AND HARLEMAN

40 (32¢a/ , 8D,\'? .
r_(_3 r+ A) (34)
For the conditions of run 5 at the probe far-
thest from the recharge well (ie, r = 60.96"
cm), 4o/r = 0.16, or the volume of the dig-:
persed region is 16% of the total recharged
volume.

Though the theoretical predictions developed’
in this investigation have been applied to the
study of radial dispersion in a small sand model,’
these results may also be applied to field situa-~
tions. As an example, consider a confined aqm;’

_fer, 30.5 meters thick, composed of a fire sand.

(ds = 0.305 mm) which contains small ajaounts;
of gravel and silt. The aquifer has a porosity.
of 0.35 and a permeabjlity of 0.047 cm/sec’
(these conditions, are tﬁplcal of the conﬁned,
each in Los Angeles,
California). For a, 30.5cm-diameter well, fullys
penetrating and steadily recharging the aquif
with treated waste water at a rate of 0.0
m'/sec, the quantity 4 = Q/27bf = 2.70 em
sec. The flow in the aquifer will be laminar an
@’ is 0.026 ecm (oo’ may be determined fro
equation 32).
The relative influence of molecular diffusio:
to radial dispersion on the distribution of r

recharged water and the native groundwat
is given by p in equation 33; assuming D,, :
10 x 10° em’/sec, p — 0.35 at 30.5 mete
from the well and 3.5 at 305 meters from th
well. Thus, close to the well, dispersion govern
the mixing, whereas at large distances from t
well, the mixed region is governed by molecula
diffusion. The extent of the mixed or disperse
region during recharging can be estimated frog
4g/r in equation 34. For a point 30.5 metes
from the well, 40/r is equal to 0.011, and, af

0.006. Thus, the zome of mixing of the res
charged water with the native groundwater fq '
this recharging well is confined to a 03-metef
region-at-a radius of 30.5 meters from the well
and a 1.8-meter region at a radius of 305 metex: G
from the well.

SummarY AND CoNCLUSIONS =

This. investigation has dealt with misciblg
fluid displacement problems occurring in th
recharge and disposal of treated and untreaté_
water by a single well in a groundwater basifi



e mass conservation equation for a dissolved
stance in a two-dimensional groundwater
w was developed. For the idealized condi-
ns of a homogeneous isotropic confined aqui-
, analytical predictions of the radial and
poral distribution of a tracer during re-
rging by a single well have been made and
pared with experimental measurements of
tracer distribution. In addition, the analyti-
solutions have been used to study the rela-
e influences of econvection, dispersion, and
lecular diffusion on the tracer distribution.
he distribution of a dissolved substance in
eady radial flow from a well is given by the
roximate solution, equation 24. Neglecting
“olecular diffusion, a comparison of equation
4 with a numerical solution of the differential
quation describing the tracer distribution (see
ures 3 and 4) indicated that equation 24
close approximation of the tracer distri-
ion for distances greater than. 20 particle
lameters from the well. The influence of mo-
cular diffusion on the tracer distribution was
)t important in the experimental study; how-
er, in field operations. at’distances of only
.4 meters from the well, molecular diffusion
ay be of equal importance with radial dis-
tsion in determining the tracer distribution.
#lhe example application of these results to a
Id situation indicated that the dispersed or

tal volume of fluid recharged Finally, the

e dispersion coefficieng along the streamlines

dinal dispersion in uniform flow at the same
cients in uniform flow may be used in the

nonuniform flow.
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ixed region is small in comparison to the
sults of the experimental stidy showed ‘that
radial flow is equal to, the coefficient of longi-
locity; thus, measurements of dispersion co- -

dy of dispersion and displacement problems -
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