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Expand the first two terms in the numerator 
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Substitute these back in with RSRout factored out 
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Observations

1) The transfer function has a zero at 
gd

m
Z C

g

i.e. the voltage gain is zero when all the current through 
Cgd is the transconductance current & no current flows 
through the load i.e. vo=0.

2) Recall the unity gain frequency for a MOSFET 

gdgs

m
T CC

g

Z >> T   i.e. beyond the useful range of operation 

3) The denominator of the transfer function is a second order 
polynomial  i.e. there are two poles. 

For poles P1 & P2
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For the transfer function 

)(

)1(

21

21
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4) The Bode plot of the 2-pole transfer function 

)1)(1( 21 jj

A
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v

-20 dB / decade

1
1

-40 dB / decade

A
Vo

2
1

5) If the poles are widely separated (we will confirm this later) 
then

2
2

1
1

11
PP

 where we have assumed |P2|>>|P1|  i.e. P1 is the dominant 
pole.
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Consequently, P2 is a high frequency pole and the dominant 
pole approximation can be made. 

6) The capacitor Cgd appears as Cgd(1+gmRout) in the term with 
Rs

i.e. Cgd(1-(-gmRout))=Cgd(1-A)

This multiplication by the gain is called the Miller effect and 
the capacitance CM=Cgd(1+gmRout) is called the Miller 
capacitance.

xx

j

Dominant pole
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So although Cgd is a small capacitance its effect is much 
larger depending on the gain of the amplifier. 

We will use the Miller capacitance to simplify our analysis 
with the capacitor Cgd that couples the input & output. This is 
an approximation but works well as we shall see! 

7) Examine the large time constant 1 corresponding to the 
dominant pole 

ba

outgdoutoutmgdins CCRRgCCR )()]1([1

1  , the sum of time constants 

We will be able to determine 1 by an approximate technique 
known as zero-value time constants (to be done later). 

Miller’s Theorem (Miller Effect) 

V
1

V
2

1 2

i
1 i

2Z

Let
1

2

v
v

k  be a known quantity, which is a complex number. 
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Therefore, if k
Z

ZM 1   were shunted across terminal  and 

ground, the current drawn from  would be the same as that of 
the original circuit. This is the Miller effect. 

Similarly
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Z
kvv

Z
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So the original circuit can be transformed as 

1 2
Z

2
Z

1

largeiskif; Z
k

k
ZZ

k
Z

Z
11 21

Remarks
- k is the forward voltage ratio. The Miller effect can only be 

used to find the forward gain and input impedance. NEVER
use it to calculate output impedance.

- Physically Cgd is getting multiplied by the voltage gain of the 
amplifier and hence has a larger effect at the input. 
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Application of Miller Approximation 

For simplicity neglect Cout

R
S

C
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g
m
v

gs
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LLout RRrR ||0
v

gs

1 2

Assuming current through Cgd is small we can calculate the gain 
from  to 

Lmoutm
gs

o RgRg
v

v

v

v
k

1

2

 Cgd reflected to the input is Cgd(1-k) = Cgd(1+gmRL)

CM = Cgd(1+gmRL)

The circuit becomes 

R
S C

in
S

S
S

R

v
i

C
M

v
o

LR
g

m
v

gs

v
gs

C
dg

where we have assumed that gmRL is large and Z2  Z

This circuit is much simpler to analyze. Furthermore, we obtain a 
1-time constant system 

)(
1

Min
s

in CCs
R

Y

The time constant associated with the capacitance (Cin+CM) is 
Rs(Cin+CM).
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From the detailed analysis the time constant is 

constant
eOutput timecapacitancMiller

])1([ gdLLmgdins CRRgCCR

Key Points

1) Use Miller approximation 
for calculating ONLY input 
impedance and forward 
gain. DO NOT use for 
calculating output 
impedance.

2) For calculation of time 
constants use the low frequency gain. 

3) At low frequencies Cc appears as a capacitance at the input 
of value CM=CC(1-Av(0))

4) For higher frequencies Av is frequency dependent 

 the input is reflected as an admittance 
 YM(s)=sCc(1-Av(s))
Cc no longer appears as the pure Miller capacitance. 

Calculation of bandwidth (-3dB frequency) 

1 2
v

1
v

2

1 2

C
c

2

1

v

v
vA

voCM ACC 1
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How do we get this information for complex circuits? 

For the simple CS amplifier we have seen that 

outoutinsgdoutmsgdout CRCRCRgRCR )1(21

and if we assumed a dominant pole then 

capsofno.i

ii

outoutinsgdoutmsgdout

CR

CRCRCRgRCR )1(1

Let us revisit the dominant-pole approximation 

Consider the transfer function 

nP
s

P
s

P
s

k
sA

111

)(

21

Where the zeros are not important in the frequency range of 
interest.

 A(s) can also be written as 
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Now consider a dominant pole say P1 then 

 |P1|<<|P2|, |P3|, …..|Pn|

Then

n

i iPP 21
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so that 
1

1

1
P

b  is the coefficient 

corresponding to the dominant pole 

The magnitude |A(j )| is 
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For a dominant pole P1 this is approximated as 
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This approximation will be accurate until  |P1|, and the transfer 
function has no zeros. 

-3dB  |P1|

How can we calculate P1 (at least a reasonable value) without 
having to evaluate the whole transfer function? 

Answer: zero value time constants (ZVTC). 

ZVTC Method 

- yields a dominant pole if it exists  fairly accurate -3dB 
frequency

- Does not give any info about the zeros 

 for a circuit in which there is a dominant zero, the -
3dB frequency calculated using ZVTC will be wrong. 

Procedure
- For each capacitor Ci in the circuit i=1, …., N, 

1) Open all other capacitors C1,…..Ci-1,Ci+1,….CN = 0 
    i.e. set them to a ‘0’ value 

2) Find the Thevenin resistance Ri seen by capacitor Ci

(short independent voltage sources and open current 
sources)

3) Calculate the product RiCi – this is the zero-value time 
constant associated with Ci.

- Sum up all the individual time constants. 

    Then
iiCRb1

Remark
 This calculation of b1 is exact. 
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Example of ZVTC method with CS amplifier 
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)1( outmsout
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Final Sum
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Remark
This is the same expression we obtained from the exact analysis 
with a dominant-pole approx. 

oi

1
-3dB
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Numerical Example
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For the device in saturation 
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For this example Rout = 50k , Cout = 1pF. 

Compute various time constants: 
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5 V
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 the largest time constant is due to the load capacitance. 

MHzf

rad

dBdB

dB

46.2
2
1

sec/10
501492.0

1

33

9
3

SPICE Simulation

* calculate poles and zeros 

*input: 4, output: 1 

*Power supplies 
VDD 10 0 5 

*circuit
M8 1 2 0 0 CMOSN L=2u W=50u 
ID 10 1 400.0uA 
rs 4 2 10K 
cl 1 0 1p 

*sources 
vs 4 0 1.78 ac 1 

.MODEL CMOSN NMOS( LEVEL=1 KP=50u VTO=1.0 LAMBDA=0.05 
+TOX=34.5n CGDO=.5n) 

.control
op
run
show m8 model 
print all 
tf v(1) vs 
print all 
pz 4 0 1 0 vol pz 
print all 
.endc
.end

SPICE Output 

DC Operating Point ... 
Mos1: Level 1 MOSfet model with Meyer capaci 
 device           m8 
 model         cmosn 
        id    0.0004 
        is   -0.0004 
        ig         0 
        ib -4.02e-13 

10K M1

5 V

1 pF

400 
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       vgs      1.78 
       vds      1.04 
       vbs         0 
       von         1 
     vdsat      0.78 
        rs         0 
        rd         0 
        gm 0.00103

       gds 1.9e-05 ro = 52.6K
       gmb         0 
       cbd         0 
       cbs         0 
       cgs  3.34e-14 
       cgd         0 

v(1) = 1.038790e+00 
v(2) = 1.780000e+00 
v(4) = 1.780000e+00 
v(10) = 5.000000e+00 
vdd#branch = -4.00000e-04 
vs#branch = 1.646420e-20 
Transfer function analysis ... 
transfer_function = -5.39456e+01 Av

output_impedance_at_v(1) = 5.259697e+04 
vs#input_impedance = 1.000000e+20 
Pole-Zero analysis ... 
Warning: Pole-zero iteration limit reached; g 

pole(1) = -1.37590e+09,0.000000e+00  f1 = 219 MHz

pole(2) = -1.47954e+07,0.000000e+00  f2 = 2.35 MHz   versus 2.46 MHz by hand

zero(1) = 4.102564e+10,0.000000e+00  zero = 41 GHz

Remarks

-

n

i i
o P1

1
 is valid in general 

i.e. the sum of zero-value time constants equals the sum of 
the reciprocals of all poles, whether or not a dominant pole 
exists.

- Setting 
o

dB

1
3  can give an error if a dominant pole 

situation doesn’t exist. However, the -3dB will then be a 
pessimistic estimate. 

- If parts of a circuit are isolated from the rest then the ZVTC 
will give the pole information associated with these parts. 
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Hence, the ZVTC could also be 
used to estimate non-dominant 
poles.

    

ii

iii

RC

RC

1
pole

Example of Error

Consider a circuit that has two identical negative real poles at x
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Using ZVTC we will obtain 
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o

211

    x
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o
dB 5.0

2
1
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i.e. ZVTC will result only in 22% error! 

R
i

C
i
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Example
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ii).Use ZVTC method for calculating -3dB frequency 
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SPICE Simulation 
* calculate poles and zeros 

*input: 4, output: 1 

*Power supplies 
VDD 5 0 5 

*circuit
M2 5 5 1 0 CMOSN_2 L=1u W=4u 
M1 1 2 0 0 CMOSN_1 L=1u W=100u 
rs 4 2 1K 
cl 1 0 100f 

*sources 
vs 4 0 .98 ac 1 

.MODEL CMOSN_1 NMOS( LEVEL=1 KP=60u VTO=0.7 LAMBDA=0.0 
+TOX=20n CGDO=.3n cgso=.3n cbd=80f cbs=80f phi=0.6 
+pb=0.6 mj=0.5 gamma=0.4) 
.MODEL CMOSN_2 NMOS( LEVEL=1 KP=60u VTO=0.7 LAMBDA=0.0 
+TOX=20n CGDO=.3n cgso=.3n cbd=3.2f cbs=3.2f phi=0.6 
+pb=0.6 mj=0.5 gamma=0.4) 

.control
op
run
show m1 model m2 model 
print all 
tf v(1) vs 
print all 
pz 4 0 1 0 vol pz 
print all 
.endc
.end

Output
DC Operating Point ... 
 Mos1: Level 1 MOSfet model with Meyer capacitance model 
 device           m1        m2 
 model       cmosn_1   cmosn_2 
        id  0.000235  0.000235 
        is -0.000235 -0.000235 
        ig         0         0 
        ib -9.69e-13  -2.9e-12 
       vgs      0.98       2.5 
       vds       2.5       2.5 
       vbs         0      -2.5 
       von       0.7       1.1 
     vdsat      0.28       1.4 
        rs         0         0 
        rd         0         0 
        gm   0.00168  0.000336

1 K M1

M2

5 V

C
L
 = 100 fFv

i

v
o

1

100

1

4
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       gds         0         0 
       gmb  0.000434  3.81e-05 
       cbd  3.52e-14  1.05e-15 
       cbs     8e-14  1.41e-15
       cgs  5.76e-14   2.3e-15 
       cgd         0         0 
       cgb         0         0 
      cbd0     8e-14   3.2e-15 
    cbdsw0         0         0 
      cbs0     8e-14   3.2e-15 
    cbssw0         0         0

v(1) = 2.504998e+00 
v(2) = 9.800000e-01 
v(4) = 9.800000e-01 
v(5) = 5.000000e+00 
vdd#branch = -2.35200e-04 ID2

vs#branch = 3.430483e-20 

Transfer function analysis ... 
transfer_function = -4.49034e+00
output_impedance_at_v(1) = 2.672823e+03 
vs#input_impedance = 1.000000e+20 

Pole-Zero analysis ... 
pole(1) = -8.30652e+09,0.000000e+00  1.32 GHz
pole(2) = -1.53808e+09,0.000000e+00   244 MHz  versus 206 MHz
zero(1) = 5.600000e+10,0.000000e+00  8.91 GHz
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Frequency response of two-stage CMOS opamp 
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The denominator is in the form of a 2-pole transfer function 
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Remark
 As C increases |P1| decreases whereas |P2| increases 

  pole splitting. The limiting value of |P2| is 
21

2

CC

Gm
, a large 

frequency.

Pole splitting 

 When C = 0, we have 2 poles in the circuit. 
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P

CRRG
P

mm

m

xx

j

xx

11
1

CR22
1

CR
CRRGm 212

1

21

2

CC

Gm

As C is increased, the poles split apart and a dominant pole 
situation is created. 

1P

A
o

Uncompensated

(without C)

-40 dB / decade

-20 dB / decade

A

2P1'P

Compensated
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Assuming a one-pole roll-off due to |P1’|, we have 

CRRsG

RGRG
sA

m

mm
v

212

2211

1
)(

Unity gain frequency = |Av| =  1 

C

g

C

G

CRRG

RGRG
A

mm
u

mu

mm
v

11

212

2211 1)(

How to choose C? 
 As we will see later, one choice is to make |P2’|= u

C

G

CCCCC

CG mm 1

2121

2

)(
Can solve a quadratic to obtain C. 
 If C1 << C, C2    then 

C.smallerforGmaximizeor m22
2

1

1

2

2

C
G

G
C

C

G

CC

CG

m

m

mm

Remarks

u
m

v

mmv
m

C

G
A

RGRGA
CRRG

1

;
1

1
3dB-

2211
212

3dB-

   i.e. Gain x bandwidth is a constant (GBW) 
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vTGSmD

DTGS

D

o

m
vm

AVVgI

IVV

I

g

g
Ag

)(

12
;u

butIncreasing

Design Example (2-stage op amp) 

The dc and low-frequency gain were done previously. Now we 
look at the high frequency behavior with CL=7.5pF.

Device Parameters 
n-ch:Cov = 0.5 fF/µ,   Cjo = 0.1 fF/µ2, Cjs o = 0.5 fF/µ 
  PB = PBSW = 0.8,  MJ = MJSW = 0.5 
p-ch:Cov = 0.5 fF/µ,   Cjo = 0.3 fF/µ2, Cjs o = 0.35 fF/µ 
  PB = PBSW = 0.8,  MJ = MJSW = 0.5 
tox = 15 x 10-9 m = 150 ;      Cox = 2.3 x 10-7 F/cm2 = 2.3 fF/µ2

For area and perimeter calculations use Ldiff = 6µm for source and 
drain regions. 

Calculate capacitances 

fF

fF

fF

fF

fF

fF

751505.0

5.37755.0

75

751505.0

765

)150(5.0)3.2)(3)(150(
3
2
3
2

2

4

7

6

6

gd

gd

gd

gd

ovoxgs

C

C

C

C

WCCLWC
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162450675

11

2

5.0

4

5.0

4

4

PDAD

PB
V

PDC

PB
V

ADC
C

db

js

db

jo
db

o

;

Drain of M4 is at -1.52 V, bulk is at -2.5V  VDB = 0.98V 

fF5.84
8.0

98.0
1

1625.04501.0
4dbC

Drain of M6 at 0V, bulk at -2.5V  VDB6 = 2.5V 

fF121

8.0
5.2

1

3125.09001.0
6dbC

Drain of M2 at -1.52V, bulk at Vs = 0.98V  VDB2 = 2.5V 

Drain of M7 at 0V,       bulk at +2.5V  VDB6 = 2.5V 

fF7.186

8.0
5.2

1

31235.09003.0
72 dbdb CC

pF88.7)1867.0075.0121.0(5.7

pF15.17.186755.845.37765

7762

224461

dbgddbL

dbgddbgdgs

CCCCC

CCCCCC

fF756 CgdC CCCC
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Calculate the unity gain frequency 

We have Gm1 = gm1 = 353.5µA/V, Gm2 = gm6 = 707µA/V 

2
2

11     where C
G

G
C

C

G

m

mm
u

pFpF

pFpF

4075.04

48
2
1

CC

C

Mrad/sec88
104

105.353
12

6

u

MHz14uf

Calculate the pole frequencies 

MHzf

MradP

kHzfkrad

P

kRkR

P

Pp

;

7.9

sec/9.60
)82.1(482.1

10410707

1013sec/36.6

10410)67.166)(34.333(10707
1

67.16634.333

2

126

2

11

12661

21

Remark

 A zero appears at MHz
C

Gm
z 282

    i.e. it is beyond 

the unity gain frequency. 
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 From SPICE the poles and zeros are  
  poles: 855 Hz, 10 MHz, 17 MHz 
  zeros: 17 MHz, 28.6 MHz 
   funity = ~10 MHz 

SPICE file 
* Two-stage op-amp 

*inputs: inverting node 7, noninverting node 8 
vinp 7 0 0 ac 1 
vinm 8 0 17.2745u 
*Power supplies 
VDD 10 0 2.5 
Vss 20 0 -2.5 

*load cap 
c1 5 0 7.5p 
*compensation cap 
cc 5 4 4p 
*Current mirror 
M8 1 1 10 10 CMOSP L=3u W=75u AD=450p AS=450p PD=162u ps=162u 
Iref 1 20 50.0uA 
*Differential amp 
*ISS
M5 2 1 10 10 CMOSP L=3u W=150u AD=900p AS=900p PD=312u ps=312u 
*Drivers 
M1 3 7 2 2 CMOSP L=3u W=150u AD=900p AS=900p PD=312u ps=312u 
M2 4 8 2 2 CMOSP L=3u W=150u AD=900p AS=900p PD=312u ps=312u 
*Active loads 
M3 3 3 20 20 CMOSN L=3u W=75u AD=450p AS=450p PD=162u ps=162u 
M4 4 3 20 20 CMOSN L=3u W=75u AD=450p AS=450p PD=162u ps=162u 
*2nd stage 
M7 5 1 10 10 CMOSP L=3u W=150u AD=900p AS=900p PD=312u ps=312u 
M6 5 4 20 20 CMOSN L=3u W=150u AD=900p AS=900p PD=312u ps=312p 

.MODEL CMOSN NMOS( LEVEL=1 KP=50u VTO=0.7 LAMBDA=0.03 
+cgdo=0.5n cgso=0.5n cj=0.1m cjsw=0.5n mj=0.5 mjsw=0.5 
+pb=0.8 tox=15n) 
.MODEL CMOSP PMOS( LEVEL=1 KP=25u VTO=-0.7 LAMBDA=0.03 
+cgdo=0.5n cgso=0.5n cj=0.3m cjsw=0.35n mj=0.5 mjsw=0.5 
+pb=0.8 tox=15n) 

.control
op
print all 
ac dec 10 200 20meg 
plot vdb(5) 
pz 7 8 5 0 vol pz 
print all 
.endc
.end
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Output
Circuit: * Two-stage op-amp 

DC Operating Point ... 
v(1) = 1.406404e+00 
v(2) = 9.745308e-01 
v(3) = -1.51948e+00 
v(4) = -1.52169e+00 
v(5) = 1.238277e-06  (Near zero) 

v(7) = 0.000000e+00 
v(8) = 1.727450e-05 
v(10) = 2.500000e+00 
v(20) = -2.50000e+00 
vdd#branch = -2.55340e-04 
vinm#branch = 0.000000e+00 
vinp#branch = 0.000000e+00 
vss#branch = 2.553396e-04 

AC analysis ... 
Pole-Zero analysis ... 
Warning: Pole-zero iteration limit reached; giving up after 264 trials 
pole(1) = -3.24673e+08,1.030280e+08 
pole(2) = -3.24673e+08,-1.03028e+08 
pole(3) = -1.14110e+08,0.000000e+00 
pole(4) = -6.51190e+07,0.000000e+00 
pole(5) = -5.38023e+03,0.000000e+00 
zero(1) = -3.27455e+08,0.000000e+00 
zero(2) = -1.13284e+08,0.000000e+00 
zero(3) = 1.875935e+08,0.000000e+00 

Note that poles and zeros are in radians/sec 

Slew Rate 

Up to now we have looked at the small-signal behavior of our op 
amp. However, the behavior with large input signals is also of 
interest.

+

-

V
i

V
o

t

V
i
(t)

5 V

Unity gain configuration 
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Suppose that the circuit has a one pole transfer function then 

dB

i

o

f

s
s

V
V

32
1

    where

1
1

)(

For s
sVi

5
)( (i.e. a step input) 

)1(5)(or

1
55

)1(

1
5

5
1

1
)(

t
o

o

etV

ssss

ss

ss
sV

t

V
o
(t)

5 V

~5 t

V
o
(t)

5 V

>> 5

Expected
Actual

dt

dV
slope o

Slew rate = dt
dVo

(usually specified in V/ s)

Examine the operation of the 2-stage CMOS opamp 

The origin of the constant slope region is a large signal behavior. 

At time=0, Vi
+ steps to 5V, the output voltage cannot respond 

immediately  Vo = 0 

 Vi
- = 0 & Vi

+ = 5V 
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M4M3 M6

1

2
M1 M2

I
SS

V
o

I
SS

C
C

-5 V

+5 V
Unity-gain

feedback

+-

I
SS

V
i

 M2 cuts off and current Iss flows through M1 & M3;

          M3 - M4 current mirror  Iss is drawn through CC

A constant current Iss flowing through CC generates a voltage 
ramp whose slope is 

C

ss

C
I

t
V

Voltage at node 1 fixed because of M6 

 Vo increases as a ramp voltage

 The 5V input signal drives the input-stage out of its linear 
region of operation (i.e. small-signal). The circuit operates 
nonlinearly and therefore we cannot expect a linear analysis to 
predict correct operation. 

For a large negative input step, M2 is heavily on, M1 cuts off 

 M3-M4 current mirror is off 

 current Iss flows through Cc

Node 1 is fixed by M6  Vo is a negative ramp of slope 
C

SS

C
I
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C

SS

C
I

(SR)rateslewThe

Relationship between SR & Unity Gain BW (UGBW) 

Dss

TGS
TGSD

ss

m

ss

u

u
m

ss

C

m

m

ss

C

ss

C

m
u

II

VV
VVI

I
g
ISR

g
I

C
g

g
I

C
I

SR

C
g

2

)(21

1

1

1

1

Since

What about CL?
 When CL is large, the slew rate could be determined by CL.

Positive step at input 
 CL is charging up

 Current to charge up CL is 
only ID7 - ISS since ISS goes to CC.

 V1 drops so current through 

M6 is reduced  ID7 - ISS is 
available to charge CL.

L

SSD
L C

II
t
V

SR 7

Negative step at input 
 M6 can discharge CL when it is overdriven so this is not a 
problem.

M4 M6

1

2
V

o

I
SS

C
C

-5 V

M7

C
L
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C
SS

D

C
SS

SSD

C

SS

L

SSD

C
I
I

C
I

II

C
I

C
II

1

:

7

7

7

Cor

CAt

L

L

Usually would like SR to be independent of CL, since CL is not a 
design parameter. 

C

L
SSD

SS
C

L
SSD

C

SS

L

SSD

L

C
C

II

I
C
C

II

C
I

C
II

SRSR

17

7

7

or

or

Take

How to improve Slew Rate? 

C

SS

C
I

SR

 increase ISS and/or decrease CC.

 Increasing ISS increases power dissipation 

 use class AB input stage 
- low dc current 
- under transient conditions current for charging 

CC can be significantly increased. 

SR

C
L

C’
L

log scale

SR due to C
C

SR due to C
L
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Circuit can deliver large positive and negative currents 
to charge CC or CL and may not display slew rate 
limiting.  We will look at one such circuit later. 

Key Points 

1
11

1

)(
)( TGS

TGSSS

SS

m
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u

u
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C
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VV
VVI

I
g
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g
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C
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“Full-power” bandwidth 
 Slew-rate limitations also affect performance of the circuit 
when handling large sinusoidal signals at higher frequencies. 

iA
i

iA
i

iAi

V
dt

dV

tV
dt

dV

tVV

max

)cos(

)sin(

For SR
dt

dVi

max
, the output will 

follow input. However, for larger 
values waveform distortion will 
occur.

 Since 
maxdt

dVi

  slew limiting will occur 
as the frequency is 
increased when ViA=VDD

The frequency at which this 
occurs is the “full-power” 
bandwidth

iA
fP V

SR

Example

 VDD=5 V;     SR=1 V/µs sec/
5

106

radfP

+

-

V
o

V
i

t

V
i
(t)

V
iA dt

dVi

Max

t

V
i
(t)

V
iA

sine

wave

actual waveform

with slew limiting
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 ffP=31.8 kHz   (full-power bandwidth) 

Settling time 

V
i

V
o

Slope = SR

Settling time

(T
s
)

% of final value

t

V
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Stability of feedback amplifiers 

v
i

v v
o

f

a(s)
+

-

Feedback

Network

If the amplifier is represented by a single pole transfer function 

1

1
)(

P
s

a
sa o

a0 = low frequency gain 
P1 = pole frequency in radians/sec 

Assume a purely resistive feedback path  f constant 

)(1
)(

)(1
)(

)(

),(

sT
sa

fsa
sa

V
V

sA

fVVVsaVV

i

o

oieeo

               where T(s) = a(s)f  is the loop gain 

faP
sfa

a

P
s
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a
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P
s
a

f
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a
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sA

o

o

o

o

o

o

o
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o

1
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1
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The low-frequency closed-loop gain is 

o

o

o

o
o T

a
fa

a
A

11
where  To=aof  is the low-frequency loop gain. 

The pole frequency for the closed-loop system is P1(1+aof)

-3dB = |P1| (1+aof) = |P1| (1+To)

Remarks
- The gain ao has been reduced by a factor 1+ To

- The bandwidth has been increased by (1 + To)

- )1(
1 11 o

o

o
o TP

T
a

PaBWGain is a constant. 

- Designer can use negative feedback to trade gain for 
bandwidth.

-20 dB / decade

jA

ja

o

o

T

a

1
log20

oalog20

1P 11 PTo

log scale

Gain

(dB)

Gain curves for any To are contained in an envelope bounded by 
curve of |a(j )|
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x

j

x

1P11 PTo

Consider a 3-pole transfer function typical of many op amps 
before compensation. 

321

111

)(

P
s

P
s

P
s

a
sa o

Bode plots 

1P

-60 dB / decade

-20 dB / decade
|a|

(dB)

2P

a
0

90

45

-40 dB / decade

3P

135

225

180

a
180

(log scale)

180

Consider a(s) in a feedback loop with f constant 

 T(j ) = a(j )f   and will have same frequency variation as a(j ).
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For a system to be stable all poles must be in the left-half plane. 

fja
ja

jA
)(1
)(

)(

at 180 fa
a

fa
a

jA
180

180

180

180
180 1

180
1801
180

)(

If T = a180f = 1  then A(j 180)

 unstable 

Remark

 If |T(j )| > 1 at the frequency where T(j ) = -180 , then the 
amplifier is unstable (Linear system feedback theory) 

There are two measures of stability: Phase Margin and Gain 
margin. Phase Margin is the more common specification. 

Phase Margin = 180  + T(j ) at frequency where |T(j )| = 1. 

Must be > 0  for stability. 

Gain Margin the value of T(j ) in dB at the frequency where 

T(j ) = -180 . Must be < 0 dB for stability. 

How do we determine where |T(j )| = 0 dB given the magnitude 
Bode plot of a(j )?

Consider fjafjax log20)(log20)(log20

f
ja

1
log20)(log20

The vertical distance between the curve 20log|a(j )| and the line 
20log(1/f) is a direct measure of the loop-gain magnitude in dBs. 
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oalog20

f

1
log20

x

loop gain = 0 dB

(dB)

ja

Remarks
- the point where  20log |a(j )|  intersects the line  20log(1/f)  

is the point where loop-gain magnitude is unity or 0-dB 

- Can take the curve  |a(j )|  as a curve for |T(j )|  if 
20log(1/f) is taken as the zero axis. 

- 20log(1/f)  20logAo i.e. the low-frequency gain in dB 

  because 1
1

1
fa

ffa
a

A o
o

o
o if

Consider the single-pole example: 

f

1
log20

loop gain = 0 dB
T

o

loop gain magnitude

0

90

45

180

0

PM = 90o

(dB)
ja

)( ja

ECE 422/522
Page 176 

For this case PM=90  and this is a very stable amplifier. A typical 

lower value for PM is 45 ; 60  is more common. 

Case 1 PM=45 ; f real & constant 

T(j o) = -135 
 where o is the frequency for which |T(j o)| = 1 

)(1
)(

)(

1
)(1)()(

jT
ja

jA

f
jafjajT ooo

o
o

o

oo
j
o

o

j

A
f

ja
jA

j
ja

j
ja

e
ja

jA

ejT

3.1
3.1

76.0

)(
)(

)76.058.0(

7.03.0
)(

7.07.01
)(

1
)(

)(

11351)(:

135

135at o

At frequency o, |T(j o)| = 1. This is the point at which the basic 
amplifier has a -3dB frequency (single-pole amplifier). However, in 
this case there is a 1.3x of peaking above the low-frequency gain. 

Case 2 PM = 60

T(j o) = -120 ,     |T(j o)| = 1 

ff

jfef
jA

fo

1
)1(

1

5.0866.01
11

1

11
)(

120

Case 3 PM = 90

f
jA o

7.0
)(
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Relative

Gain
PM = 45o

PM = 60o

PM = 90o

Peaking of gain for PM < 60

Example 1 

The loop-gain of a feedback system has two poles – 1 & -5 1.

Find the dc gain of the loop-gain for a phase-margin of 60 .

11 5
11

)(

jj

T
jT o

For phase margin: |T(j o)| = 1 when  T(j o) = -120

732.1120tan
5

tantantan

120
5

tantan)(

1

1

1

1

1

1

1

1

oo

oo
ojT

)tan()tan(1
)tan()tan(

)tan(
BA
BA

BA

732.1

5
1

5

11

11

oo

oo

732.1

51

5Let
2

1 x

x
x

x o
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56.4
2

20)464.3(464.3

464.3
732.1
6

5or

732.1
5

6

2

2

2

x

x
x

x

x

x

Since the value of x>0 

56.4
1

o

Check: 120
5
56.4

tan56.4tan) 11
oT(j

3.61

5
56.4

156.41

1

5
11

1)

2
2

2

1

2

1

o
o

oo

o

T
T

T
T(jNow o

 dc gain of the loop-gain is 6.3. 

Example 2 

At what value of To will system become unstable. 

  |T(j x)| = 1   when  T(j x) = -180

 T(j ) = -180   as 

 system is stable for finite values of To
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Compensation

The process of making an amplifier stable that would otherwise 
be unstable in a feedback configuration. 

Consider the Bode plots shown below: 

1P

-20 dB / decade

2P

0

90

45

3P

135

225

180

(log scale)

1

1
log20

f

oalog20

2

1
log20

f

3

1
log20

f

270

PM = 0o

PM = 45o

PM < 0o

(dB)

ja

)( ja

For a feedback factor f1, phase margin = 45

                                   f2,        =  0

                                   f3,        <  0
Thus the amplifier will be unstable with a loop gain larger than 
aof2; otherwise need compensation.
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How do we make this amplifier stable? 

Observation
For a feedback factor of f3 the magnitude of the loop-gain 

becomes unity (0 dB) well below -180 . So we should make the 

gain go to unity before the phase crosses -180 .

One solution 

Introduce a dominant pole PD at a sufficiently low frequency such 
that the gain rolls off and crosses 0 dB before the phase reaches 

180 .

Remarks
1) This reduces the bandwidth of the amplifier. The process is 

known as narrow banding. 
2) The most difficult case to compensate is for f=1. 

1P

-20 dB / decade

2P

0

90

45

-40 dB / decade

3P

135

270

180

(log scale)

360

-20 dB / decade

Phase after

compensation

Original phase

Gain after

compensation

Original gain curve

PM = 45o

oalog20

DP

(dB)ja

)( ja
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If PD is chosen so that  |a(j )| = 1 at the frequency |P1| then the 

phase margin is 45  as shown. 

321

1111

)(

P
j

P
j

P
j

P
j

a
ja

D

o

The amplifier is now stable in a unity-gain or other feedback 
configurations. The original amplifier was unstable in a unity-gain 
feedback.

Remarks
- The basic amplifier has a UGBW of only |P1| which is 

much less than before. 
- Loop gain begins to diminish at |PD| and all benefits due to 

feedback diminish. 

Example

.25
2

,2
2

,300
2

;5000

321 MHz
P

MHz
P

kHz
P

ao

Find |PD| to compensate the amplifier for f=1 & PM=45 .

HzK
P

f

P
a

PPPaGBW

PUGBWPM

D
D

o
DDo

60)300(
5000

1

2

1
1

45

11

1
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Now consider the amplifier that we compensated for f=1, in a 
feedback arrangement with f<1. 

1P

0

90

45

135

180

(log scale)

-20 dB / decade

PM

oalog20

f

1
log20 loop gain = 0 dB

oAlog20

loop gain

xDP

(dB)ja

)( ja

|T(j )| = 1 at = x -3dB = x

i.e.  bandwidth is being wasted. The circuit has more 

compensation than needed because PM  90 .

Remark
- Optimum bandwidth can be achieved in circuits if 

compensation is added by the user. Gain can be tailored 
for higher bandwidths. 
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Add a pole |PD’| for a PM of 45  in a feedback configuration. 

1P

-20 dB / decade

2P

0

90

45

-40 dB / decade

3P

135

270

180

(log scale)

360

-20 dB per

 decade

Phase after

compensation

Original phase

Gain after

compensation

Original gain curve

PM = 45o

oalog20

DP'

f
1

log20

oAlog20

loop gain

(dB)ja

)( ja

- frequency |PD’| >> |PD|

- -3db is |P1|. For unity-gain compensation 
o

x A

P1

-
- For Large Ao the improvement is significant (in BW) 

Observation
 In the above compensation scheme an additional dominant 
pole was added to the amplifier. An efficient way to compensate 
the amplifier is to add capacitance to the circuit in a manner such 
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that |P1| (the dominant pole) is reduced & performs the 
compensation function. 

    pole-splitting compensation or Miller compensation. 

Consider the situation in which only |P1| is reduced. 

1P

-20 dB / decade

2P

0

90

45

-40 dB / decade

3P

135

270

180

(log scale)

360

-20 dB per

decade

Phase after

compensation

Original phase

Gain after

compensation

Original gain curve

PM = 45o

oalog20 (dB)ja

)( ja

1'P

|P1’| causes gain to be unity at frequency |P2|

  phase margin = 45

  BW is |P2|.  i.e.  substantial improvement compared   to 

previous scheme since |P2| 10|P1| in practical 
amplifiers. 
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Recall pole-splitting 

R
1

C

g
m2

v
1

R
2

C
1

C
2

v
o

i
S
 =

g
m1

v
in

v
1

When C = 0:  
11

1

1
CR

P

22
2

1
CR

P

With the capacitor C 

      CRRg
P

m 212
1

1

)( 2121

2
2 CCCCC

Cg
P m

      

1P

A
o

Uncompensated

(without C)

-40 dB / decade

-20 dB / decade

A

2P1'P

Compensated

2'P

xx

j

xx

11
1

CR22
1

CR
CRRgm 212

1

21

2

CC

gm

Advantages of pole-splitting or Miller compensation
- Due to Miller multiplication, a small capacitor value yields 

an effective large capacitance (~Cgm2R2)  a low 
frequency pole 

- The second pole is moved to a higher frequency 
maximum unity-gain frequency is increased. 
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Disadvantage
- A right-half-plane zero is introduced. If gm2 is not high 

enough (as for MOSFETs) this can lead to some problems. 

Let us now consider the zero 

Recall

)()1(1
)(

212112
2

22122211

212

CCCCCCRRsRgCRCRCRCRs
RRsCg

i
v

m

m

s

o

CRRg
P

m 212
1

1

21

2

2121

2
2 )( CC

g
CCCCC

Cg
P mm

C
g

z m2

For a one-pole roll off we had C
gm

u
1

Relative to u
211

22

CC
C

g
gP

m

m

u

1

2

m

m

u g
gz

In MOS amplifiers gm1 & gm2 are similar. 

What happens if the break frequency caused by the zero is below 
the nominal unity-gain frequency of the amplifier? 

Zero flattens out gain 

Causes an additional 90  phase-shift 
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This is double trouble for stabilizing the amplifier. 

 increase z or eliminate the zero! 

1P

unity-gain

frequency

2P

0

90

45

3P

135

225

180

(log scale)

180

(dB)

ja

)( ja

z

gain flattens out

(unity-gain frequency

increased)

315

Additional -90o

phase shift

What is causing this zero? 

v
o

M4 M6

C
C v

o

M4 M6

0CC

Thus C provides a feed forward path that does not have the 180
phase shift of the common-source second gain stage. The gain 
path loses an inverting stage! 
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 any feedback that was initially negative becomes positive 
resulting in oscillations (unstable) 

v
o

M4 M6
v

o

M4

6
1

mg

The second stage is diode connected  a resistive load of 1/gm2

to the first stage. 

2
1

1

m
m

i

o

g
g

v
v

A simpler approach is the use of nulling resistor in series with C. 

R
1

g
m2

v
1

R
2

C
1

C
2

v
o

i
S
 =

g
m1

v
in

v
1

R
ZC

C

|P1| & |P2| are approximately the same as before but 

Z
m

C R
g

C

z

2

1

1

When z
g

R
m

Z ;
1

2
    i.e.  the zero is eliminated. 
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Remark
- The nulling resistor can be made larger to move the zero 

into the left half plane and improve the amplifier phase 
margin.

xx

j

O O

increasing R
Z

 R
Z
 = 0

In fact, R2 could also be used to cancel a pole. 

R2 is implemented as a MOSFET biased in non-saturation 
(linear region) 

In non-saturation 

DSTGSd VVV
L

W
kg )(

The resistor is biased with I=0. 

i.e. )( TGSd VV
L

W
kg

v
o

M4 M6

C
C

bias
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Negative feedback 

Benefits 

Stabilize gain of an amplifier against parameter changes in 
devices due to supply voltage variation, temperature 
changes, or device aging. 
Modify input and output impedances to suit needs. 

e.g. Voltage amplifier: large input impedance and 
small output impedance. 

Reduce distortion in amplifiers (the input-output transfer 
characteristics become more linear) 

- all audio amplifiers 
Increase bandwidth of circuits 

- widely used in broadband amplifiers. 

Disadvantages 
Gain is reduced in almost direct proportion to other benefits 
(add extra gain stages) 
Feedback causes instability and there is a tendency for 
oscillation. An amplifier may become an oscillator! 

Feedback Equation (Ideal) 

f
A

T
a

A

af
a

A
S
S

i

o

1
1

1

1TFor

gainloop-closedA

gainloopafT

Si
S So

Sfb

f

a
+

-
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Remarks
- Since the feedback network is usually formed from 

stable, passive elements, f is well defined and so is the 
overall amplifier gain. 

- The feedback loop operates by forcing Sfb to be nearly 
equal Si.

T
T

af
a

f
S

S

TafS
S

af
S

S
af

a
fS

fSSSSS

i

fb

i

i
ii

oifbi

11

1
1

1
1

11

For T >> 1 Sfb  Si; S << Si i.e. the feedback loop minimizes 
the error signal S .

Gain sensitivity 

22 )1(
1

)1(
)1(

1

afaf
afaf

da
dA

af
a

A

If a changes by a, then A changes by A

T
aa

af
aa

af
aaf

a
A
A

af

a
A

1)1(
)1(

1

)1(

)1(

2

2
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 a fractional change in 'a' shows up as a fractional change 
in A reduced by (1+T) 

Example

%1.0%
100
10

%10,100

A
A

a
a

T

Effect on Distortion 

- negative feedback keeps overall gain A approximately 
constant  it should be effective in reducing distortion, 
because distortion is caused by changes in 'a' of the 
basic-amplifier transfer curves. 

Si

So

So1

So2

slope = a1

slope = a2

a3 = 0

1

1

a
So Si

So

So1

So2

slope = A1

slope = A2

A3 = 0

fa
a
So

1
1

1 1

With feedback the slopes of transfer function curves are given by 

f
a

ffa
a

A

f
a

ffa
a

A

1
1

1
1

1
1

1
1

2

2

2
2

1

1

1
1
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 the transfer characteristic will be much less nonlinear that the 
original amplifier. 

Si

So

So1

1

1

a

So

fa
a
So

1
1

1 1

Negative feedback reduces the gain but improves the linearity.

Remark
 When the output shows hard saturation then the gain is 
zero and negative feedback cannot improve the situation. 

0
1
0

1 3

3
3 fa

a
A

Si

So

a3 = 0
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Review of 2-port representations 

Linear 2-port 

Currents flow into the network 

z-parameters 

2221212
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izizv

izizvi
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z
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  v = z i

y-parameters 
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vyvyi
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v

v
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i

i

1 2v1 v2

i1 i2

linear
2-port

network

v1

i1

v2

i2
z11 z22

z12i2 z21i1

current-controlled
voltage sources

v1

i1

v2

i2

y11 y22

y12v2 y21v1

voltage-controlled
current sources
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h-parameters 
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g-parameters 
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v2

i2

h22

h21i1

v1

i1
h11

h12v2

cccsvcvs

Page
ECE 422/522

196 

Feedback Configurations 

At the output can sample either voltage or current 

Voltage sampling   sense output voltage. This is done by 
connecting a network in parallel (shunt) 

RL RL V voltmeter

Current sampling   sense output current. This is done by 
connecting a network in series. 

RL

A

RL

At the input the feedback signal can be a voltage or current. 
 voltage feedback    voltage in series 
 current feedback    shunt 

v

vi

+

- vfb ifb

ii

So four possible combinations: Input  Output
      Series Shunt 
      Shunt  Shunt 
      Series Series 
      Shunt  Series 
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Consider a voltage amplifier whose output voltage is to be 
stabilized with feedback. 

  sample output voltage (shunt) 
  feedback a voltage proportional to the output. This voltage 

is to be subtracted from the input voltage  in series with 
input

i.e. Series - Shunt feedback 
     

Input  Output 

v

vi

+

-
vfb fvo

voa

Basic amplifier

Feedback network
z11f z22f

Ideal case 

equationfeedbackidealthei.e.

or

networksunilateral

af
a

v
v

avvaf

fvvav

fvvvvv

fvvavv

zz

i

o

io

oio

oifbi

ofbo

ff

1

)1(

)(

;

;0, 1122
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Transfer function that is stabilized is 
i

o

v

v

Effect on terminal impedances 

Introduce terminal impedances in the amplifier zi & zo

v

vi

+

-
fvo

vo

Basic amplifier

Feedback network

zi
av

zo

ii

)1(
1

1

1
1

)1()(

Tz
i
v

afz
v

i

zaf
v

i
z
v

i

afvavfvfvvv

avv

i
i

i

i

i
i

i

i
i

i
i

oi

o

or

Since

The input impedance with feedback is Zi

)1( TzZ ii

Series feedback at the input always raises the input impedance 
by (1+T) 
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Example

 zi = 10k , loop gain (T) = 1000 
 Zi  10k(1000) = 10M

Output Impedance 

T
z

af
z

i
v

Z

af
z
v

z
fvav

z
avv

i

fvv

oo

x

x
o

o

x

o

xx

o

x
x

x

11

)1(

)(

0

and

short)(input

Shunt feedback always lowers output impedance by (1+T) 

Remarks

1) Series-Shunt feedback results in an amplifier with high input 
impedance and low output impedance. 

2) This is a desirable feature for “voltage-to-voltage” amplifiers 
high Zi to prevent loading of the source 
low Zo (like a good voltage source) 

Equivalent 2-port representation 

vi T1
oz

T1
iav

T1iz

f
iv

iv

a

v

fvx

zi
av

zo

vx

ix
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Transresistance amplifier 

 current input - voltage output 

Output quantity to be stabilized is a voltage 
 feedback network is connected in shunt at the output 

Input is a current 
 a current proportional to the output voltage has to be 
feedback in shunt with the input. 

This is a shunt-shunt feedback 

i

fvo

vo

Basic amplifier

Feedback network

zi
ai

zo

ifb

Vi

22fz11fz

ii

where a is a transresistance 

f is a transconductance 

Transfer function 

eqn.feedbackidealthei.e.
af

a
i
v

fviav

fviiii

aiv

i

o

oio

oifbi

o

1

)(

ofb

o

fvi

i

v
a
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Note
 ‘a’ has dimensions of resistance 
 ‘f’ has dimensions of conductance 
 T = af  is dimensionless. 

Remark
 T will always be dimensionless. 

Input impedance 

T)(1factorabyreducedisZi.e. i

T
z

af
z

i
v

Z

i
af

z
ziv

i
v

Z

af
i

af
a

fiiiii

ii

i

i
i

i
i

ii

i

i
i

i
ifbi

11

1

1
)

1
1(

Output impedance 

T
z

Z o
o 1

 Shunt-shunt feedback reduces both zi & zo

Remarks

1) Shunt-shunt feedback amplifiers take a current input and 
deliver a voltage output 

2) To sense input current need a virtual short at the input (like 
an ammeter), which is what shunt-shunt feedback, produced. 

3) For an ideal voltage source type of output need low output 
resistance, as is the case here. 
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Shunt-shunt feedback    good current-to-voltage conversion 
     i.e.  transresistance amplifier 

Equivalent Circuits 

ii

T1
oz

T1
iai

T1iz

f
ii

a

ii

vovo

Current Amplifier 

a current input & current output 

  sense current at the output   i.e. connect feedback 
network in series with the output. 

 current feedback to the input in shunt.   

shunt-series feedback 

i

fio

Basic amplifier

Feedback network

zi
ai

zo

ifb

022fz
11fz

ZL

io

io

ii
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T
z

Z
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a

i
i

i
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1

zzFor oL

Output impedance 
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)1(

)(
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x
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Remark
 Approaches an ideal current amplifier. Low zin & high zout

Transconductance Amplifier 

 voltage input – current output 

  sense output current  i.e. feedback network in series
with the output. 

  voltage input, convert current to voltage and feedback 
in series to the input. 

series-series feedback 

i

fix

zi
ai

zo

ix

ix

Vx
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)1(

)1(

1

TzZ

TzZ

af
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oo
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o

Basic amplifier

Feedback network

ai

zo

022fz

ZL

io

io

v

vi

+

-
fio

zi

011fz

‘a’ is a transconductance 
‘f’ is a transresistance 

  good transconductance amplifier 
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Matching in Transistor Current Sources 

Goal
Generation of two or more current 
sources of identical values

However, there is a mismatch due to 
mismatches in W/L and VT’s

Noticing that

TGS

D

T

DDD

TGSD

VV

I

V

I
and

L

W

I

L

W

I

VV
L

WK
I

2
2

' 2

we get 
TGS

T

D

D

VV

V

L
W

L
W

I

I 2

The first term is bias independent while the second term is bias 
dependent.

Remarks
 The second term can be reduced by using large VGS-VT

 Since VT has a considerable gradient with distance across a 
wafer, care must be taken in biasing current sources from the 
same bias line when devices are physically separated by large 
distances

M1 M2

VGS

VDD

ID1 ID2
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Input offset voltage

For MOS differential amplifiers the effect of mismatches on dc 
performance is represented by an input offset voltage 

Amplifier
With

Mismatches

Amplifier
With No

Mismatches

VOS

VOS = differential input voltage that must be applied to drive the 
differential output voltage to zero. i.e. Vid for Vod = 0. 

The predominate 
sources of offset are 
mismatches in W, L, 
VT and RL.  The input 
offset voltage is a 
superposition of these 
different components.
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W
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Define difference and average quantities 
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D2ID1I
2

1
DID2ID1IDI

2

1

2121 L

W

L

W

L

W

L

W

L

W

L

W

2
'

2
2

2
'

2
2

22
L

W

L
WK

I
I

L
W

L
WK

I
I

V
V

V
VV

D
D

D
D

T
T

T
Tos

Note that Vos is in the form 
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Now Vod = 0 so 0LRDI

LR
LR

DI
DI

LRD-IDILR

0LRDIDILR

Remembering that 

L
WK

I
VV D

TGS
'

2
   gives 

L
W

L
W

R

RVV
VV

L

LTGS
Tos 2

Remark

For a given percentage mismatch in RL and (W/L), the offset 
scales directly as (VGS-VT)

The VT component is independent of bias 

Vos ~ 5 –15 mV for MOS 

The signs of individual terms not significant since mismatch 
factors can be + or -. 

Worst case offset occurs when the terms have signs such that the 
individual contributions add. 

i.e.
L

W
L

W

R

RVV
VcaseworstV

L

LTGS
Tos 2

)(
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Example

ISS = 50 ,  = 0, K’ = 600 A/V2

W = 8 , L = 100  VT identical, RL identical 

worst case W/L mismatch = 2% 02.0

L
W

L
W

mV
V
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SSD
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32)02.0(
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100
860

50

100
860'

2

2

If in addition 01.0%1
L

L

R

R
  then 

mV
V

wcVos 48)01.002.0(
2

23.3
)(

Input offset voltage for SC-pair with active load 

Vos = differential input voltage for which 
Io = 0. 

For this condition to be true 
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For a SC pair we have 

21 gsgsos VVV

M1 M2
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M3 M4
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Io
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21
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21 2
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From the previous current source mismatch analysis
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now
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D
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TGS

TGS
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Term 1 is threshold mismatch of input transistors 
Term 2 is threshold mismatch of load devices 
Term 3 is W/L mismatches in input and load transistors 

Remarks
 Term 2 is minimized by choosing W/L of load transistors 

so that gm3 is small w.r.t. gm1

 Term 3 is minimized by operating the input transistors at 
low values of VGS-VT

 Term 1 is independent of the bias current as is the case 
for the simple SC pair 


