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To undecstand whal is simulobion let us consider
o mn‘ s\mp\e coecant desijn {,\om

Imp\emen“o‘."lbu (eirenit)

Cowaporisow
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Smulabiow s a means of WH\"S e Aes.\jn

N a4 v . e e Oy s . e -~ R L e R il

€

Veriﬂ-:.co.\*\éu s necessory o See. ‘g thne s‘wtl{(cahous

o vner

How can one venfy o escaut design

ve. [s tre desijv\ Yot I hgue what 1 wanted 7

?
- Pﬂy‘p-‘\(‘;urj or bread boardun

. 'un?\cmm\' ol See q- desojr\ wovs
. tweak Comronm‘\' values Yo ensuve proper
o‘)ero.\'n'ow
- S\r.nu\o\'\'o\'\

. start from mathemakeal deseriphons (models)
o{. Com?onen\'s |
+ formulate equations based on P\\‘Sica\ laws
. sPedh nput test paHerns and determine
e ut os o -‘u.ndion o‘ +he mPu‘-
. &‘uzﬂ-'\ows solwed’ b‘ use o} o com‘)u‘er

(.O\rv‘ solwe Hhe uallovs ov o compuker ?

In

- problem has no closed ‘-orm soluhow,, so use
numerical fechniques

- Prob\uns maY be locv\( \orje so Cannot be
solwed by hand

_ A closad- %nm soluhou may exist bub on|7
W Specitic cases . Cannot be used r Qeneral
S\\'\.\c‘;\-\'ot: ‘f° 8°

e IC world Smulabow is a hecess“\‘
- Cannot breadboard ICs
- Fabricahow ‘Q"" des'an Jevations is Gn expensive
olternabive
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- Simulation 15 the .Qgrs\- shkep e_vj\sun}sj
SMcc.essH st - pass si\licow

. Can do an eo.r\x des(ﬂv\ even be‘—ore e
cun\;\eh process exists .

The role ogr S\ﬁ\u\a‘\'l‘OV\s‘ mdc\;rﬁ
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Fabricate
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S 2| Behaviod

Ver ﬂ\'cd-iom

Modehn Com‘mtk

e DQSDV\ Mode\s

(evel-2
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Fabr;cah S\mu\ Qk

lc Simulakd
=

T T
Venfication Rehavior

Models axa ex*vemo.\T L}n\ﬁor\‘on‘\’ {or m\oj smulatou \.

e vacious levels oQ. simulahou

Funekioual Benavioral SIMULA,  SiMuLINK

smulahiow or A\Su\w\mic
level

hmmj Mer}g-ica\-\o;a RTL
*e.s\\'.nj
\03\(; f\)LﬁQ\ica‘\'\;:m TE&AS
Transister
Level
Ciraut SPICE, ASTAP
level

(Te.d\no\o CAD
A ) SUPREM , SAMPLE

Deuice SEDAN , PISCES

level \ MINIMES, QALENA
TCAD

i Process }

Our focus s om cvaal level simulabiow  ala SPICE




b)\\‘ cmo.\oa cicont -level simulodion What is this course. alpout ?
- Mosh Ai\—\—\'a;.\f and c\no.\\u\j\. ‘
- Anal benavior sPeu‘&-\'eA WA Ferms o‘ comP\ex {und\c» ( R\ 1+ O 1w ‘\
. gg-mmoin Wautkofms (se\'\\mj Aume, slewnn et o pF
. %u.c}:o,nc\‘ vesponse  ((as analysis, power s?ech'&) xﬂPu\- ML 2 | 0 © MOb wewl| ety
« disfortion (WD, TMD) .
. noise (due o deuces: Ynermal, flicker,
. mo’(c\r\ina
Ia\»\\- peocessor
- Rm\mie oy accurak. c,om?ov\en\' models . D\:jih:\l \,
13 cader -&orﬁ\\i \ﬂ o terms O& models © Simulakioy Numerical Theoreheal {ouﬂc\a’no‘«,
' Eﬂﬁir\e and Solution Moc\dms
C\,\a\\mjes v analog treuat stmulahou Models dala shucthures
- ocoarald models; L
« low uen
. Kis k%r{';ez:‘u.e:(u( . Wi {\
+ noise . _ Ou\-Pu\— ‘D—" _Déu
e distorhou Senerahou ‘m:. ¥ v
. stdshical woviatiouws N
- %QS‘-Q\’ simulahon -\ec\r\nic\ues ‘
* power P\‘e-“ This course il focus ou the underlyn ancuples
. P}:A m:ﬁ\a\-ors 01( o SPWCE - like fnjmmla\—o( 1"y v T
« RF oso‘.\\a\'ors, mixers :
« Phose-locked loops : Whe can bemjp} —from the course ?

«  phase noie  nose Mixing |

occurole distorhou caleatation Ceront desijr\ers © be an \:V\«?ormec! consumer o} Hhe

snulabion dools. An understandin
o} the simulator  can ke\P 0 ic\ev\\gﬁiﬁ
sinulatioy relakd problems .

Mode\ denelopers - Models qo w simuladors. A 4€3H—
cou.f\ﬁxj ke tween ™models & a‘\cjoriﬂ'ﬂhs

A AR



en———

¢

0

O

THE  ANATOMY OF

A CIRCUIT SIMULATOR
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CAD Yoo\ deue\o?ev .

simulafors are an s.m\aofkm‘\' port
o‘» Hre CAD %m.mcu.)oﬁs. Deue\or new
amulalons  and a\sor\*\\m .

What are the lasie skills requ;reA

Medel O
development

A\jof'\“‘\m s,
comybt'\\'x anakyss

Sothwore
developmant,
dovastructure

The Q?Prood\ wn Hnis course

- Linear resishive nehwodes (R, T,v, contvolled sources)
ec'uahév\ fmmula\—tbu
. soluhou techniques (\'mear)
— Nowlinear resishure networks
ec\uaho\]\ formu\.ahév\ .
» nonlinear ec(uo&\év\ solutiou
— Nowhinear d\nam'u-_ rebworks (L, c.)

Feon h.a st SALEH
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C\f('.u.‘** S\m\L\O\\'\ 6%

Simulotors are the wost o\-\en used CAd tools.

Greank symulabion  ~ qoz A

- ©0,000 ru.ns/mon“h ok company A

- several weeks on a Spave 20 %D( S\mu\a\uﬂ

PLLs , Ao converters

- several Hnousand copies of sPicE s untecnal|

SP\CE - like simulators w use around the world

several com‘xmiq sellin a\Pkobe\— sPice
(seems o be o good ness!

- several Companies hane enhre Supercom wkers
Ae&ico.\td +D S\mu\oj'wu. P

Ciwmularion s an exPens{vc fask  so ‘¢ you Cowme

with a new fechngque ‘o xm'prove. simulahod speed

or sole A%w.“ ?\'o\o\errm = Famous Riew b

A %\';tg— Over view og SPI\CE L§m\u\o\'\0v~ _?rosram vt

1964 - 70 The CANCER Pt  ((Comper Bralysis ot
Nonlinear Civeids Exc\ué\}\j goA\'o:\l'ou)
Rov\ Ro\m-er,'s C\QSS Yo ec\‘
1970 - 72 CANCER Pro am CRohref and LO'\'Y‘ N Q\)
1972 Shice A reé:ased as a Pub\ic- domain tool
\avs SPICE 2M , 2C
1976 sPice 2p  New Mas Models
\a7q SPicE 2€ Deuide levels
1a 80 SPicE 2F  Portable SPICE, MosFET charge
models
1282 SPICE 26

\q 95 shice 3C

R T IRTRVUS JPNN

Ic EMPMQs/

The A\P\nbe\r SPICEs
HSPICE, TSPICE , GSPICE, OsPieE, PSPICE, | |

Jatecnal sPice
HP-SPICE, TL-SPICE, Tex-SPICE, M SPICE, ADICE
(92 J L
Motorolo Nn\¢3 Devices
ADViCE
— 7
AT
OWers

kS
Smart SPICE, B spicE | Is SPICE, sPice-TIt, De. sSPice,

b)\lyr has SPICE \ween so successg-u\ ?

proper choce of a\jor‘\’r\nms and sox»hmre— S\Ts\tm
- "{-rienc\\{ &\Fu\' de.scni:*\'ov\ \arﬁuaﬂe.
- public domain So re.

- deue\oPec\ b\‘ cireurt des:‘j\’\ers
What 15 e Presen\’ ?

~ SPICE 3 s'vom' Berke.\e_\’ o Suﬂ)or{' roode-
—~ Next generatiou cnm[:am’ FmPﬁe+o

swmulators;  Motorola, Lucent, IT, I.I;{M

- Commercial simulators : SPEQTRE/ sPECTRE-RF

HP EESof /LIBRA
SABER
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Formulahow of Cireunt Equations

K\rc\r\\r\o(-}s Curvent” Law (kev)
- Te sum o} c,u:uu.n"s lea.umj a node 15 zew.

‘l1+13—tu = O

k\"C-»‘ot"s Vo\¥m¢ Law (k\ll.)
- '[kc. sum o} uo\*oae dmi:s around o |°°P \s2emp

© W ®
e.a

N_"}& Va = V, - Vz or VA - (V,—V:_) - 0
ve. a relahon belween branch and node uolluﬁes

LV,—V; + Vz - V. = QO
VA*VQ_VS a O

Branch Conskhuhwe Relahous (BCRs) or Ec[ucﬁxou.s (BCEs)

These are the malthemahcal models of the eweedsk
c,om?one.n\'S. Relate  currents, volht«ies, c\novraes ond

\—(mu.s.

Debine 0. reference. divechion

—>

[} —
— T

+ v

Tdeol Two- Yermi ements

9 Resistor
\lne.ou'
—t
SIS V ¥ V S
ry - -
Vol e L= ‘/& v = Qv
conbrolled
Cosrent V= RA
Controlled

Con also howt an (m\:o\\‘c'&
z) {h?gg‘!&gr
linear

—5i

Al

L= dq/dt
tb - Cv

L~ cdyu
ar

Tnphici¥ foxm £ v)

non linear
—pt

B

voa v(i)

re\cx\-\o'v\s\niP {(i,v) =0

non linear
i

I

=0




InAe?e.ng_Ld Squrees

) Voltaqe Sourvce
ve Vg de/ fran, ac_) * -

v
L = any volue
—al
2) Current source __@__
i: I, (de, tran, ac) - F -
s o.n\f Avaolare -

Dependent led) sour

1) vevs ('uoﬂ-zﬂe Conbrolled uoH'oﬁe. SOuru,)

Linear W~ — — ==
v,. E v =2 <
L = 0; ™ =anyvale

ot 'V\QO.\’
V'._ - v& <VL>
le = 0, - any volue,

2) ¢c ¢S (current controlled w{rep_} Sourt
X =/

Loear 5 RN
- Rt C .
vy, =0 Ve " Ve

nonhnear ce | ’
L - u('le.) b

v = o

@

3 vecs Lvolkcxae, Cowntrolled c,urfm"hsourca)
—

T =~ = e
\l.r\eaf \
1& = Gh. vc,

L ~ o
novx\w\egr

We W)

U, can be any aoodue.

4) cevs  ((cuvrent controlled \{0\&32 source)

= e e PSR N
hneax + I Ioor
'V!.: HL"{ ‘\rc I Hl\ ’1£
A, . O - -
nonhnear - |
onhinéa Lo —
'U-._= 'UL(\(_)
U}_,—_ [»]
1. Can be cxm‘ volime. |
No RS
© , @
R R2
—
£ a T F-Rg Is
w
L @ Q - “ t a = O
L@@ - “la t s - L, = O
KVL ond B CKU)C. K W = (E.s‘vl)-‘ﬁ = ql(E.S_VI)
1

e . G,_Q/l —Vz)
%y = G Va



SR SRETNRY

Thaus,
+ § (v -E,) 4 G,_(v.—v,_) - O
“Ga(v-Va) t G Vo ~Ly a0

or \fh + Gy -Qa }{v,—x - KG.E
- Qa Gy ¥ G Va Is

These et‘u.a\‘lb\ﬁs can be -‘grmu\a\td b\( L'n.s‘)er_\\éu a.\-

one uses a Nortous equivalant
[}

o4 o

In Mabnx %"'m we  have
GV = T,

whete G % L coan be assembled by inspection.
each element can be \’&Presen\&d

The contributiou

os o "-¥emP\a\-e' or 's\-am‘)"

Resistor SPICE mPu} : RK N+ N-  RVAL
NY .. N-
»r
: N rvan  ~YRvao
R S rvAL :
N =YavaL  +Y/RvaL
"-

—
Resistor SMF

R4S

Curvent Souvca. (u\A-.?mA.&)
Ik NY

SPILE  Unpul - IVAL
P ans
Nf
- N =Iv
I IVAL .
. =
N- +LVAL
"

M_MLU\WU

There 18 no nodal '(:ormu\a\-(ou. Nodal avalysis reclw;u
elements Hhalt o uo\\'aﬂe controlled . So what do

we do?

©) Transform Ot Norton's Eciuiuo\en“ d R wn series

1) Grounded wol souras ;
Node oo\+a8¢ is known so do not wwite
any ec\u.a\-'\o»x
Le. howe 4o check nNode ©

connection {b’r each element |

z) Flaakn m\\-aae_ Source_
No's\-a«\?". .DiH-\‘c.uLl- &

not uMpossible o E
treat lookng Voltage
spu-ru_s’ru’\ Mg a-a ﬁ

3)  Stocked voltoge sources
- Mis Qﬂai.n poses a d{‘»‘-{mlk{ -er NA

—O—O-O—<




S,.mmq Q!T- Nedal Am\*sis

- Grout ec‘uor‘\bvxs can be assembled by wnspechoy

- G s sparse (dn.?ends on unkerconnechou betwen
nodas
- G has wnown-zero du‘oaom\ entries and 15 A\‘cﬁom\\sl
dominant
- Cannot handle woltage sources
- Reﬁm'res voltage. contmolled elemenks (i-f(v)
: - cannok ucorporale  Vevs, cces, cevs
s VCCS \$ Ok becausse. L= Qo

Let ws revisit our exo.mP\e with o Morlons eq@uahn\~
4\13{ the uol'l‘&%e_ Source wn series
Vas

- -
< O) ::L@ — 4

-
‘ . - . I
II /M i’.‘t (W V“ 'V“ &3 'EZ \r;i.

ST

Our mehbhnod :
keL o noc\es@ ~ @
i + g +ka1-o£? [\ (R oo]tg. [o}
-k +t %y T2 =0 0O O -t v Jigl=1Lo
—— |t
A s !
Yo

Geneval  form AL, =o

Branch Constitutuse Relohous CBCR)

L, - OV - -I, ta © © o ooll %,

tan = Gy Va, =0 wml _lot&oo Tl =

Wa - Ga Ve = o = L | o o +a0d|v,

ey - Ga‘u‘,~3 = O Ly O 0 0G4y,

YGa - 0 V52 = -1, A2 o o ocodlY
Gene\'a\ ‘Form: Ib - G ¥ = S

Node 4o branch relahong (evi)

'“:i\ = ‘U; \);\
Y, = U %,
'U;.-;, = ‘U; -'U-L .? Wl
Voy = Y, Vea
%y, = v, V52

v T

Geneal f?mm b= A V,
Remark

- The watrix A 15 called Hee wncidence mcﬂr'\x

S\m\mar\{ O[.' Eq‘u.a-"\bv\x

AL, = o (rev)
I,-GM = S ((BCRr)
Vo -ATV, =0

T
Ip- GAVa =S
yz". NG R Vo = AS
T
AGbA Vv\: _As
q Is

(node - to- branch rela{-nbvg
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Incidenca Makeiy

branches ——>
VoA > - - 3 . — b
nodes | I :
2 1
l ® ; (voxb makrix
'; e _— - —- - - —(Ql‘ -, o) n nodes, | amu.ﬂé
()

AE\ - ¢l .,t node L s + terminal ofy ‘omndnJ

- -1

o \.\* node L is not connecled 4o bmnckJ

Properkies
- A s m\_m.o.du\.n.t,m., determinont o&on\‘ squore.

submalrix o‘— A Vs +f,-1, 0or 0.
— A hoas 2 nonzero entries n any column
_ All columns Suam Yo zero (fi1+r-r =mo0)
_ Can delete o vow o&. e complele ncidence
matyiy ve. choose a arounc\ or datum node

Lt us now revisit the \:mob\em o\- 'uo\bje sourees s nodal
cmo.\\(s(s. How do we handle q;ol*aae, Sources ?

1) crude sowhow . add a "emall” resistance Wy senes
with eachh moltage gource
2) Qe%:rmu\ak_ e_c‘uahous > Modis-\'e:\ Nodal Aml\(s..'g

or MNA-
Q@

A e Q

AQ we howe V=V
ond GV, 4 XIg =0

We now have 2 eqns w2 unknowns Vs Ig

oo lled - T

So we can vow dej‘-\.'ne o s’:o.m‘: -‘or Hhe Uo\hﬂe Sourca
o MNA

F\oah% Uo\\'gﬂe SOurce.

SPICE VK Nt N- VWAL
. N - RHs
I'-L
NE O o i (o]
vk VVAL '
\- N- o] o -\ o
bronch K 1 -1 o VA
M node N+ : e e I - O
" " N- B Il = O
8cR (branch K): Vue = V. = VAL
Remarks
— MNA malrix and RHS can be assembled di +|¥
+h v . “The s\-o.m!)s Provid& a Convenient

o} assembling the equations
— MNA Con be oPP\.'ed o Cm\]f cireunt ‘
~ Some¥mes there may be =zeros on e maun
d..x‘aﬁona\ .
- MNA mMakrix is cloge 4o the NA madrix, It
ancludes NA &+ addihoual e.qua‘hov\s < unknowns



MNA _shomp for cevs
L L

SPE FK Ny N~
Net ! Nt
‘ e
":j L FVAL » tl
C
“‘:g-—-—' L—-—* N‘

Ne-
brande k
bﬂmc}\"] ]

NCr

KCL:

BeR

NC- F VAL

N+ T -

N~ cer = Wk = O

L -0

NC~ e -41' a0
Ve - - - FVA\_rta = 0
Vuer - Ve = 0O

NCr NC- L 13
*\
=1

+H

FYAL

What is Hhe MuA rqxesen\‘ahbu %0., a cesistor 7

Nt -
Nt
N-
branch 1 =1
o (& -G

w
|

-1
R

_|)

o >k

When would we need such a S\-nmP ?
- when Yhe cwuvunt *‘v\ro‘ﬁh R s rec(ues*kclas

on oukput

- Sowe ciacut element A,‘fends on {&

MNA Rules

D) A branch cuwnmnt s O\wOTs used as an oddihowal
wriable {—of a
- vo\*ase Source

- inductor
~ controlled 00\*0.3:_ source

2) For R, ¢, £ Hae brandh cwount s Yaken ag
on oddiional wnarialde only when
- Me Lrondh Gurant s an ou}‘Fu\'
- sowme il element ch.?e,nds ow
Me brondh cwuunt

General Formulahou - The Sporse Tableaw Aml\{sis (s7A)
C Bfm"\vv\ , Gustavsow, Fachtel l‘ib‘l—'ll)
«— b bmm\m-,

KC\_'- A Ib = Q ’ I\
I, = 0
r\ .
c nodes .
L'\ ea‘u.a-\-to»xs) (excluke i
3\'0und)
KVL " v, - \ \/n =0 Vi - Ve
VL - ‘_A J Vaa = 0
; ' bxn
equations .
(b eq ) v Yo
&
oee kile+ kKVo = S
(v eﬂua-\»{o\u)



Exame\es

Resistor Iy- GYy, = O

oltoge Source 0.I, -V = VY

Curtent Source L, -oV, - I

oo Ser\era\ wiike KiI, + keVy a8

Colleck all these e.c‘ua\-\ows and we Wawe Hhe Sparse tobleau

b — < b—> ¢ n—
T o T o
i___--\__ﬁ_L______ﬂf-s- | _
1 L
b 0 | 1 | -AT : = 0
2 A % -
f " —%
b Ki (‘ Ky o : S
L - \ ‘ J L V'“‘ J }
Obse(va‘\'\dxﬁs
- n o+ 2b ec‘uad—\o\a.s'
- 2b +n wnknowns
-~ A has ot most 2b nonzeros
_ A’\' “ " - QL "
- I has b nonzeros
- ki, Xy  haye at most b nonzews
moximum « us‘ nonzexos' 2b +2b +b+ btb = 7b

Matrix  size  (n+2b) x (n+2b)
> wmabnix s MtA)f sfarSC_

S vy o ST

- Con be a.FPl'\cA 2 ) any civewit .

- EC‘uaHons con be ossembled b\( u;s‘)ec,h'ov\

- Sporse tobleau wmakrix 5 w sporse

- There ore seuvtal +1, -1 entries (», l\",x) which

can be processed once

:,,‘;\nis\-ica\-c Progmmminj \-ec\\m'iues + dato
struckures {or cH-\‘meno(.

Rermark
NA and MNA con be derived -(-'rom STA

Example (NA)

AL, =0 Koy
V- AV, =0 KvL
K. Ib + k' vb = s BeR

Subshtute ‘gbr Vo » Ber -?rom ki e V= A,
2 AL, =0
KiI, * Ky ATV, =

Assume Ki s inverkble
A, = o . @
I, = -k ky A Ve k._",‘f e

PN ] -

= o &rom ®©

Q\z{'K,A‘) Vo = AKS'S

—— A \
NA node vulhaﬂu Souree
Mmatnix




ECE 52.1

So -Far we hove seen how o assemble careuit et:(ua\u)v\s

us\"ﬁ NA, MNA,  or STA.

The next Skf s 4o sobe these eciuav\—\bus wen S, Phe
sourca. areckor. So we now look ab Hhe solution og.

Linear a\ﬂebroi.c. equ.a:hous
lubiow ot Lincar A . \ou

Gvew a malrix A, o souree wechr b, solve J;or Hhe

unknown %
Ax . b

A s nxn and non-sinju\ar ( real)

x s Nxy ) b s nxi

Methods
- Direct Methods
+ Gaussian E liminodiou
. LU DQCOW\FQS\“WO\A.
— Doolittle

-~ Tndirect Mebnods (Trerohve w%e\'hods)

+ Qawuss - Jocobt

. Gauss - Seidel »

. Successive Quer Relaxatou (SQR)

. Kr‘\ov su.\ospo-u.. methods
- CanJusa\c gradient
— Generolized minimum residuals (GMRES)
- MR

Gaugsion Eliny noén'ow (GE)

A A - L
r ]
Qq [« YT W, Oun wy [ B\
Qav Qaa . . - Qan LS by
Qw Ony -- - ~ Qun | An L b

Solve s} ec\ua\-\-ou —gm' x, and eliminak =, fom other

U\ua\'\ows mu\k‘;\nﬁrs
YOW2Z = TOoWw2 - Qa1 YOow\
Qun
L}
Town » rown, - Qw  Yowl
[« STY

This elimination sk.P resulls n -

Qn Qv .o Qwn ‘\T 1\1 W 5, 1
Q (¢ Y9 ‘gl]_ Qv .. . Q:,\ - Q21 Qi Ay hra_‘ﬁ\'
an an Gu
’
. O Dng -Gny Qg . - -Qq\.\—eﬂa"\_ L’l“‘\ Lbn‘a__'“d
an

Own an




f?g,‘;ea\' process to obtain

.YV Qi . . . "Qn .1 1\.\ b,

(O] (&) @

Qo Qqa2 .. . Gaa A, b,
o o .. . 0:“ -

(M) (O]

(o 0 oo a2 |]a] [

This 1s an upper %uarﬁu\af S s\e.m {.‘.«om which one

con solwe An, EKn-r, .o - X usw\j backuward subshhibion
(»)
An = bn
o““m
@ v
An-y = - - Qw. [ aa
(=
Anr ney

Summarize the Pmc_eAm—c_
ri Qr\ﬂu\ aizatioun
For 1= o n—|§ (each rouo)
F‘"J = iv1 4o wn |} (each row below row C)
For k = 141 ton § ( traverse ow

ALa3ted = Al - Iéx]%l A[t][k]
é ) . ALIT]
b[+1 - bLI-AaDI0] B[]
NN

At step

1 divisiow l/A L]
@-1) woulk licakions ALI ) w
Makeix F ) ( ALY [0
@-D(n-i) ALALD Y« alidled
AGIG]
G-V (~-1)  additons AT ~
(n-9 multi P\ico\w;)vu A[J] L I) e b U]
RHS AM[‘
-Y odditowns b1l —

Total # 0& mu\RP\Cca\'\ou/le\S\bv\
= e @Y+ H-) r ey
Rus modi freahoun

= Q\-D (n-iv)  « &:_,) RNy
RHS ALIL]

Sum  these &m 1 30\?\3 -?mm L 4o n-y

)

2 (n-i)n-in) = pdon oan?

=) 3 3

n-t

2 ('\‘L) = 1\1-7\ = V\_z

L= 2 =z

Remark
Gaoussion ehiminatiow rec‘mi—es ~ o?era\—uev\s.
3



. Back Subskiuhon
For 1a Nt o ¢ 9
For A irv ton

Pl - blid - AT« aD3]
3
(1) - b1/ ALIGD

Total # O‘» o?er&\‘\o;/\s
n. divisiows

n-\
Z -4) M\A\\i-?\l'ca\\dv\s , addibons = nn

= ~ Y\l
L=t 2 Y
Remark. '
Bock Subs’nlk&\'o“ requuires v v_\:“ o erahions
“ s °f
P: c.\’ora\\:‘
Ax= b ﬂ x = '\;

Problerm .
- For eoch new b we need 4o re triangularize
e malrix. This can be ex?ens{vc!

Can we do $ome\-’m'ﬁ about & ?
!ES
Sane ¥re mulkipliers Qﬁ/aj} dumnj —\rianju\ariza\-téu
b‘ mdiﬁ{r\j 4he ehminahoy process

> LU &oabrizaHom
Ax = LUx =}
e

LY Decom?os'r\-\bvx oY Fg:_.\gg\za\’\m

A = LU
To SD\VQ. At « b ? LLUK) - L
¢

Fiest  solve Ly = b

{orwarc\ subs’t(k-\\o\A
Then ”

Ux s“ bock.

Let us Cownsider how +he RHs wechor s u.Pdcd-u;\ dun'r:j
e GE process

b - b ,
La(u = bz - Q21 L:‘) - \’1‘ Lan b'b)
Qy,
L (] ) ) [T
n - \"v\ "ﬂm_\:l ‘Q_"Lba-- - Qan-y b,\ﬂ
au Gaa Oy, nt
() a (n-1)
= bnc ek - Lab? L L b
of \'ch'\'ar\sﬁ\j we hq_u&
(O]
b -4
2!\ h‘l‘)‘} bﬁL:) = b,_
AN
+) (&) (o,
Lo 87 Lo o WY = ba
e, L = |
Ly v

(vu Lﬁ‘). - — - - - 4L




H"e"no“vc\x, one can start with Yhe LU malrices

[ 1
La o ...-.-0 Ua Wiy - - — _uml G Qia oo Qi
L, X3, o...0 0 Maa ... Uy, Qi Oaa - -- Qan
] Al -
\ 1}
! \ {
LLN LM.- - --L"'\ 6---- ‘ou'“_‘_ Gur Qua - ~-Qua
hod .
+ o‘ unknowns W L 22v = D)
Ly 2
m U = nin+)

F
nnt) = nen

> Total # 0(— unknowns =

Howesrta, we have n* eciu.o&\o'u_s
> n dearees o* —freeclom

The etiuaho'v\.s Yo be solued axe:

Ln U = Qa

L” Ui = Q2

Lovuin ¥ L“‘L\lp\ v - 0"1\.\ Una = Qnn

n (same qsii\GE)

Doolittle Set x-“ - i, L=1,...,
Crout Seb Wi =, w=ny,.,n

Doo\i ’C\’.\zls A \30{\‘“\1\

Li = 4
The whous oxe sowed »n a Powku.o.\a.x, sequence
1) Solwe {-lrs\ Tow o\\- v

2) Solwe %\"r;\- coliamn °$L
. ) 45

Fov tow i: -
“"',\ = a‘\J - Z Liw Uy - irl, ...n
k=t

Foc column $ J=
Ly = (Q.c - 2 Licugfuyi  as jei, oo 0
J ] - if ~l) R ) ’

Qgra’\'im\ Counts

v Lv {odorizo:\’\év\ ~ r\_3
3

2) Forward Suhs\\'*u“ou ‘ i a -b ~ n; o‘xm&wm; :

= ~ > I'G“\.D
ﬂ x J v_}- oPe us

Remarks
- Operotion  count is the some as «n GE

— In GE modi% Hhe remdu’mrj makrix whereas

Hais \s not the coar b LU, ~ Touch row/column

Dack  subskhuhow

3)

enfries ‘
- When mulkple Rus owe used, LY -[dc"oﬂ'zat\‘u)w

15 downe ov\k( once. The soluhou is olbrauned




&

b\‘ %,mo\rc\/ bock solwe on eoch Rus . Thus Hue
N oo o?ero\'\c'w\s reﬂ\u'red is ~nt. Wit GE would
[ 4 ware ~n%o era\-;om.s

- d,gcornfos'\\-(om con be \;e_rgormeé wn g\aca e,
wikh Phe original malex,
o

No additioual memor
usred. Once an element \n U or L is compuled

e corres‘x\n&_}ﬁ element o-‘- A is not rec\uu—e_q\.

mmo vizatou
To solve Ax = b
d&com?ose. A— LU
-
Sowe L‘ =b ‘¥D\' Y (Fs)
Selwe Ux =y for %, the solhou (es)
Problerns with Gauussian E\(M’\m\'\m;\
Av skf L 1
\
L SR | Rl
“ '. — Row)
o &
S_T?OSQ Ait = 0
C + v WISt b Ac 4o o Ap
anno P“&"’ m division X v 39 _73‘_:

So Now does one Froceed -(—rom here

-

Pivoting for Accuracy
Example 1: After two steps of G.E. MNA matrix
becomes:

xx 0 0 00
Dx :.Q.....Q..)(..O. ..... “\ U I

1 1 AN
Pwo".s OOﬁ —ﬁ 1 0 :

R ; |

00-7 7 01 | 5
00ix 0 x0 L A
00:0 x xO0 ; |
xx0 0 00
0x0 0 xO0 v
1 1
005-510
000:0:91 N U
P.Nof-o/ O 0;\)( X 0 \\‘\
000 x x0 )
: L A
(4)
L, = a_i“:‘_ = oo Il
al?
0"




.....

®

Solution:

Interchange rows and/or columns to bring
non-zero element into position (K,k):

011 xx0

lxx03> P [011

xx0 xx0
Example 2:

1.25 x 1074 1.25||X1
125  12.5|%,

- 5%

solution to 5 digit accuracy

x; = 1.0001
X5 = 5.0000

Assumption:
Finite Arithmetic: 3 digit floating point

Gaussian Elimination produces
Xy=0,%X2=5

However, using row interchange
Xxy=1,%=5

1.25x 1074 1.25)%1| _ [6.25}
125 125, [ 75

125x10* 125 |x|_[ 625 }
0 -125x10%XJ [-6.25x10°

v

Xo = 5
(1.25x10°%) x4 + (1.25) x, = 6.25

v

X1=0

WHY ?

aqq is too small relative to the other numbers

13
Fowm Asv

14

Frow ASV




YT SR

Pivohing Shraleares
a 3

Porkal g'wob% (row (n\em\non\rf. oan)
Seleck T ¢ such Haak y
Lagl = mex oy ‘ i
t-J...'\ ) 72
ond m\-e.rc\nomae_ vows ¥ ond ¢ ,
e ‘u\d the moximum wn Hhe column. fs&n.k areos

Com?\e\-c ?;voh'nq__ (tow and column &\’rm;\nanﬁ&)
Select f\Jonc\ s sudh Haal -

|G| = wax | ay] N
Lek,-.n N PN
Jrwen |
ond wnter e fows ¥ and ¥ and <
columns s and k. "/
1
‘e, %A Hre moximum n Hhe subomatrix. ::—/?s

There 1s Some am‘n oul tiis 15 an gﬁgens‘,vg process .

Thre \d puv .
- G‘FP‘\‘ Fo«k%\ P;voﬁnj on\1 *

\av«\ < GF ‘a:‘*\

- Q‘fPH CﬁmFEk F\VOR'II OI\\Y A."

\Qu\g\ < e? \Qrsl

where &p 1s o relatwe \)\vo¥ folerance |

@

e naxt C\uesx-ton we musk ask s how Occ.um\d«‘ con
AN solwe Ax a2 b 7
< = (‘,omru\u\ soLut'\ov(

x e Exact

. 'S
The error 15 €. x-%

Erroc _mechanisms _
- c.ond'\hbn'\ﬁ r-e. almost suau\qr matrix. In Haus
caose e Qre Ou\' oﬁ- \_uc.k

rou.ndin

[ numer i‘ S\'O\a.\\.\\'\‘ 0‘\' method

Review O-L Linear Al Se,\ora

n

Consider m wechors Ay, %y, . X € R
scalar & ¢ R

Span st o} oll jel?\" such ot 3=Z o %,

azy

Basis I{— SPQV\ % '1.,__‘1,\3 = Rn Hen A, --2n Is G
basis ‘E'or "

Linear Iggﬁg_enézr\_cg (L3) welons x4, _xw o LT

Zd\‘lg =0 S ol =0 J{wal\i




Ln;\gr i\ﬁk"—’! 9‘{ Equa’f\év\s

AlnL’ ‘LJ¥ER“

Lw

A \s nonsingu 4 Y be R"  Miere exists an 2 e R"
s.t. Aw = b
of -
S‘)omzc\,--- Cn? :‘—R"
oR
€,C,--- Cn o LT
oR
IQ Ax 2b then % s unic(ue. re, there is no other *
‘QD\' which Ax = b
Norms
ec Norms

L “1“l = ll..\ + \1;\ v -— |1ul

Lot W%l = dtemssoand
Lm . “X“n - “9‘ \1‘:\

Prog«\-i es o Norms

Kzl =o u\—\— * =0
Box = el e )
Beeylh s Wy iyl

Tnduced Makiix Nocens WAL = mox JAxl
" rpo Qi)
L WAl = :\;\:“ g:\acj\ (mau coluwmn Sum)
Lo - WAan, = ! \araes\- e‘ﬁenva\u’osv AT
Lot NANL = max 2 lag) (o wow sum)
Lelen A
For_maltvices WAl ¢ hallisl .
T conditioning Y
~J X-4Y =0
¢
Y rryg o=
I-Aa - 0 1&3.\

7 X

well-condi Honed system .
S\(Sh%' Feﬂurba‘\;bovxs do not c,ho.nﬂe ¥ne soluhou si nig(mn*l]

1) 1—} = 0

x- |-o|\\ = +0.01

Ill-condition sysiem
A Per\ur\oo.\-(ow W\ one o‘-
e Lines can result wh o \arje_ chanje in soluhow

T —7 %

Remavks
- When dl- conditoning s a Pm\o\em/ an chmPF

must be made 4o umprove Hhe sxfsk,m sv\»
uations

- Extended precision anthmehe will va.’de. oo

solutow of ‘oelter c‘ua\i\*\(.




Pertur bation P\f\a\:‘.ﬁs

A = Ar8A due Yo rmm&oﬁ— wn GE
x - X S fne change wn sowtion due
{o the unw\al.n\'\l W A
S we o solw

LA& Sa(nas-u) - b

%4—[\81# SA x t SASx = X
> ASx SA(I«»S?L) -0

or € = -A-. &N (1{-81)
w\wereb\‘ “ ‘31“ < | A-‘ “ “ NY B EE 8"-“
.". relahive ervor 1EXA < WARPK'Y LAl
Wxrsall ——  lA
®(A)
K(A) = WARUA'D is called Hhe condihouw number o(— A

A lorge condition ruamber 15 bad 3 il couditiouned Mmatrix
Example

Lol L

This problem s not hard to Solye : @ d\'aﬂovxa\ sccxb.éxﬂ works

Ll (] e

BANL NK'N, =10

QAfFose. Yrere (s o bﬁ-karba\-\ou w b
b - b+Sb
A - e B
what we axe so\vms s
A(x+8x) = b esh
A +» ASx 2 ¥ + Eb

S 8a s A_‘S\,
or |18z < MK WSk

W S < \\A\tl\f('ll\s\,u =7<,(A) fLsul
EY] bl bW

fom Woll < MANDxI)

((becomse A < Wan
[\ 9] Woll

Remavk .
When ®(A) s lamge, a small relatue Fedurbakou

v Ranb produces \cmae relatwe Perhrbajnov\s "o

Qouﬂé\;na
Lot € be the machine P*CCXSlOV\ or reso ol ’for

o %\oo.hnj Fot?ﬂ' number

c.j, s\nj\e PfeciSIOM ¢ 2 {0
double e = lo’“
= e =1 whereby € 15 e machine ‘)reds(oq
Le . V+i10'e =1 but I+ 0 F 1

Thaus 'for any %loaknj point number a, @ is s machine
veprese ntohon and
la-al ¢ elal




H
1
'
g
i
3
i

Thus “Sk“a - “;‘-h“. < e‘k\\u
isell, = Wb -bl\, <e€hbl,

and N6z, ¢ NExala v Rexelia

-

Remaxk
Even & the algorithm Perk-eg\' we st haye

s 2¢ WA jixla

on error M the solufRouw ovnt e c,om?u.-\-er,

| o\
i ()
Sggx o{:GE
Aw = 0.1 i
o] O-1 -
' o1 1
\ 01 §
\ Q-1
QﬁF 2 o\'—_GE
AQ) - o1 \
o 01 -9
o 0 1+ 90
] 0| 1
o-1

-

N

@
We howe a Pto\o\em here  due b round oH W the
subtrachou process

1- a Icuac. number

Let us now lgek al x‘)mh'o.\ pwohng
' J

Swﬂf ow u\\ * \au\ > \a;;\

&()_Q v o ' E

0\ o} 1
\ 01 |
\ o-1 \
' 0\
Step & -
\ 0\ |
o -o0-01 09
1 0. 1
' 0.1 |
| 6.1 4
Q&D\'cgy \ o -1 |
o \ 0.\ \
o ~0:01 (e} 0-9 2
1 0\ \
L ' o1 _|
Q 1 0.y \
o 0- 00\ o-Qi
L o\ 1
L 1 o




v A B v b i

§ rcsulnacadnea

Sca\\v\j ond E$u.\ hbrok \on

Consider

., [ ) -1

There are &Q—‘—erm\' ‘p\m‘sim\ c‘ua.n\i\-\;zs Vil wn the
above S\‘ékm D-k wathous (Volts % Amrs)
= w\de\\l ‘Uo.rrinj element sizes.

In ¥Yne ,?.boue. example  suppose current is solwed o pA
Le. I = Ie/;o" or Tg = 10° Ig
Then ¥e aQbove matrix  becomes

o ® T ]{v. l = ‘.o‘l
\ [ fg \
Here we hane scaled an unknouwn - Ig |
Tn qeneval
mu\‘\i?\xin ety element v column | by o
cownstant o« s equiuoim% +o scoh.rSS the (W unknown
e, R, o= %
] <
, mulitelyin eement W row 1 b\'

S{m\\w\\‘ A
PR 2% eo‘u.ahow e, b = Fi be.

Pi scalus the

Twus, e obtraun a av:s?wmec\ &FR\M
AL L b -_— A A = L

e, D:_A b|1 = DZL
D= diag (b, --- dn)  ond Da- diag (B--~$~)

| 104 ] =, - ‘l04
\ T A N
Sm— XK o2 Ay o= 0-94919 t+o sour Aec.-ma\s.

Us\v.\j 3 c\\‘s\\' accuracy, Yhe wm?u.\td solkoun s
(4.. P\\lo") wy =\, *, = O which s wncorveck

-4

Now mu.\\c‘.(:\1 _gu,s\. e:‘uo:\\bu \o,\‘ 10

> { o ' [1\] R [1 ]
\ o't %, '
US\r'\j P&\"“:&\ PNO“U\j Q2z s Hhe P\Vo*'

3 Aaml , A, = which 15 @ good soluhon

Remarks
- The e\-‘-ec" o} scoling on the ocaura o\-m
sowhon ot well dnderstoed i
— A tore occurate answer will result ‘Jf before.
Pwoh}wj Hne matrix is scalud such that ate
elements i the matnx are aboul the same

ng_u_squ.\\_lbr_a‘m max |ay| ¥\

\SJ “n

Column_equihbeghou mox |agy| ¥

1slsn

Makeix 15 ec‘ui\ibrake\ * ¢ is both vow xcolumn Qquilibmkd.




A~ ¢ -\ \ A =) © -2 2 \e\&
-\ v ' 4 -2 -¢ 1ve

\ \ 1} 2 tre V-€

%U(A) = 3 P GE  with Parh‘.a\ \)woh'nj will qive
on ocourate solution

Choree au = € Os P"wo\' wil hoave o disashrous
'g“-e.c_\- ou M acc.urcxo.( of He meu\eA solutou .
LY

A = Ay

Now scale

Ay = %
e ? 3 ‘;"
R " P -c e equilibrale V-
By 1
- - e €
! 1 & €
‘K(;\) = 3 ve \arae > wnaewarake solution
€
Does row-sca\inj reduca 8rou)\'h s F'wo\- order 18 w\c_ha,a«\ ?
No
SCA\'mj
Consider vow 2 ok malrix
scaled tow 2 = Ba Y_ Qi @22 .- - a"-_\
821 = 51 Qaz — Palaa ﬁﬂn.

P’. Qaun
= Fz (Chz -

Qa3 G ;
Q Qn |
ust a scalin ’

There s no rou_nAoH. reductiow and hence jrouo‘“\
vs not offeded 1

P\VO‘an xor Sparsi\L
g N |

Fivet  we d@\\ﬁne fwo terms shuclural zere and flloin

Stuckural zevo  1n o malrix 15 a malrix element hat
\s zevo resard\ess o{— Yre element nvalues,

Example. . ”

GQtG ¥ Ga Q. -Gy @ t
- Gz G2+Qs (o)

-Ge Mfc\f

These are shracdtural zevos

beturean nodes ® * @

Gy a3 6s

~

because ‘there 1s no connechou

Fi\\ -an A s\'ruc,kra\ Zexo ‘H\o.* becorne.s nNONzero clunrﬁ
,gac,\—ofi 2oiiow

X x x fiesh s‘tf X X ®

x x © ﬁ X x %.\\ -n

* o = x © ¥

I Hthe above moadrix was reovdered ag

x * -f-“s\'skp x x No E\‘,u-u;
< x L: N .
]
x * X x % *
Ftll-ins  can e bod 1 terms 0* .SFOYSV\'Y \:eco.usQ

can Cuale oddihoual —‘-i\\s

Fhe
1 \Qeorderan can reduce the number o%- fv.‘l\ms,

|




it

Kg Tdeo
MATRIX PATTERN

(w duow\?os-c\ with Fil\—'ms) Whare. can o G&l\-w’\ sccur ?

x x x -
" here  here
0 T T Al T T ] .t.l‘.‘._, 4 hcu kue.
- . - =
o oML R .
as at An  eskimate -fur -G.\l-'uo\s is Q'm row-1) (& »n CO\-l)

excludes d\‘aﬂoual

The Moarkowitz Crilerion s bosed on m\'n'\m\z'mj s product

Exg,ka

' 3

A= U S S T A 9 ¢ 3

\ | o o z' > i > - -

o t 1\ o 2 - 3 2 -

Lot v 3 | - 6 4 2

! a 4 3 2 \ b v —

‘ Mar kowitz ‘:\'Ddud's
1000 200 400 622 3‘t_:SOO 800 1000 —W\evt.{o(e., one. would choose a,, as the ‘>|vo+
nz=

T‘P\‘cq\ Movkowitz ovder{rl:j on areat matnes uses
dl‘o.joua\ F\vd\n
= decyease. Cost ‘OQ Markowitz counts
> preserves matrix  numerical prw erhees
— NA wakix Is diagoually dominant
—MNA Is "cClose” 4o NA 1




vt B s o nin A

Markouwitz Reovderi nj_

{nr L= A\, N

D Fd y 2l to miimize Mackowitz product

L# o} nonzero A Tow —)C# ok nonzem A ol -1

2) Swo{) Yows Jul and CD\.u.mns"\af\c\;. So
Yrat ay) s e Pwo\:

3) Deler mine —Q-L\\-'ms and ufda\c Moavkowi btz
\)roduc\vs

Other Criteriown

s Yhe minimgm -gi_\\-(.v; eniterion. Here
Bre next pvor 13 the element Phak Pmc\uces Hae

Minimum  number o\- Mans

The achlual number o‘.— fl-ins s COM‘N\QA for
coch  potrential Pivot

Remarks

- Ths re_orAerma con qwve quite a dt rent
ordenng Yhaw Mot\-o%o'\\'zc‘ \%\-&

— Ex?er\men\a\\\‘ Moxkowitz s Qos‘r ond wovrks
well |

What W ens Uo\nen Hrere 1s ahe f‘m— P\vo\'s?
Use He breaking rules

NZUR = # NowzZeros W an upper \-n‘mrﬁu\ar row

uic\udw'\j cUasovua\
NZLe = #& noOwn-ze€ros wn a lower Hia\rﬁu\ar col

wnelu Aﬁmﬂ diajov\c.\

Now lets look oF warious Orde_r{nj s He brea\u;'\j Si‘ﬂlkj.\es

»

Markowitz. : D man @zuk-p* (nz\,g-‘)

2) T NzZLc (o.va(d divisiows for

Ae.\-erm‘\m'nj mu\\i,‘;\'\e.rs)

_B_:n_‘ . D) man %‘.\\-m

2)  tax NZUR Gef vid ok as mony non-zer

3) mox NzLC elemenks as Poss‘\b\e_

Heieh . o Row singletous  (Nzuk = \)
1) Col swﬂ\e\ov\s (Nzie =)
3 Grom,wile) = (33), (23, (4), (42, (33)
41) min ona-ﬁ » (Nz._c_.)

5) fMox KzZLc

Nakhla, - 1) M {—c\\— w
2) Min  NZUR
3) M N2ZLe

Exg)\oi\'thj MuA_ shructure

® * e
- 1
branch L | o l
n_——y——’
| Smj\ehu

Have @ singlelouw wv a row = exce\lent Pwo\— choice
(Mavkowitz count =0)

However | not ow e maun d\k‘ﬁoua\

> preprocess e mahrix \)\f pre order\’njﬁmMuk

i




(o)
o0 o -
o 0O -

t %3 and 2% 4

Su)o.f Yows

\ © [s] o]
(o] 1 o] o}
G, -G | ©
_GI q| O ‘
So b‘ pre Processmj Yhe rvow smﬂ\e’rous haue beew

maode ?wo\'s \

SPICEA%E owo-\xlnq é\—m)req\f
v J JT

Markowitz element on main Aiaﬁowx\

VD) Choose
2)  Check  with largest element n column |3 ma|
& < €a + €| Guax| €a= V0, & 63
re QC\' PivioL PIVREL
Note e. = 102 15 Ked 4o amin
-1 .
IF &miw < 1o pvior should be aﬁJbe(m‘l'cl\}

odJuslrec\
3)  If vejeckd go back ‘o 1.
If ol elerments ou d,\‘ajoua\ -Qal\ test, seleet

&)

Now Phal we know how to solve Lineon o\Sebn:uir. equo}\bus

leb us vevisit +he issue o makiix sPo.rs'ﬂ-T_

Exgmé&
n = 1000 et‘ua\'\dus
dense matrix 3 sbfuﬂe. %of 000 % 1000 numbery
1e.10°  Aumbers

o double precision number requires g bytes ot sh
P > ?Mbﬂas s\roruae. ! 0\- T

3
~Non o era\'\oms

Gowmssian Eliminohon
~ 10" ,gl\of:s

N\m‘ should we do dense makix soluhow when e
troiit malrices oxe SFOJSe?.

l_{- we ex?\o‘\\‘ S‘porsfﬁi_

~ 3 nonzeros/row = 3000 nonzewg

«  MNA
shraae %or 3000 NZ + Sowe over heod
~ 6000 double Pre.u‘.s‘éu numben
= 48KB storage
« GE ~ oAt -t or 2x - 32Kk (—\oFs.

We wneed do understond how + handle sPo'rs&malch
e and computatioual eH—orF

reeduced sho
)‘e\/ =~ SPa:g mokrix -\-e.chnolﬁ‘ (sm7)
Tesues wn  SMTI
- Do not shwe zews . Usge s\oe.oh\\'zecl daka.

s\‘mdures

- Avoid +rniviol o\>emh0ws e, OxL =0, O+xA=X%,

— Avaad (oos\;\j .s{;arsﬂ\( > Plvo\-{nj {lor sFarsth

\)wo\- oukside Hhe o\n‘ctcjoua\




ERRCT. SX P

-

%Ma\m Dolo Shuctures

Example (- 5 3 o
7 + ©0o o
o 2 3 o
-i 0 5 2

S\mP\cs\- way b shre Hie sporse mahix 15 the use o}.
3 orrays Ay, I, T which vecord +the nowzero pabern

N
3 1 2
\ ! 4
7 2 \
\ 2 2
1 3 2
3 3 3
= 4 \
5 4 3
| 2 4 [ 4 ]
k“’ I J

With +his arrangement on\\‘ need o slore Hhe nonzerog
Houwrertiis 1s noY an e“«.‘cl.mi— asucangement when oue

wanks b do GE or WU %oc\wiza*(w on the matrix

Requivementy ol ghorage Yechnigue
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- velurns e.\cme.n\-'.,\ o exists otherwise
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Reloxohow Welhods

Lol -1

Soluhou Usmj GE s

EREER
lﬂ o]

\a v i
Guess X, Solue {or x,
Use x, (or x.) and solwe 'fo %y
&fe.a\- e Frocess
Exome\e ‘ . .
X.°= X;o a O; 1‘ = o ; x, = \/11,‘
" w
x, = 8 = 0-8889 (af = L)
q
e ¥ _Lx,:) - 2 = 0 0988
9 L4 81 o
ks
X3 =

So we see Hiat the &erdwc process comaaes to the.
correct Soluhou

Ct.rw\' mkr?rdﬂ‘\\ov\

HETIELE

Ca\w.\ o.‘no\« og. V

Suppose A = [‘/e -ml

-g e

Co.\ou\a’nou o\— V

The soluhoun us”ﬁ GE = [-o.q’k

-0

et us cousider {he reloxation process

Ll L]

“The. " devahiou —(Y’ormu\a is o 9%,
' 1.1““ = %+ Qx.k”
Statk wiba 4, -0 > %' =o
12' -~ 8
Ill = T2
" = 65

The  soluthoun C{wﬁck\‘ d\\/eraes\_
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Queshous

- Wnder whal condikous does the scheme conuerge ?

- How ‘Qos\' does Vne scheme c.okucae.? Should not
rake forever!

- If the scheme conuerges io sSowe x does x solwe
e Or\a\no.\ ?m\o\em

What do we mean bx ggme.raena_?

Lk 2" be the sowhou of Ax:l

Let 1 be the W devake of +he deraluie methe

DQ‘\..I\& QL\‘ - {o -"K’ Qs Yae eryor (\.Hf\ \L\-ua\'l[)m

Cﬂ\N»XAa

' W eEll, » 0 as L wcreases mAa\)em\m\"
(or \"ﬂe “niheal quess ).

Consider Hne lnesr s;.';k.m Ax = b

Qe Qi - - - Qyn Ry b|
Qi G - Qu‘ L 5Y = ba
' . .
' ' *

1
\ '
Am Qm - - Qg An b»\

Gauss Jacdy Method

For k= 4o convcrﬂencz.s
For (=1 4o n$

Qu’*tw = th‘ Lk)]
} f [ W
Z J’a P 2% ’

= J2in

Gauss - Seidel
br o Yo C.onverjgnq$
For ¢=1 *D Q) ? 1 "
q“_'l.‘ (B - 2 Q..J J — Z atl
J= J-u\

Mo brix Descr\?f\wéu %\1 Yhese moalviceg

A = L+«+D+rvy
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Qu Qu --- Qua o O ay, 0
QL\ Q34 ---au\ Qay o

Qs G320 ~‘
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Quy Qn,y - o Qun Qwy Qaa ... Qany
S [o] QH_ - - - Qu\
o o Qa3 -~. Qan
TS
Q Y {Qn-un
]
Gauwss - Bcobi

Dx® = b- (L+y) &0

o W .- I)_‘(Li'U) 1(3-\) + D—\b
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(L+D) N S T TP
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Com?u.\'t- the ervors Qmw« ‘Jerohouw ¥ Yo w .

6-1 1“-1“") - b—\ (L+U) 1Lu...q) - b-\\a - _l(u-p
" Gy -
‘ (—D(Lv-u)t +0 \:)
LB (i) (00 0)
@ Moz .
a-s Y ey o o'
- (Y (- )
e~
Wes
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"‘0‘) = Qog° "-@-p r (r.(p‘)—zwt))«- —_—-r (x‘“- ) x®
L S

=2 M) A

L=

Under whal couwdihous ow M con We ensure that He
obove series cnnverje.s

Scolaxr case 2 é%n‘.k'dd— ) <t

Mabrix /aeckor case 2w (1.(')-1(')> S &w.n\k-kh- mox | A <
where % W an eiﬂenvod.uc er\_ ™M *

Remarks
- Ig— A S“‘n’c\'l\( e\\‘ﬁor\a“\l dominant, G-Tand 6-S
covnwerqe,
- T{ 6T eonwerges Yhen §-s converges -‘:a‘s'\w +$?om G,_j

divu-jes " "o verjes

Ece 521
Nowline irea
Id - '[sct"/VT -l)
A/
where Wy« W1 & 00238 V I L&'@ 1"\’5
%

Given o Lolue o‘— I bhow do we

debermine V7

In ¥his case owe can come up wi Hh Hae O.na\\(\-\'ca.l.
goluhow
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s

~16
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How do we sowe this Pmb\e_m nu.merica\w.?
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Loy ) 1
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e v t "2 4 v
_) Find this Fo'\'\\'

The F\’D‘o\em 15 ¢ Given {:(v) 20, Sove v
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Quﬂ)oso. V® s close o the soluhou V': then o Tm(\ov's
sevies exPMS\éu adxs

o= f(v*) = ) + ?Sﬁvl .(v'—-V') wof \A(v"—v")"

2 vt
where Ve LV‘J V'J

Sinee V' 18 close Yo v we hawse

{.(v‘) v Ea%lv. (v*-v') &~ o0
or ot (v'-v') - - E(v’)

ov ve®

Newlms method s based on the above idea.. The
derates amerakd by using a lineorizatiou
o&_ he {und—\o»\ oF each dedahiown

At Jeroh K1 T Hv)
f'(v“’) = - $(v*®)

] Gy -y

This is Seew %mm e &o\\ow‘nﬁ v /

i v’ > Vv
{'U) o~ fLVQ‘)) + f’(v‘“)) (v—v“") //(

Solue ‘?(v) 0 3 v {:(vts)) . f'(vw)(v@”-v“) -0
oe VETL W f0®) /()

The  sequence Ve, v vy s such that £(v7) <o

)

xamPles

) Diode Example: f(n)- -1+ L(¢"-) ("~ 0772)

‘f’(v) - L_ e'/VT
Vr
Newlows Method > v v o [-If I,(ev/"—u)]
L e""lvT
Vi
z) Linear e_me\e.x f&) = =1 I -D

f'oo - 1

Newlows Method > " . - (1"—1) - 1
i

Le. Converges +o the exact soluhou reﬂarc\\us o(—
Hie nital 3\5.:55

3) S“f]‘“ﬂ‘[ nonhnear example.: ‘f(x) - (x"=4)
fe =ax

Newtor's method = ' = " - (@Y'-1)
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L 3
= X o4

ax™
. .
1.' - 0.5 *®x = o5 + i a 125
2 2x 0.5
2
k2 = 125 3 \ = loag”
> 2x 125
o N P - 1.000%
> 2% 1-028
-y.‘1 = |.00
3
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2
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Linease Conv ergenf-c
\\1“"’-‘%'“ A Yl\*g—xrn vy < i,

Qu__aAmks_mm_&stma-
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Newlow s method has Ciuadm\-ic. Qonveraenu_

FG7) = (=)« ’LL\ NOEY R %L\;(* -x*)" 0
Newlon rerohon s au,u\

0 = (_(1") % 'QS_\ M —xh) Q)
Sublrack @ fom ®
o = Wy (AM-xT) L 7‘2\ (="-x")"

3+ ox*

> ) - @t,\,‘)“y;—tl\~ ey

x

- 73;[,1)-‘ 't \ (» —x)

Suppose ( l ) (u> is {—k?‘unfed by % indspendent

Then \\Xm -a¥ “ & d “ a "7‘*“1
What does the cowditiow “ ’g{-_(xk)-"b:i(x")\\ <o mean?
ox Ix*
- ?:}; s bounded

- 'gj; s bounded o,wml Qrom Zevw
2x

- les -
D) Q(‘L)ﬂ x*-t =0 ;

3_5'_ - 2x ) 'Q_i' = =

ox ax*
C Newlons Method 3 et - i("‘)t“ l
ax®
= x® o x®
> ax*™

This P-xamp\c has quadm\'\.c. Comvergence because.

S 2 s bounded
ax*
2 . 2x  ts bounded .
ax
2
sl € -l /2|x‘|

-

2) {r(x)- %X =0 (1'-0)
24 - a2r 5 2E .2

X 2%
1 '$A "y w\
Mewrons Mebaod * R R (N D
ax™ >

This method has linear Convergence

AN
w
2 -0 = _L'L"- QO = #1* ~-10
> 2 2
LA ® s w
w R = %} % -1 % .,___L('L-’l)
2 2 2
*

l"l *-“

This is so hecouse 28 = o at %x=o
x

2 G_ﬁ)’l s not bounded ot ‘he solution
X
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then the sequence 2% converjes o »™

This con be easily shown
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cons\c\er\ nq :

oo ] 4 ]t ]
< .‘Y\:—l'l\lav.'
< \x—x
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Tas & « s bounded (\e 2}_ s bounded aw %omzefm
% and s bounch_d)

3x*

fhen Ne\d\‘OV\IS method  Will converge qiven an uhal
cauess Yhat s S»H’\‘mr\\'\s( close Yo Hhe solukow |

What do we mean BY &L‘f\—\w.nH1 close ?
fo ,‘ 0

Potental Problerm

D " s not close e-nouﬁ\n o »*

;.) Evvor v derivative

In this porRaular case onme
c‘e\-s oscaMahons !

3) D\‘sgon\cnu).h{ n suncho‘u fe) 1)

fo) -

Because Hhe / x :
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Ve ce
) f 2w - %] < &,
However, Hais s not &».Wd.en’c

s w this examp\e. awhere {(1)
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2) b D) < &
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So {-o( convergence vUse both
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Mulkdime se
JIa ae,nero.\ f(x) and = o n-yechors
& 3 \R“ -2 ‘P:‘

{'("-') - ‘F(l.) * %%-(’:) (*"”-') + V\\j\ntr-o\’der terms

As be&arf_ sowe {or % %mw
§00) « B (x-**) = o

The terahie ?roc.e.c\ure s Yhen
S e

or 2y T 4 _5{.(;") v ﬁ'.\ 1
) S x|,

This is a SJ.(S\(—V\A 0\» Linear ez‘ua\'\ous Ax =%

where

a
CAIWS

'g}_\ 'S co.\\e& '\'\r\o. Jocootan o? .Y- eualua\fd Okk"lk .
2* BT Also danoted by T(xY)

Noe  T(x) - 28 - [ o ab ... ab
X 8 LY s IRy
% oah | e
o, L 91n
| o b okl
DRy DN 2X
ahnere -&(_1) = 1) and L 1%
&‘L(’l) s
fal) ,;_

Quodvokic convergence e\- Newdon's mebhod (uw\w—&?ksm)

ln—\ - tv. _ _“.“(‘n) ‘G(l‘\) )

Seppase.

D \\1 -‘(")\\ < P bounded wnverse.

3} T(x) s lipsehitz conkinuous
| 560 - IM|| < L“t-\\“ v %%
They
. 2 cov\uerae_s o < (dhe .so\uhén) vaic\ec\ a®
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re. c‘uaArth'\c Cnnvera enca_

What does Yhis all mean *

D) Device model uwohons must be conkinuous Wit

conkinuous derivatives . Derivahive coloulahous
must be accurake

2) Provide o qood wital quess .
3) There should be no flooking nodes.
A J{\m&nj node 3 smju(jar Jocobian.

- Node @ 1 o —Y\ocﬁ(v\j node. |
SPICE  will issue an ervor: z I_®
No be path Yo imum\ from Node®

®

- Two OH MOSFETs (N Series yesult

W o o’_—‘
K {:\oa\—mg nodas
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5} E voluake E(‘t’."“) and 3'(1(”)

1)  Assemble carcusl uahous

TGS) (- 2*) = —-E-(-..“)

—J(_‘L‘) e = - {[1‘) - 3(1') 2%

ob

3) Do net cnmPuh Hhe wwerse a\- I, wnshead solwe
Lineax_ ec\ua\'\bv\s Lt s?o.rse-mo&r'm rechniques

- e 'S ke
1) Sluhow 5 '}.k“ or A: 3 2L oy ax |
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- T wnprove Pex—"ormanu_. The model eualuahown
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-_-; S&thas ) C.Dmpuﬁnj 'ZTL:),F(x)
This 15 Khoww - Aas By pasg A ™ SPICE
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Frere are biﬁn\%dcan\- s,cxmnjs_

s done once
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ook .h e
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Consider o nonlinear cesistor 4 =1(v)
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The equ;va\en’r eoceint refre.sen\' ohow 13 known as Yne
com?cmnoé\ nehuwork

Oner we howe the companion nehwovc "s‘cam‘imj" 15 easy.

i-'\t') Lwet

wr|

h's ‘% II-. CO\A.‘:O.\'\IOU\
- nebwork

S\-am? W RHS
4 \qq‘ -G, } ‘:I‘:X
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MOSFET
Let us cownsider the smce lLevel L model
In solurabion 3
. L qb—e
Tos - !‘;“_’L (Vm-vr) L”)‘vbs)

S
re. Yo {(Vr.s, Vos) assuming Vi as mhfend.mk ol ¥a
(for Su‘n?\fd\"‘ on\‘l ) )
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et
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Based on Fhe (‘_nm‘)ahion model we haue Fhae S\-Qm?

Vb V; Vﬁ P\“S

e -
S T A 'S L
s | “fa Rt 3T I,

o] o [»] o]

SPACE be Ann\v\ s1s

Linearize Nonlineas CSD"‘ ube.
Elements o T
Assermile CGireu S\-amf
Equahons G, +n
AL Elemenks

Solve Linear l

T ) e T
Equahms

veraence Cneck
For eoclhh node

\V“Y‘ _ vu.\ < s + €a M‘\)"»( \V‘“‘\, lel )

¥uTOoL RELTOL

@

SPCE  has no cowvergence check on Q(‘)_ Tasvead it
does ¥he Qo\\o\mhj est

\5 - Tl € €+ ce um (\xn\,ltll)

)

ABSTOW

where I. 15 the linearized berminal cuwwent for v
and f. s the achual cunt for Ve,

Remark

The aakml‘r Yoleroncas 1n SPHLE  are
YNTOL = bV, RBSToL . IPA, RELTOL = 10 °

More Problems with NR-Mebhod

‘,'v i.('l""") ~ 00

o Numerical Oqe.rs-\ow . e overflow

-3
vaily)

v, o S

!

v ook hng
There @re vVAYIOUS W b—?-n} Hhis problem _
D) Limit the molmcaa s\-cf: for model evaluahon

2) modCH device dnaracteishics Such that there

15 "o over%‘lam R

eq- lineanze ex onenhlal oround some V
which is lamge bub small enough to avord

werg—\ouj
3) Use o dam?ed - Newtow method
Y T WAt ochsl
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A L l:LIJ')

For hne diode
. Vivy A
L= I‘ LQ. - ) 1
v
i . Loe
osallaion dv Vr
The hneaxizahow ar iherahou kn
First leb us \ook at \‘\mﬂ'\'r:j considering the diode e_xamP\L %,U'J,_s y ’
where the problem 1 the exponential ﬂov\\mean’rT M. & (_ev L) ;‘i_(ef T )(v“"_v“) -
vr
b@.ﬁ"-_L__ W) Now use I 4o caleulale 1" as
| A v_“"
Ensure thok N | . Is(e Sy _l)
V-iovy & Vg Vrovy |
' l' > WL v 1n(1_ o
Use a ah limihng . fe -
W " ' -L !u. ‘-. —> v - Ve "\ Lj_ e"" /VT (\r”'_vk) “-[;e— ﬁ]
ve. V2 ¥ + 10V Yank v-v‘)/ iy ¥ ¥ vy, v
1o tanklv) =+ v in R e
[T S vy
For < \mrjg fanh () # : —x “This anMj -?ormulc.\ \s Qf;Phea ml when
. :: V +I.OV1 o V ~10Vg J“ 4l > Yoy and vn-i » "
For « small 4anh ("‘) Egh & where Verk = Vr In Q’T/rﬂf.s)
wnel LY Kl .
. VI_ V + 10 Ve (V_—_V__) = ¥ Le. NOo \\IMI{‘U\
HoY Pef’\'ﬂﬂ‘nﬂd : Remark

Vet correspon&s o the Poini‘ o{- maximum  curvatue
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dv vy ’,ﬂ .
“This could also be o Fl‘bb\cm . S

o Limihng s used ﬁm— neﬂcﬁ-\m vo“‘ujas
as  well]

In addition , a resistor called GMn s odded wn parallel
‘o Hhe devica . This L\e\Ps w Lonear Qqu&.hév\ soluhou.

So we use o modi?\‘ed set o T/ -
equa'nons J(ur Hhe dicde
. ufy -
L= LL& T—l) v GMin = ,’/ 'tc.ummr
A o
4 . gﬁ_ehT r GMin
dw Vr
SPICE2 also uses another check
i v < -50%vr  then L= - I+ Gumgr
di . -I3  Guin
du w

We can See sowe problems here
- discontinuity un [
dv
SPICEDS  uses o Unmxi-aed exlensiou ot - 3xVe. So the J;unr_hsu
'S modi%\‘.ecl bul conkinuous

&gg{k -
- We would Like fo Lmib ewen o ouer%\cw 15 hot athlem.
- A smoller av ensures Debter convergence
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Xt L3 't
a - LI T

use o limted value here

1

re. ax™!
. ~ K "$41 s ‘Iﬂ i
One_choxe 8%, <) ax g lex l < 035
025 S‘IJ'\ (Al;m) o Hierwise.

241

{

This Of?m\\ Covru.{:‘rs Yre New direchon

Mewlou direchou o1 n Mewtoy,
. v diveebou,
How Can we ensure hnat | s L
Mhe Newtow direchow is ox e
ntoined ? Limiled waline

~ KT el
Toke Ax = o ax
whhere o = 0-a%
mox l u.;“"'
i

ve. eoeh element s scaled by the some amount. Here the
drevoliow ?maeeds wh the  Newdtow direc}\m, a\HﬂOujk Wity
o - smoller S\Cf s\ze

Damped Newtow Schemes
i
.]-A_'L\r.tl - ‘_. {:(uk)
Mewtow direction

LI w4+l

9 = ’4‘ + kk AR .
where 2% & unt cdose. o the solshow g0 Mot oo
Stondord Newlou Jernhou is Per‘-ormcd.



How does owe ?ic.\t Xt ?

vs reduced ok eoch

ok |\ H*“)“; veduchou ‘
(m?\ies ?c.\os;’nes.s fo the solwhouw. Is Hais odways Qqong
ko work. HNo

Toke 2 such Hat N Q(x“)\\:
devohion . The ddeo beu

e
Here, H(-."")\\ will ancrease.
reqardiess of e value of 2° ! Y
Py, >
The \guob\em s that the | NG
derwoahue s zero abt 2% e Yhere
15 a lecal ™Minima

When can we be sure that fhe method will cmwer?fe?
If.

Neolf < p
ORI R L] B

Then bHhere exists a sek o\- ™ (nc'r all equ.a'l) Stk
Prok

hge)) < s fe)) A<

Oné S\mP\e a\ﬁoﬁ*‘\nm o pick T 15 the HO\ﬁiﬁj Pmu&ur&
%,f (B o untl “ 5-(1‘.— ™ A:.“')“ < “5—[’&‘)\

J

X
e G )

Oleour owe not nd a +* 4nal whishes Hhe
_fE_“-_& CU‘ i

oboe condihow 1e. a local ™Minmima . Then oud e{-l.u.ck

Reroorks

—Iﬂ s bounded ’ &am?t'nj wnll CL‘u.)o.“s work. and the

method becowses a reqular Newlouw methad near
e solubion . ((AovAuThge

g T as sinqulor  Sowewhere. then damped Newlow
Wit Pus\n Mo Yere QmsAnvAunc\e)

= 1

e - ~
When abF a local m™inimo trere 15 o 4y o* e

ouk oSr Y when damF\'n e used. With a regulaf Nguﬁou
Hrere cpuld be Sowe g

OPL.I

How can we umprove e_onversenu?
[

- Emfhove_ models 1e. model and deriva hwe
covhnuiby |, boundsd gundwus. This con
be a ¢ &or Iot O\- Pmb\e.ms

_ Provide leHer initlol guesses. This s ou
problem ‘?nf analog citeats. D!’a‘ti‘a\ civeuts
can be ;..I'\ih‘a\‘m l'JY 1Cﬁic. s\mu\a‘how .

- Tmprove ol orithms, 1e. hawe Sowmetaun
Haak uuo.x'k.s beter Mnhan the Newton thethod

New algoathms

- Op Hm‘-za\-\bu bqsec\

Contunuolion - Sourte E\tﬂ:\ﬂj, Fsex.dohrmsien\'
P l—buob‘)1 -




IR P S

OP\»im'n zohow ~based mebhods

Sdve §x) =0 oy sdving ™ | feof)

5 ) hos a zere dhen  min H(Q]V:o 7 {w=o

No rnaller  where one stark &'row\ , ©

will lead uws Yo o minma. . o move down Wil be need

in%ocmo}no.u\ olf e derivahwe o-\- Haa ,\.unc_#icu
SufPos& F(‘l—) = 1 {:(':.)“: = Z &:L(-n)
L=

Then The caraéien’r o* Hhe gu.nc.\—sén 2F (w VF) ‘;o(r\\-:.

wh the divechou 05\- wnereasin

downhill dicechow

nefow Nodues
Z —VF 15 the douwn kil direchoin

S\-cegesl' descent Pmeri 0\0"\3 Fhe niﬁo&«he BJr Haeo
arac&(m\‘ ‘o othieue -Q—os’res\' deouose in the ‘?u.nc-{'\.ou

2F = zz%(ﬂ?h e 2kl | o 231{
AL ax Iy

1

dxy

ok

Dxm

The _L_L‘;ga\c rade 1s:
2o "t a (2T E)

Moke : Ne.uJ\On's raebnad >

Remark-

- A s\-e,epesjr descant rrethod can lead Yo a local -
miima. it e funchow 15 not convex.

e a(-TE)

Continuabion Methads
Sﬁx&_&hppmj—

Souhion 15 known hen the sourcs axiof o, X =o.

Ro.mP up Yo sourca ol

¢ bya small amount, gay §,
Then  x (8) is close fo x(s), and o) Vs used as oan

inbal quess for Newhou (rewahou ((Recall ‘clese enougn

v Newitou Conve.raenu,) . Step b0 8, where §; 1s close
o § ond wse x(§ ) as an wnital quess - QQPQCL\' unkl

Sn = A.
Procedure

SourcCe utc)mr S

Toke a \')om:umkr X, 0&rs 1
Delwbe §(a) = »S.

VavT A from © to ) ond sole ofF each A
Obkaun oot solwhouw when A =1
ASS_LL.\:Q?\'(O;J\ .
X(2) e sobuttou {-or SourcL = A5 1o &;H{c.m\-b\’
Smooth (mn*tnuous u&)\)) A%
\wence ‘the wname conbnuohoy W
metod .
I¢ Hhis asm‘p’ﬂbw s saJn'SE\‘e:l (7 NI
e owe can Choose A Small ° /| bisallowed
ex\0u3\n and Sei- Q_Sol.u\hbv\‘ LI
exeapt w We case shown, \
|
Qther schemes { >
GMmid SETP“"j' (sPiees, HSPICE) +




- .L,.W.M«‘..Mu.mv.:. OO

Led us look ok the ae_nem.\ Cose .

Solve F(xo),2) = o
Where

5 { (2te), o) =0 is eosy to solwe

y ) = e

3) T} s wH\um\L( amaootly . This I'na.x.tbp_ hord to

wSure ‘
Simgle scheme.
?(1(;0,);) = )‘{(1(;\)) ¥ () 20

For 2=0; .E(x(o), o) = (o)
P { (), = {,(xc.))

for a=0, the P‘m'b‘em \39_563 solued 18

?("Cﬂ), 0) = %o} =0 , s\mple_ 4o solwe

for any A ?('xt.\),)\) = ;\E(tta)) f@—y (a) =0

If one QPPhés Mewloms metha Hhen

Y .
?E_ = A é...:-._ + Q-DI
x 8 -L3

so the Tocohion 1 mo&i&ied \ra\t » and o (-2) dn‘ajom.l
Yerem 15 odded - '

Cirvendd inter ?re\'alﬂo:u\

T A N

it

Why_1s this any b&Hf__r? - we howe on U‘nPrDVe,mmt'
1 !

Consider ?(1(7\%)& Sl) = g(;tz})) r 1{(:0.),.\) (z(»sa)-x()
% .

+ ‘9_?_(_1()),)) &2
e

2t (xly,A) §x = -af s

IR A
—_ e

This 's available What 15 Mg

from Newtons mebhod

For o) - afe v (92

'EE, = f(.t) + (o-)= = ,-g('u_') ~-%
DA
and this can be &Dﬁi\\( delermined .
xp)

o (aasa) 2 2(3) +('_§'7)“ L-s;_g ] 9

'K.u (A*Sl) - '3.()\) +vodH‘lOMl
\ method
i N
A A€8X




-

ewton - Alnughou Ps ve

Solye T(IC"),") =0

'1(7‘fru'] = {e)
§x = o
A = S»

While F W S % )

Ly - lapav) ¥ %_(l(lw).%m) “3}; h)

Solve dna navinear e.qup.\-tﬁv\

'{‘-J('x.(n, k) =0
v 2}: (-gz,‘), 1) (1.“{1) - 1?_;.)) a2 - '-? (1‘(‘4\)) .
T

unkil c,onveraul

Ig. converae,& ? -t
(rpma) = % ()
A -~ Aar

§2 = 286A [ use o \araer SA as/

Jx reduantd and

* -re_’rr‘ */

This method mou\«i work e.xm.?’t awhen ';2% a®

~ bt
be. 3% . 2L B
A [P W 8

+e. ﬁ- is S\ﬂjulaf

2%

w(n)

Might be,
‘uk‘ i

The on\1 mcu..l o ijms.s bhere is \31 Aeuu_a.s-nj L.

How GCan we moke A decreose uihen Su.ch#um'\r\j Pbml:
One encountered 7

We quamo.\-ex'\z#_ Hre cuuse l' “
e, Jm( o move a\ov\ﬂ e
cuwe. by @ Gwrain armount

ok each s\re?. The. cmr_-\ana\-h

. - re lerg 'ty

wchh o.lmcu{s NeCanse s
are. \enj‘ﬁn =86 = JGQ&*GBL

M ow w w® A e Fc.\mme\crizacl i tesms of Hieo approx

oxe \eﬂﬁ*‘ﬂ. &
e . [ﬂ-(ﬁ')l os § s 6
A () Lietal ie_naH-’\O‘- e

CaATVE |

So e POW howe o mod@%@eé s;.‘s\em o solve
:F'(t(_e'), A(S‘)) = a
paxpt v sy = 8s




e, we haue on extra -equaﬁo“ whick s c&wm bT
2@(")‘10\"'))1 * Q"‘vﬂQL SR L
Solwe  Hhis s.\‘s\cm o‘- ec\uahous.' by Newltone mebod - The

unknowns are T % A

~a

'LE_ 1““(:\) - ':(’*)

N
3% )

"y =

A
2 (amxpe B2 || X7V

- - et )
QRSO RIPICORES R

This Pmu&urv_ works wn terms o\- skorkﬁj aut with sao
and then mcmme,nhn 5 Q&S
& a S + I

where §8 >0 is the wnerement an Orc.—\enji"n.

Rermark .
If % s sa'rﬂu.\ar, the new mabrix 18 nob
2%
- 3
e, ! | fa} x
v 'K } \
Lo ol xi
wjmen\ul bk * x 1
A e
3

“The ol;ow'- scheme {“" 5‘5\“‘.'3 the nowlineos u:luaknu\s Is
cajled o homo['be‘ +E:J'\ni<.1we_

Remarks
- The stvick %otmu\ds‘kou i3 bosed ow Yne octual are~
\enan 5
I = w2 oxa meamthdzul b1$ Yren Hae
ou—\ma\rh condition s

pawls ¢ ROV .

~ HOMPACk 15 a ?qc.ko.ﬂc. Hhak solwes Hhe albove.
tciu,a\-m'v\ as  an otdinar«l &S—‘erenkq\ ecim\‘wm

Tssues
- dnoiu. e{» ?J’Y\ba&d&l\j Eu_l"\chou
e, ,r("-(}),l) -
C‘gnve ence cLz.FencLs ow a Fvo")er c..hour_n_.. D‘-{
- ‘ (1(0)’ o) rmust howe a LLﬂiC‘u?. soluhow
(1)

| 7 A

This auoids the Situohow shown aloove

- The solwhouw LA} wuast be bounded . Thag
ensures taab the Arock doesn't ge o U\g«.m‘?

Remaiks _
- awrral nowhinear sﬂskms have Yo be solwed {m-

C\,C,H-eren’r A,
ve. g(-:(z), A) =0 vistead cgonl {-(1)-0
- Only @ few sheps of MNewlons mebhod ane. newded
%or eoth A
Convergence. proolems ore solwed ! -
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Serall- si\qlm\ Ae analysis
L4

- Fru‘u.e_nu\—— domain o.na\\‘sis ok lineor :.;.‘a\tms
- provides information  on maan‘.\uéc, and phate
Tesponse. .

5 phase rm‘a\'n , s’rab\\lﬁ o%- Aiibers, omplifiers

Let us look at o Mineax cxont

Let us wwbe the mua equ.cﬁ-{m Q@ 4 @

-Eof -Hfu.s QJJLCN‘- &Eg

£, cdv at

t
Gw-Va) + Is =0 -
G(va-v) * ed¥a =0

okt

v, = €,

. wi
Assume  the response s of- He {mm o= ek Ao

Hren we obiun e %onoual'fﬂ s;.tskm o%. equahous

G@u - 1ru-) t lgae = o
G(v:.m "V\o.c) + JNQ V'.u.d: a O

V| as - Etm
or v mobsix "'nrm G -G i ae. | = | O
-G Q+r Jw(‘. o Vase [s]
1 o o Teac Eguc

Nc.Lg [N S\-c.LmP Qor ca.‘xu:;\or VS

gl U
) "Ju)C. Jw(‘. ) 0

e now have a 5,.15\':17\ o“- Qm?lsi. Linear equa&mns,

Svm—sr.— raoteix soluers sueh as Sparse -3 solwe a spovse
Linear c_.omP\ex s:.‘skm so these ec‘uahbus can be
soled .

P\"D C‘,.Edut

for we wie o Wi ¢
assemble cutount ectua\-uous ?o-r eoch w
LNOH there 1z a frequen c\.n.Pervhn\‘

Fow* and o J{ro_ciu.enu‘ Md‘,‘)eﬂdm} Pad’)
Seve  A(w) x = L
3

3 A B o Emo‘hc‘m 0‘ {-reclu.enu(

Now towmsider o nonlinear Capacitor
t

O 8 ®

LR %_ %(-u') Lt!-
e® g

- g

The eri\mko'ws QUi
G{v-v) + Te =0
Q(va-%) dJ}-L =0

V\ = E‘s

Limearize cb(_v(_t)) around Hae de o‘)ero. Pom"‘
> q = Pl Ty (v

- Jak ? &CL'U'&)
Aacu_n M\LL K oaw Kk Rac e



PPN P

Then oblun dhe Qo\\owu'nj e.clua.hons:

Q -G 1 Viae o
-4 Gr G C{V; ] Viae “lo
1 o o Eone

&:E_ Hre S\-o!h‘b *ur e nonhinear c_a.?oci\‘m s
| pee ween] [
-J W C('\r.) Juc (;u.) o

where C{ve) = [ ve. the oerementol capacitance
v esolusoked of Hhe de o?ua‘mﬁ

Poin\' ,

Wral ghouta Linear ]ﬂﬁggbr?
v
L1 Ldi W *_mﬂl_____ n-
dr —

) o 1
Since Yis 15 not o&- e ﬁm’m 1=1(v)

we will use gn MNA dasoi-.?hou, wherey I s an
unknoww |

For smail-sﬁnc\\ ac ana.\Ts;s v o= JwL‘l..
Thus, the s\-am? s
Yaur V- I,

.
e 1 o
u- - o

branchy 1 -1 —JmL ¢

For de, wio -
! o
“l 0

i -y o] o | _

Remarks
- For ae am\Ys'\-'- Var: Vg-— jul Iy ao
Con be e;t?ressed as I, - Vae - Vy-

‘\u\_

So, a WA %ormu.la‘\'\‘on can e yntew, 'Ww.s\nm?

Vs
X -3 Jwb Ly .\
v fwn F e
- This stomp connot be Used -Eor bet a.no\\(s{s e
@ql‘s;s oF Waa. The kuA -?ormu\aHOu dzﬁra:h_s

Ny )
- Wity an NA -gormulo*\'ldu Scu.t Wal, Lainy
> L = ‘Oﬁ
W

R\' a C U*— |PF wC = 10_‘1 e, H\Q_ A\imI’ﬂl'C

range o} enkries is ‘r\.uae, Do"z, loq]_ Thws
can result WA rumencal proldems

- For Mua 'Formu\ahou wi = 107, we =10 g,
the dyrame vonge matrix elements s
EO'R:H ] which 15 Much beltexr than %UT NA .

. For sma\\-sijnq\ ac anmalysis  ren-linear g
re.l:»laud b‘f wvieremental Qa_Padena.s al tue.
de o\:;e.rakn Fofnr

- nonlinear Zorduchonce lemenks v = v ore
Tc\)\o.u_é lb Yhe linearized Comduclonces

. A MNA formulahou .\AS.-;& me wnduckors
Spovse Complex eciua‘ru:us solued b( a spame.
Mmoo kacﬂt

> o~ res\::og\,ge__



“ »L—‘&Mw,nw«.w..l»&‘—-. JER—

ECES21
Transient Analysis

- \°"3°' sism\ Jume - domain cmo\‘s'\s o\» non\vneasx.
b

- provh&&s node uo\koae. wa»e\»orms -‘0r VaNous
A.hPu\' souras @ pulse, S, pul, ...
_ used as ¥Yne basis &or Fourier om\\‘:{\s

Conside\’ o Qu\ear Q‘.rmﬂ‘

MARA - © 0
G(V|— VL) [ 3 IE‘ - O ‘IL‘ 2=
Q(vl - VI) t c@dV¥a . O &

dt
v, = E;

Gyen Es(t) we want do determine v, V. as k‘nc\-\bm_s
o} ume. |

What do we do alkout dva ?
dir

Think o\— %V_:_ as another unknown i the aclove &Pkm.

“Then Yo solwe Phese eqm’r'\ons we need another tquakon_

we can  write dVa = d¥y + P then we have

the additoual equakion. dt
4G .
Simple idea . ity (3
d_'l_f - v("-v\n) - '\J’(t—-\) k '
dat Ene - ta |

This 1s the Badwward Euler

diserelization

te. dv 18 offrox;ma"cl b‘ Hae &H&xmu. re\a‘{"\oush[r

ar

iy
\ tn tuey 7t

So we wil nu.mnrica\H sole ¥e equ.a\'\dws b‘ Aism\\'y'ﬁ\-\'mg

The hume derivative s then
0‘>\>r0x\ma\'c<\
j_v(e) . v(tew)- (e o % b - -~
¢ A

Two choices here

d v(e) . vltrh)-w) g mh) - '\r(Lm--)k)
4. +

ar tth
= Backword Euler

470),

= VW) -r(x) > Forward Euler |
4

What ore the \\SSLLes-?
- Whalt should 'h be? Ervor conthol
. Which  wntegrahony mebiod Should be used?

unders fond Pm\:aerh"e.s o} ¥ne methods
- Should 'R be ur\f&Ofm or ﬂonum\form 7 ve.
vaviode tune sk{:s.

Leb us veyisit dur exo.mp\e_ N

cdvy = ¢ Valtaw) -vwlt) _ cdv - 4 (t+h
ar 3 '?ﬂz'lm‘ Lo )
—p Merw) e,
* _—1— = v c vi(¥)
T(k4N) V() _c{ 1

an\?o.mo/\ model 0‘- Hie
aafo.d\'ov

:




) oL
'z i el R 4 .

So Yhe or\‘sina\ nerwork s c&wm h‘

ofF hume btpe = btath N
G\VCV\ Vo , Hnis nehwork can bC. E‘; % %Vv\
solved for W, W, ... Ve
Example
R=192, Ca \F E“(_e), v sheo, ha 0\ Sec
V. (0) = ©. (In'&ia\ Cnv\&'\h'on) . &t
. ‘F—’e
We use a nodal a?ormu.\cﬂ-\ov\ here -,
Then e an
Vo = —% \QE&,V»- S V.\\ '\:“.. é
ar & + QE 5 . Wev,
I Y \“k
- S R L f |o‘\f..]
|+‘Ib-\
- T‘T [\ +10 \r\—_\
Now ¢colculote yolues
Numerical Exack
v o) 0.0909 0. 09s
v(0-2) 0174 0181
v (93) 0-249 0259
1)‘(0-4) O- 317 0:33
Note.

The exact SO\U:I"\.O\A is -

S we see thal the Awmerical method 3\\/5 us the solwhon

bub with sowme exvor. We need Lo understond ardc‘w\%ﬁ
Prese ervors : '

]_ Gl bol Ervor
Achal soluhou

Error ocmmt’.\\axeé over ¥he
whole tme wnterval

The Global evror is due ‘o local ervor and Tound o“- ,

What 18 \local exvor ? This s
Hae ervor due o o %Cn'\\-t

h ot hme e one-skp evvor
Nakurally as h o Pais error
should 30 Yo zevo.

Loc‘l ervovr

For very small h ¥Phe round oH

exvror ‘vecomes \m\bo(\-aﬂ*‘\.

Let us now %\orma\\.ze and Senero\\ze_
X o= dn = .E(x) , o) = %o
ar

Conver%eg\'
An ln*egro.\'\bn rnethod 15 said do be convuﬂen\' «_\—

VR Bl G Retad] Bnde

where ‘;(tm) .'5. Yhe C.om\DukA Solwhon and ’kam) 15
¥e drue solhowm. bw = mh & M= _-%\,

We hawe *Ywo cowndihous: 1) \ocal
2) 3\6\00\




One sk‘) atror 15 small  e. local Cowndihou
A one -slep method s comsistent X cr'_m_n ;LY-N\ﬂ)-'lL\;m)
e(h) - % (tm) - IL\:...) m\-is&(es

i \ e;gﬁl“ a O
tro N

Why do_we need thnis condition ?
t

"
Qlobal Evror = Z el () Where M.'Cl\,

18

£ M max QL(‘Q«)
< ;‘.\ mox e‘_(k)
Lim T moxe(f) =T hm wmax &(f)
o0 490 A\

e. U we wonk ¥ie  Glokal evvor —o as h»0 we
need eln) o0,
-e\

= 0O

S\—obi“#
The smﬁ\e. s\o.g ervors C\ovl\' %mw ‘oo Q—as\‘ L. Qj\o\;al

cowndihion

Classical Theorem

Consl's‘-e.no{ + S\'o.b.\\uhl @ Coﬂve\'aenu._

Remark.

Convergent means Hhat the Global Error 90 as hso

Exam_?les * = {(z)
) BE.
< (mh) - 1(_(Ln-|)k) - g. (1(mh))
t

or k(m) = x((mh) * ITICS))

e, On unF\ich mefhod .

Consider (o) * ={W) .
Compuled solhion s 2, octusl sohou %

® 2 - 2) + WiGEW)

D) %x(%) = ) + h iﬂ(‘\) —‘\g': x(2) te lo4]

Halw) > To“f\m series o (o) oround x(%
Subtrack @ &mm 10)

1@ -2 = W[ FGW) -&(xm)] -2

- \\ QU\)-sz)\\ ¢ B fam) - L) “ *‘L: o)

g

chL|| AW -]
b“ \.i?sc\r\i\-z Conknui\y ,
(- IR -2l < L_: ol

> M2)- 2@l < bl Ry

2 -4L
wherely hm b (- xGoll o o i.e. Consiskent
‘ "e\—)o —QA
2) FE. w (mh) = x((m-0%) - _‘,(a(bvm)\\))
an

or 1(mk) = ’t((w\—‘)\n\) + % s—(x&m—n)\))
This is an e)‘g\l‘dt. _ method

(W) = () + WiGW) )
A (4) = x(o) ¥ hE(x() + l_l_ x(z), zefo,h]




=(%) - »(1) - t;:;ce)

> xR-xh ¢ & ja)

ond lLim l < ("\) - ‘K(.‘\)“ -0 e consis‘en\- .
t 0 “
S\meaq ‘g(‘)
e fa)
EE X, » Kan =%
—‘\

ov Anrr = Ln ¢ ‘c\l.‘ = Xy f-{\k'!*)

BQ '.L“" - l_nqn_g"ln ‘-(\)

5 %anm ~ s+ WiOun) %

-~ |-
-
P
»
K

N
T

TR ‘.Xn + iﬂtl = Aari-Xn

2 Y fex
8, (dav o) ‘x//
3 Anrt = Ant B Aar Ausy fo) - |
£

= dut “,%.. (&('1.) r{-(um-))

Remands
- Fg, BE ond TR ave oll one-s methods | re. Hr\er
use only Hie lnformhbm ot the Prenbus -I-Lm&‘)cm\‘
— FE 15 on ex?h‘ci’f mebnod e ZAwn Can be QQSI‘\I

- B8E, TR o Lr‘n?\\'cﬁ mMethods

Linear Mu\\is&-_q; Me thod<

x = dx . fv)
*mge -k

? P :
Z dtai +h2 Pixai =0 s a ‘a-s\c(: meHnod

Lew

|) FE An = Wngt \'\‘;lv\-l
b 4 dp =« \, o, = “}V, Po:o‘ ?,:—\

1) BE An = 'l-n-|¥-\\:ln
2> o =1, 4, =-t, Po = -V, Pi=o

3) Tg Ln - Hn-v + L;‘_ (i“-‘ ‘|"i'\)
9 do=1, Ki=-1, Poa-y,, Po=-y,

For an cxP\‘\c.'\\' method  Po=o %of on um‘>\\‘ck\' mebned ?.#o
Revisit Eveors
Let x(t) bhe Yhe soluhou 0\— < chalsobebon
x(x) - L) ) (

: 1
Denole by %, the ‘>om¥_s %,rl
) T S compled

Qx)w\?u\&d b\( e Aumerical U\\-ﬂjthQ\ ; SOt
W\QWOA . T ia Tﬁt
Globo\ Ervor ab b,
€n = n X-L‘:'\) e 11\“




The error has ‘wo Cnm‘)onen‘-s
) truncohiow  @vor - due Yo Kme discreli zokow
2) rou.vxd-oH- ecxvor — due Yo c.omPu\-ohéu

Note Prewéus ervors ?ro‘)oaa\o

=y

Locol Truncation Error (LT€)

LTe, & % (_t.\) -
assurming no rownc\-oH- ervor and Yaal no previous ervor
hos ‘oeen wmade , te.,
e o= w (k) L= 0,1, .- N-}

This s Phe ervor moade n one s\<.‘> assum-'nﬂ Pos¥ doto.
s exg_t

Locol Error (LE) ? r
LEn 2 2 (ki) + hZ Bix(tn-i)
L=o [
- X 1s the amount \o‘ which
Hhe Lineon mu\ﬁ-sk&) formula is wrong . e e
ervor by P\“ﬂﬂ;"ﬁ in Hae exact soluhow an Hhe LMs
venula, .

Whot 16 the re\ak'ons\rxif between LTE, and LE.,\‘.>
LTEA = 1l,tn) - n
From the LTE de*\'f\'\*’\.oﬂ Lo S obtrouned as o sduwhon o‘.-

? ?
w+ Lo« altni) + hbo *a +‘~7 Pix(tni) =0

As (S

L] r .
e, La ¥ % i %(kn-i) - xlka) hPera rh Z be 1.(&.‘.;)
A8 T ) A=QD
- k?.;(&n) -0
' ?
XLE'\) - Xn = z oL 'lLkn—‘\.) + ‘\Z’ P‘- i(h'\'i)

L——-\/—") g_-———f‘jo ;o ) LE,
LTEN - e (2(tw) ~%n)

LTE = xltn)-xn = LEn - W (f("u") ) Hl"))

LT

3 |\LTE) {LEL| +{h el | ‘—(1(\-.“)—?(1-.)\

|LE] + [hpolL \\:&\3;“\

ILte,)

"

s jured) ¢ el
L -{h Bl

Remaxks

~ LTEns = LEum ~\' Po =0 te. x-ur ex?\ic'\\' methol

— LE bounds LTE and we will use LE 4o
eskimate e exvor.

Now we @ ‘nterested  n sezing how the ervor vones
with W, Given a LM method On\xt Yhe -\xmes\cp,\.g,
W can be Conirolled so we need +o understand how
4 o..\»\—ec\'s Hre exror !

t
e [ =), {\] - LE, = 2. «ix (bni) * h B x (ki)

is0

We  anht expand HY's as & 'Tm‘\ov's» senes w h




il

E[_l,"\] = E[*.o] + Em[_-n,o]\v\ ¥ Eb’t_l,o‘]&g‘,___

EL"") [1.0] ‘A:\_ . O(kk"‘)
o]

Let us s what E(‘)Li.o] s

4
EV L W] - i o 1 (ka-iR) D) v 2 P (En -it)

L0 Az0
f
s h D B (tn-th) ()
130
Dg&gn'\\-\gﬁ
A mulk-s metod s said Yo be o k-H ovder
mebnod ik 4 is exoet for Fo\\lnom\‘a\s o&_ decdrae K.

e, Em ['*,f:] =0 for 0¢i g &

Noke LY (¢) = o ’P" a Po\\(nomia\ o* A_n.arte.k
For a unifrm slep size
3

0= E[llo] ? Z % = 0

im0

),

4
- Ele] 3 D) op =0

' \ro

) f'
0= E”[z_,o_] > 2« () + kpi(=) =0

This set o} eﬁua\'\ov\s s called Exachness Constrauns

P

E_E_ Aa = ’l&\-\‘l"\i"

doal, & 2 -t, Pox-i, By=o

Lebs examine the exackness conshaunts

do t-(,sz * = O E‘."l"] =0
Bl ?o r Pl = "("‘) ¥ (-') +*0 =0 Em [1.01 =0
o, (—\)1 + 1?. (-I)\ = % - 2P, = ) -0 #o E"“ \-_1,0] +0
'W\ere%ue, BE is a Jirst -order mebhod.
R An »  Lma \_:__ (%n f‘;t..-.)
do = 1, oy =-d, fe = ‘-‘5 , BPo= Vo
de + o, = \ 1’(,‘\) =0 E[l,o] 2 0
~d, + Po ¥P, = -(-v '('ﬁ)*('\i) =D E“)[‘-"] -0
A, - 2P, = (v —1(-;,1) =0 E® [xo} =0
.(.(-l)3 + 3P (—u)l a ~d +3B, 40 E""’[q,o] + 0

_W\ere‘bre, TR 15 & secowd-order methoed

Recall BoHh, BE 3 TR are one-s\-tP methods

Remark

Ocder ndicakes how accurote @ method 4s.
Thecelore, TR 15 more occurale Hhan BE Sine
s a \'\\‘Sher ordesr mebhod .




@

Syntnesis o LMS Mebhnods
BT, ;

&‘f?osg we have a ‘)—S\e_? method o‘- order k.. Tolke
oo = L.

Exacdmess constran®s 3 ke e_quohovis
p-skep metod 5 E@Welry v = 2P unkenowns

Thus we need 2pri 3 ki or p \_;_-

Algovithm for Ohoosing coebhicunts
—3 } J T

') Choose order o} merhod -k (e occur
2) Choose p, the number e\ skeps Pa
3) Write the kn exackness cowshraints
4) For p> & , apri— (kv!) =2p-k coe lcunts

2 . . .
mm\ be qssianed o.r\o\\-ron\\(, or ofher constranks

™m be nvard.

Exgm‘z\g,
pose p=¥ Yrhen w coe,\‘\»;cp_nis need
oddihiouwal Cowskraints
Talee I [

il

(¢}

-
‘e, Z «ixa-i + hPoxa =0

\zo

This 15 Hne kMi-ovrder backword A&.H-exen\'\-'o.hoh

For & 2nd-order BDF mebhod dy, 4a, Po delearmined
Yoy evockness couwstrounks |

Exackness Constranks

o ¥ o, + o = \+di+rd, = O
4 (1) v (-2) B = 0

L) % (-2)" » 2Po(0) = ©

e, 3 e_c\ua\—\ovxs w3 unknowns

«, 4y = -
—k =24y +Pe = O o, = —l./a, .(1,\13) Fo-—z/a
<, ¥ 4d, = o0

2. Phe 'u\\—eﬂro.hbw mebnod s
A = & Aoy + L An-a -ﬂ\(-_z_)'x.\ =0
3 3 3

0F  Aa x A Aa = LUAna +ha %,
3

lé_ Xy = 2%n-y + L 1&-1]
2 2

or '.ln =

>

Locol Ervor —("o\' a kHy-grder Method

It e method is of ordev k Hhen
E [1,03 = E(u [1I°] = --- = E“‘) [",0] =20

Y - £ L] By 00
e+

P
LAY {Z‘ o L—i)w v ) B (_L)ul kun 2‘:{“-\)
M~—/

(w1l

- Quyckﬂ
T G H o= ("-V\)




»
- %LM..& B M i

MOVL oW \.QC.Q\ E\"rof

r |4
For LMs Mebhad ! Z"‘i"u- *MIFL;‘*-& =0 —Q

\se Aine

we ave Bae weal Ecror as

LE I E(‘\") x, 0 \'\"l
(Gl

4&9\« Kt ~grdec vmethod

L ¢
> ¥ T & 2o ™ e 2 B0 1“‘""("”@)
SRS

I{» © s scoled such Paob the Lms %gmm\o 'S Now au.m.»io1

P 4
Z '(&l An.y * \'\Z P'i ib\-\ =0 —_— @

\ro o
whexa di’ o« ot and ?;' - Bl
1 1

This 101“3\ s»saes\'s Prabk e LE will olso be reducad,
\'\Dweuu,' e vodues e\- “ Com‘aukcl {rom@ or @ ana
the same 3 accurasy o} the method doesnt cho.nae_

. need o normalizahou suth Wit LE s the
Same it either O or ® is used.

The normalizahou s i‘ B = -1

Lze
Em{ﬂs_

BE_ An —Anr —hAn =0 > Z‘\bc—.—l

e A~ Aay — Eibl" \'inﬂ) -0 .92‘[35‘ 'llf-(-%._) -]

Exom\g\gg

EE" °(°‘\l dy=» -1, \3°‘°a ?"'_\: ?-‘l k=i
: -
Cyor = L [ o L_‘) + 26 (")] -l('\ 1’1) -y
2 2 2
Q_E_ dﬂ"‘/ d‘l*-\l ?":\J P‘-O ’ ?"\'k’\

e Latoreanen] -

-L
2

TR ody = V, <= -V, ?o:-\ll’ F‘i-llx, ‘)al, k=2

cy = _L‘. [ "l(")s + 38 (")1] ‘é [(")(“)+3(“/1)J
N

S W (k)

12

Ve LE

[

Remork
- Two kth order melthods Ckﬂ,“ Cory, 2 - The mebhod
‘Hial has o smaller C,, has betrer octuraey.

Summar
~ Linear M\LPH’\-- Sk? Mebnods (LMS)
2 xay + h Piin-l =0 p-s\-tp method

- kb order method 3 exoct —Qu-r all FolYnom\'a\s 0\‘:\#‘4«_
v or lss . This gues exacktness Coustdunts
— LE 13 Phe ervor by which Hue exock soluhoun 5(;;\5
do sakishy ¥ae s formule
(v (wy .
LE = Cusy B x = (kn) .

A\




Tmplicit Nbeqrohow Metnods
2 9 F

x = fo
P
In\-esro\'\dm methad - Z&; % +hPrac =0 Bo #0

> L. + f oA in—;,f“P(‘ln-'\_ c—"nP-in =0

L]

or Xa + hP. g—('l.\) + Z‘a(;xm' +h Fj,\-\ =0

e - - ,
These are These have b een
compuled af the computed e Previous
pareent hme otk TP
LI
* Known /::‘m‘?‘uk_
Thus we have ~— whow
Lnt W ?o F(‘b\\ = known qu‘a_“\'\_w ; \
b i |
| |
\ \ .
r e, bt

te. F("'\) = An ¥ &\Po s—(ln)—'b =0

15 a non\inear Qc‘uc\\'\‘om AN %Ne and we want 1o solwe 1
How do we deleamine xy, °
Solve Hhe nonlinear ec‘qu-\om u.smj Neuwtons
G &
e, EE\ (1“.)-1,\)) - - F(I.\u))
w

0%n

method

Neulons mebhod Lot cOnvu3e_ Pro\f\deA 1.f°) 15 close to
2n - e actuol sowhow |
Toke 2 = Aoy, Yhen \:mr H osmall enoujh 2D
5 a 3ood i kal aucss
Nove
- A simlor idea was msed v the Newton onkinuahow
method |

Tnstead o\. L. Ky, USE the previous kmePom\'
nvodures Yo ?fec\xd- a belec nital quess.

for o %‘,rs\’—orde\’ method o.l;r\qx’( (:vre&‘c\-\o»'\ con
be used

In %gnexa\ use extra o\d‘\'\o\‘,« ﬁ.m, pres
‘o Predﬂc‘.\- 7.,50,. Fit ﬂ\‘l ‘)as\— |--;:1u’-x.,..

dato. with o kth d.n.ﬁ'uu., ?o\stnomia\ Ly
%Dr a k¥ order methad | U b, b

—» &

Plen) » fo\ynomia\ ot dearee. k  through the pownis

Kn-y, Xw-z, -- - Ln-w-t

Exoxn \es
0 Pockuword Euler k=1 e st order Prec\x‘c\—\ov{

P| Lb) = R inq Lb _b'\‘l) LF € 'me\‘\noé)
= K-y * Qt'\‘l - 7"\-1) G'\'-VVD
Q’H - ‘7-\-1)

2) TR v=2 e use 2nd order ?reA\‘c,\'\OW

1.
]

J

Pﬁ(_t) = Kan + “L\-‘ L\:-bn-l) I .1'_:\_-‘ &-*—n-
Y

Ana = Lo = Amea
An-r =~ Enea
= Fam Znea o Taucder | dacoXe
Bt - Ene2 boictns  tate

n-y - En-a

The devivahves axe e.xFre.sscA o rerme O‘» divided

ences




iiining: s |

T

Rermarke

- Mebhods thov use o ?redic_\or axa colled _P_tﬂ&ﬁ-_\n;-
eovcector  mernods. The ‘corrector” 15 the- Soluhou
delamined oy Yre O..FP\\'CO"\-O\A o} te Lnk.c\ro.’ﬂo'u
fo\«mu.\o\ o Newtows method

Notre
A ?-Sk{’ method “el\uir&s values S—mm ‘;-r‘)revious
hme-?omb

Quaeshous

How do we start o mu\ﬁ—s‘mf method ie. what do
we use %or %, since the on\“
Known c\uon\'ii\'&s ore. ot t=»o

= Use a s\'nj\c_ -s\«.‘:w mebthod

whol & the value o‘ X !
This 15 the de oFem\-(n ?dm* value e b=0 value.
AR TS ¢ tis reason ot S\;lCE and other simulotors

&e‘“\c\—mm a de oFerar\th Poinf Qy\a\\‘s'\s be§ore s\-m\‘.ria

e Jtransient omo\,«15€ s,

TR s G 0ne-s\<\2 meXhod ot tm‘u_(re_s Hre. value 95‘. o o
Stark. An =0 s preally usea . Howeuta, Hhis can be
o ?mb\cm withh  1deal wo.»e&orms \-w Hne sources

Remark ___/__—

It s uw\‘)ov\-on¥ 4o howe o corveer L= ?
ser O* mtal conditious. I ¥e wnital
couditons om vk correck > inconsistent Inital couditous.
S\wﬂrc\r\uhj croub will fesult »n neonsistent TCs.

Q@.ﬂgr\k
A k¥h-order '\ﬂ\-eﬂm‘-\'ow me ¥hod so\\'s({(e.s (xa1)

' LTE - O

h20 4
—“\er&*org_, e metiod s comsishent P\\*w\o\-ive\1, a method
o Comsisknt & w sl

We rawe Cousidered \ocal ervors Pveu'\ml\(, Now we musk
address the o‘ues\-\om
How do local ervors Oc.c».ma\c? We now cousida

S\'Q\o\\i\-\‘ o\— e &nkﬂra\'\dm mebrod .

Exgmés M'\A-Po{n\' Method
ey = %n-2o &+ 2h La-y ,‘_1//‘*
. \ .'\K__l“-‘
1-€. Xn-t = A - An-2 ' |
2?\ : Lo

I vt O F

Note. : This 1s an ex?\\‘d\' reethod Po=0 —

2%
gz V, % =20, « ==}, P"'o'P“—"/F""U
> z-s\cf method

Exo.c\mes.s wus\'rdlnh: dotd,t doa = VHO -V =0
-d, —‘-2.(:_ fP.f?l +P1 - -0 -r’l_+f—2+n =0
dy ) 4 o2 L—'z)’} 2p L—t)‘ +2f ()3
0 + &) +2(1)(-) = © .
4, () + 45 (-1)+ 3P )T 3Pa ()
o +8) + a(-2)() # 0
3>  This s a secowd - order mebhod
S e melnod s consistent (local behowior OK.‘) :

Now cousidec so\v;nﬂ the equatou
= =%, Alo) =1

ust r\'3 s method




L
A LAWMWw s

Exack S gkﬁo\}

-k
'l(t) - ¢
Assume o um§£u\'m s\c? size .
%(0)a - xl0) = -%
No&:& ;. = =% =2 7:« - -x,
Toke h=t1: %, = -0-368 , % = o'ded

Xeg = %o i—zki. a |+1Ls)(—'36%) - 0264

i, = -~ L, = =-0°-26%

x, = %+ 2h X, = 0368 +2()(-r264) = ~Ol6
x4 = xy v2hA = 0264 +2()(tou18) = 0.384
Ay = -~O416 -rao)(-O-saz.) = =—\328

1, » 0:584 r2() (#1:328) = 324

Y, = 32 2() (-3.24) = -—7-808

anA ‘the 50\.\*\'\6\« h\ows Uf‘

T‘p‘ ha 01 ,.x,H = 4q.o5l Lo = - 48-65,

h- 001 kg e 122407

No mater how small h is the sowhou blows )
> the method is unstable ‘—of any T

What cloour the mebnods we hawe sun so {:ar ?

) FE @ Kp = Aoy + '(,\i“_‘

h=t- Ay = Xe ¥ ;., = V\+ (~-) = ©

Ly o= N o+ X = 6 +(-0) =o0

‘1.“ = 0

3% the solutiou Aoesv;+ 3‘—0\,.3’ Q\\—houﬂ\r\ we douwt
3e\- Yhe correct soluhow

o

Now Yoke W a3
Ap = 'L.\-.\-J;Ln-\
L, ~ LV +3() = -2
2, =~ -2 +3(2) = 4
Ay = A +3(-4)
%, = -8 +3(@8) = '6

re. Mnere axa oscllahous Hhaak an!\

Cheek BE « TR will not hape qrowing osc_i\\cx\-tous)
whakeoos Mmes\c‘) s used .
So we see Mot there ane Ynaree es mebhods
2) semi - Good ™ebthods - stable
unstoble for others  (FE)
3) Boad methods - unstable %or oMl values ef %
(expliat mid point {ormu\a)

1) Good” methods - stable reqovdless o&_\n (BE,TR,
?w some malues c& 4

We will now &orma\\ic Mese Ldeas \0\( us\nj a test
‘)rob\em

Tesh $rob\€,m x = tAK s 2{o) =1, A Com?\ex .

Wy Prus A;Lrob\em?.
— simple. enough ‘o ¢

behavior
_ local behovtor O«Q nonlineas SA-\sk.ms con be
Q_\D()\‘DX\“\C\\'CA b\{
s« = Al) S
Le. Lineorizahioun o} now neon ‘Jw\o\em

2

Eadt |




Generol Mu\h.s\m? Mebnod

3 it'l..\gfk? '&v\\ - 0O

L0
Test e‘uo\-\Ou . ®oa A%, x(o) =1
sduhow  x(t) - et

The d*\'\ercnu. eqn %ooe.s
Z o Ln-1 +»\?|. Ay —ZC *‘\XP)l\\\.:o

L0 (LY

T@u + S‘P) Y- =O

Whot 4he integrabon method C.OM‘)u.\'C.S 's the solutou
o\— Mis A*“—er ca e_ciu.o.\'\ou

, where 6= hX.

TrY a souhiou o\- e »gorm %Xz er”
> Gotcpo)cr" r (o rcP.) ™V Ll (ir.. ,-‘39 er" T oo
(a(o *6?-») e . Ld.f‘P|) £

v —— v (dp ..-sﬁ) =0

re. we Vnowe o sowhow ‘_\ ¢t & O foot osf Hne ?o\Tnomia\

(%o + € o) 2f e (wrep) 2t oo x (dprabe)

This Po\\tnomia\ will have R coofs - in 3enero.\ ComP\ex

n

" a
b O, &~ ¥ cfrr

Xn 2

Dishnct roots >

Nu\he\c \'oo\'s- mu.\\\.?\\c\\-\l 0* oS oy

™M -\
> X (@e + c“nv_--a-cm‘n' )fL"

Thus % 15 stoble, undesr Hne so\\wi}\j condihons

{-or all

ond M = |,

DR RS I
) in| =t

other \7 | <!

Unstable when

.) \re} > 0 Qm' sowme 4
2) iviy = and ™ > |
Ex@?\es

\) Exg\jgﬁk !hd.?nm X

An =» Xn-2 + 1\\11\-\

- %n-2 + 2h X %n
- 2 AAy-y =0
€

- An-2

9 xn
Nouw Vthe Po\‘nomh\ S

2z -26z -1 = O

a
6‘:‘6‘%’\

. +he method is  unstable for all 1,

“The roots arve z,, =

% Illl >‘

'1) &E— . &- P\ang
Am 2 Amet F AR,
% r TN —Q“—\ + hln) = 0 ——an
z -1 -6z =0 nsbadin
> z -~ - — A >
V- \ 2
. /
i1z <\ > I I 4 | Sl ‘
\t-ed
for all Re(6) <o Yhe method s shable {tor ol b
c=2h , h o —;96(1)< 0. ‘e %of a Stoble s;.‘.skm 2 =A%

shoble

Pre rumericol sowhow s Qlso

]




Remark
For Red 20 Yhe d»lg—\.e.ren\(a\

, eqn. is unstable . Howeou,

e numencol solhion may loe stoldle . This w0 o ?ro\o\cm
when simulalng oscillalors. BE damps ou¥ Hae oscllahons,
and 15 not o desirecble mevrnod ﬁor s‘\mu\o\w\j oscaillatons .

Regiov\ o('— absolule shabhily
"of o Lwms me\-hoi o Hhe set o\— &2 Lcom?\tx)
such ot all sdwhons of e &“erenu_ Q.C‘uo\'\bu

P
Z: Q(c rrPc)i..; =0
420

vermaun vounded as n-—orx

Stoble method
all  ¥he soluhiouns & the ossocated differenca
wohon dotrained b‘ sellrng =20 reman ounded as nya
ve. HYhe S\u\o'\\i\'ﬁ fed(om Contains Yhe Po'm\' €a0.

Theorem ’
The soluhous a\. ? & »c@&) %xn-s =0 are bounded

Ao

A_.k' and ow\; _J‘ Yne rools 0\- e associaked ?o\\nom\‘al
14
Z (x: rf?é) ! =0

2, Ty, --- 2y Lr ——uo' 0* d{s\-ﬂnd— roo¥s) are wns\de. or on
Yhe me\ex wnid cdeede |zl gL and tYhe vooOfs &D, which
\#l =1 o o} mulkiphichy one. .

L mu\ﬁ‘)\fu‘\’\l 2 3 & +can )

ark

The vools o\— the ‘Jo\\‘nom(a\ Ooxa %unc\wvxs O‘- 5.
Theve fore, Yhe reﬁu‘w\ o} cbsolule s\nbil;\-sl is the set ok walues

o\ € kur which Ve neumo-m.\ and w%k\'dm\' condirons ara

sokished .

2> bound on funestep ot can be used \
Exomples
VD) EE€ An = An-t '\’»\i.\-\

= An-r ¥ O Rn-y
or 7 ~(1¥€) =20 F Zawro

Jolzl sy & \Hc‘s 1

2) TR

An = Lo+ ‘L (1»\-\ \'In)
3
> An - Anr - W ()19\-\ + )1“) - 0
2

= O

1"" & Xn - Au-y = €& Ku-
3 2

_. the Fo\\(nom{o\ is

w"‘e‘i\" z = 1+ €/2
\-6/2
ond |zl gV & \\_r_fa_ €\
\-6/2

For Re (6) <o, Yhis condihow

t— E_;_—) z -(H»g;_) =0

i il

¢

T Ime

> o\wa)‘s sahs fred .

Q emaxk

TR s shabe e,xac,\-l.«, when % =2x is shable ve. d

on ideal metod .




A ‘mebnod s A-shoble A\- Ye rea'\w o\- aloscuate
s\o\o\\i\\1 wnddes  ¥ne open LHP .

QE.N‘(E .
TR s an A-shble mebtnod |

Consider tne TR mebhod Re( <o

1.n(\-k_\£,) - ()t =

3 I o» 1+ dh/g Kn-y

1-2h/y

Take hom 1e.a \orse. aodlue Haen

An = -~ Xn-y
> r\;‘j'u:j wn the \-rofezoie\a\ method | \:\ A/ —

N
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g\\—mm ww.‘ node. Yo arou.nd

C—\na.rﬂe conservation rec‘m‘.res >C

T hm®) - « ?_“_%‘_‘Q

L2 Ye\—r_ru\ca. noda

Also nole thobt an
2 b G = o

Y

Let uwe now QPP\T an Lr\\'e.a\“oc\'\o‘\/\ mebod ‘o O «@ and
ohserve whak \r\o.ﬂaens

Exomg'\a FE aﬂ)\ici 4o *the above e_q\,_a\xow;

0 LIS TR £ (=) 3 D) $0)= Wafimn)
—" z‘ Vs L‘U,‘) —Zu %i('\ﬁ\-\) = »\v: 2\/&‘-(@--)

ney = O

Z U (va) = Z W) = ¥

1=t

e, (‘_\r\cmae_ is Conserved .

Q) cwan) (W-vau) = ha fwn)
CLV’\-!)
YO = YO) F 20 (Ve -v)
w

L A 2.
A\ - Vo
LA ()

RN 2
= n-y n- Va-i C ~ 2 " - w
W)+ () Cln) oL B

e £

L

- - Wo d(vn 2-UE) (Va- Van
"Cb(v")‘ qy LV )«— *(v)i—_\imﬂ_ )(

_\—‘u.«sl “wry ney n o
20 oy = 2 ) +\n%,) v & ()
Ll L=y -

L

- K +0 + a(h.’)
S C)\Qrse_ is not conserved

Remar
- A small Mes\e{: ofp\iec\ Yo & ™ay nck exhibik
charge nonconservation wisually. However, thalt
doesn ¥ tean Charge 1s consecved
- Ar\\‘ consiskent malkts mebhod conserves
c\‘\arae_ when C—\‘\arﬂe. 18 used as ¥he unknown .

Observa‘\'\'ons on BDF

w
wo o= =\ Z ofy Ay-1 k¥a ovder BDF
a7
We Use Q kih. order Pre.ch‘d'or {-or eshmabng x' - The
Pre&{chr order 15 the same Qs Faat o‘- Hhe mkjrq’no'vs

merhod wr
"Lno = Z\ Y. Xn-t = 1“9 (QrQA\C\‘eA)

L=

o

\e. ex\-ro?o\a\—t- Maru previous Q\'D PO.\ﬂ\’S *"n( C\\‘WQL

PO\WO miol

It can be then ghowa that

. /’?\‘EAA‘Q\f-A
LEs = _ha (xa-xP)
\’--\ "‘\:v\-k-\ Q
torrecked




@:

Remaxk.
- L€ calowahow 13 swple and oceurate. 2d has to
be compukd for predichiow 3 LE colculahon s

c\mca.f
Emmg\t LGd-ordex me,\-\noA)

A secowd-order ‘)ced(c.\or s used e,
¢

T, = LA ST N L O Y

where Y, [ Y, and Ty ore delermined b‘ exackness conshank:

Rem{\n
- Tt can be grown Yrak

Ko - "n? 4 ésl Ihn)
dat?

Hence the relodiow behveen LE x Qf-m\f)__

S’m\d\\ﬂ\; wilh yaviable {\'xnes\-e:?s

BE % TR cne-“\.uy\\s do not chonge when vanoole hme
s\c{;s oxa used. So the S*u.\i\\'\\\l requiremer\\; remann Yhe

sSame. |

Howewen \—u BoF the coddicunt ara a ‘uncho’u of tue
Shep 6122, S0 s*a‘o'\\&\r\’ cannct e eas}\i determined .

Remaike
for ®DF-2 it can be showw Paob the meluod 1s
stadle wibn variade dure skfs ¢
ha . g V2.

n-i

A Note on Glo,) Error

Consider FE % = f2)

An o Anoy +MAay = Aaa +k£—(’l‘\-‘)

wlka) = x(ba) ¢ hiclkad) + \%‘;@) z e Lo, b}
The \ocdl evror s @rlka) s O(W) |
The Global ervor  Ea a wlkn) - x4

Subfrachng we hawe
l du.j En = Eaes + h[{(‘&-\--)) ’G(l-\-t)] r &

3 1€l ¢ |Enn] + | fCxltany) -E(u-.)\ v len|

\E'\'l\ + Wi \ILtO\'l) -1-\-|\ - \C\.\

() \Ena] + 1)
QD) \Enul + €l lerl 4 €uwans

Q\—h\_) ‘_Qﬁ\\\) |Ea-a) + e.....:] + €Luan
s Q\'\n\)%;.\ Al ‘zioQ""\\)L]Qu\u

> 1|

Y N S S

€ Cimann V- LH\'\L!“ _— (thL)" -\
- rhy) Tl
nnL T
<, e -\ < - nh¢T
e ge\_‘é____ siner
N $L
T . TL
$ Cimm e -\ - 1 ™Max \1&)\ he -}
% - 2 tefoT] (-
Observationg
. 1P | E,\\ = 0 Ve cpnveracn\'

hao

.« QGlooal ervor is ©One ovder lower n b than local

exyoy




Taside o Graut Seulolor - SPicEs

SPICE 2 15 outdated and severol problems

- 20% \ines of ForTRAN

- 10 Years 0‘- Chaﬂaes ((\ass)

- basic algorithms, deorees, dato struckures distmbulted
Hnmuﬁ\nod- Hhe code

- B\'{-\-a;».\* Yo add new wodels, o.no\\(ses,

- Difieudt to mantaun

SPICES 5 Hhe cwuant Utsiow °§' SPICE

- “'OS\’Q(

mMore robust

« model problems / disconknuihes removed
- 0 {'\ex\\b\c, &;mnewofk %ur et simulation
¢ new models and ano\\lsc.s con ‘oe eqé.\\[
odded
- new and U'ﬁ\N'OVeA olgoritams

* Gmid and Scurce S A

. oredickor- corrector Ln\'ejro\'\bu (eoF)
- new deuvwe models

+ GaAs MESFET , RSM1, BSIM3

- Volt e/ coarent conbrolled suitches
o Achirva~

coukmolled sources. use\-u\
for mocromodelin

o niform dishribu
_ clean simulator intedoce

. C\e.o.(\\’ de,\\.ne_d -Q\AV\C\'\OV\S mA_a_‘aerﬂmk-
ob font end

« foble driven

R-C \ines

In summary | modular and extensible |

Flow chart &DI a et simulalor (Fronsient a.na\x(s'\s)
Yp:m Circuat Duu\?hoq
¥
\fsau? doto .sh'uo\'ufuJ
t=0

conadinons Ne

Scdve bL equahom hT
NR +o oo inikal

Y ) -
Apply inkeqrahou
(ovmlhc.*;:ﬂmu‘g‘(

Storuge elements (L.¢)

i ‘ Apply VR mebhod tv

\ZWneanze vomkineas

dements (£, 8)

¥

Assemble. eqrs by MaA A
LU fockor and Solve
NO
Conve\acd?
YES

Com\mh’. LE ar ty,

Reduca. S
e s\-cP

\E‘hr‘r\o\-c Naw 9 Ser

tnei = Enthnn l

NO
i tm‘;

—»-

YES
Peirt data % SToP

o




ot AR ki a1

In Summary  the rec‘ui\rea P(e.c.e.s ore

ln?u\' processor
- Dala Struchures
— “Theorekcal (cundations s %ormu\o.\'\w
e \inear uathouw Olhow
+ souhou o\- monhinear eqns :  Convergence

. numerical solubiou o} cli-“e.ren\-\'a\ eqns
= QACLT

- s\-o.b}r-\sl

- Simulation erwﬂ\'nc

e« numMmerical o\\ao(;\“ﬂms

. models %or devices

+  Conkrol \oo‘:s {'Dr m\o\\(su

. analyses
- be OPeraKnj ?o'm\‘ cmo\\‘s@
- bde \—rans*ﬂx Casves
- Transient analysis
- small - signal qc-qwdhsﬁ
- Fourner Qna\s1s\5
- Nowse C&'\O\“éis .

- Ou\—\x& processor

« Sane so\houw
- provide Pos\-?rocess{nj Qofo&;\\{\xes
. P\o\’\;mj

SPice3

- NR ko nonhinear Qa\uo\-\cm soluhou’

- g\hrse -3 \-nr \wnear QC\\'\‘ Soluhow
~ nYeaqrohiou mePhods TR w BOE

- POS"?YDQE-SSO( - Nu.\'mua,,

Circuit Data Structures (SPICE

Device Description Array

Resistors -
Capacitors S S
Transistors —tep-l Model ™ M02del -
1
Device Device
1 1
Device Device
2 2

— =

® can store generic device info in model rather
than in device

® can preprocess model and then the devices
which depend on that model

® can easily skip devices

6 Fow Asy
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Device Data Structures

Device
Description
Array

BJT —
Models

Data

PICE

Data

Tréffsit time
Sat current
Beta

Transit time
Sat current
Beta

Model

Model

o Model Data
Next
Devices

Model Data
Next
Devices

Device Y

Device +

Name
Collector
Base
Emitter
Area

Next l

Matrix Pointers

Name
Collector

Base -

Emitter

Area

Matrix Pointers

Next I

Device

Device

f}oun AsV

resdefs.h

Sun Oct S 13:11:32 1997 3

/* information used to describe a single instance */

typedef struct sRESinstance {

struct sRESmodel *RESmodPtr;
struct sRESinstance *RESnextinstance;

IFuid RESname;

/* backpointer to model */
/* pointer to next instance of

* current model®*/

int RESstate; /°* not used */
int RESposNode; /* number of positive node of resistor */ -
int RESnegNode; /* number of negative node of resistor */

/* pointer to character string naming this instance */

double REStemp; /* temperature at which this resistor operates */
double RESconduct; /* conductance at current analysis temperature */
double RESresist; /* resistance at temperature Tnom */

double RESwidth; /* width of the resistor */

double RESlength; /* length of the resistor */
pointer to sparse matrix diagonal at

double *RESposPosptr;
double *RESnegNegptr;
double *RESposNegptr;
double *RESnegPosptr;
unsigned RESresGiven : 1;
unsigned RESwidthGiven
unsigned RESlengthGiven :
unsigned REStempGiven
int RESsenParmNo;
#ifndef NONOISE
double RESnVar [NSTATVARS]
#else /* NONOISE */
double *RESnVar;
#endif /* NONOISE */

} RESinstance ;

/* per model data */

typedef struct sRESmodel (

int RESmodType: /* type index of this device type */

/*
»
YA
.
I

/*
-

01

1

i 1

H

(positive,positive) */

pointer to sparse matrix diagonal at

{negative,negative} */

pointer to sparse matrix offdiagonal at

(positive, negative) */

pointer to sparse matrix offdiagonal at

{negative,positive) */

/* flag to indicate resistance was specified */

H /* flag to indicate
H /* flag to indicate

width given */
length given */

; /* indicates temperature specified */
/* parameter # for sensitivity use;
set equal to 0 if not a design parameter*/

/* model structure for

a resistor */

struct sRESmodel *RESnextModel; /* pointer to next possible model in

* linked list */

RESinstance * RESinstances; /* pointer to list of instances that have this

IFuid RESmodName; /
double REStnom; /
double REStempCoeffl; /
double REStempCoeff2; /
double RESsheetRes; /
double RESdefWidth; /
double RESnarrow; /

unsigned REStnomGiven: 1;
unsigned REStclGiven : 1;
unsigned REStc2Given : 1;

unsigned RESsheetResGiven
unsigned RESdefWidthGiven

unsigned RESnarrowGiven
} RESmodel;

»

*

*

-

-

*

* model */

pointer to character string naming this model */

temperature at which resistance measured */
first temperature coefficient of resistors */

second temperature coefficient of resistors */
sheet resistance of devices in ohms/square */

default width of a resistor */

amount by which device is narrower than drawn */
/* flag to indicate nominal temp. was given */

/* flag to indicate tcl
/* flag to indicate tc2
:1; /* flag to indicate
:1; /* flag to indicate
:1; /* flag to indicate

was specified */

was specified */

sheet resistance given*/
default width given */
narrow effect given */




ressetup.c Sun Oct 3 15:11:39 1997 1

Jeecarnance

Copyright 1990 Regents of the University of California. All rights reserved.
Author: 1985 Thomas L. Quarles
sesecevsasy
/e
./

#include °spice.h*
#include <stdio.h>
#include °uctil.h*®
#include °szpdefs.h*
¢include ‘resdefs.h”
#include *sperror.h*
#include “suffix.h"

/* ARGSUSED */
int
RESsetup{matrix, inModel,ckt, state)
register SMPmatrix *matrix;
GENmodel *inModel;
CKTcircuit*ckt;
int *state;
/* load the resistor structure with those pointers needed later
* for fast matrix loading
./

register RESmodel *model = (RESmodel *)inModel;
register RESinstance *here:;

/* loop through all the resistor models */
for( ; model '= NULL; model = model->RESnextModel ) {

/* loop through all the instances of the model */
for (here = model->RESinstances; here != NULL ;
here=here->RESnextInstance) (

/* macro to make elements with built in test for out of memory */

#define TSTALLOC(ptr,first,second) \ .

if((here->ptr = SHPmAkeElt(macrix,here->first,here->second))==(doub1e.‘)NULL)(\
return (E_NOMEM) ; \

}

TSTALLOC (RESposPosptr, RESposNode, RESposNode):;
TSTALLOC {RESnegNegptr, RESnegNode, RESnegNode);
TSTALLOC (RESposNegptr, RESposNode, RESnegNode);
TSTALLOC (RESnegPosptr, RESnegNode, RESposNode};
}
}
return(OK) ;

resload.c Sun Oct 3 15:12:04 1997 1
Jrevneennae

Copyright 1990 Regents of the University of California. All rights reserved.
Author: 1985 Thomas L. Quarles
l'..'.-'.l/
/*
*/

#include "spice.h"

#include <stdio.h>

#include °cktdefs.h*

#include "resdefs.h® .
#include “sperror.h*

#include "suffix.h*®

/ *ARGSUSED*/
int
RESload{inModel,ckt)
GENmodel *inModel:;
CKTcircuit *ckt;
/* actually load the current resistance value into the
* sparse matrix previously provided
*/

registar RESmodel *model = {RESmodel *)inModel;
register RESinstance *here;

/* loop through all the resistor models */
for( ; model != NULL; model = model->RESnextModel ) (

/* loop through all the instances of the model */
for (here = model->RESinstances; here != NULL ;
here=here->RESnextInstance) {

* {here->RESposPosptr) += here->RESconduct;
» (here->RESnegNegptr) += here->RESconduct;
* (here->RESposNegptr) -= hare->RESconduct;
* (here->RESnegPosptr) -= here->RESconduct;
}
}
return(OK) ;

¥




vercdefs.h

Sun Oct $ 15:15:31 1997 by

/* information needed for each instance */

cypedef

struct sVSRCinstance {

struct sVSRCmodel *VSRCmodPtr; /* backpointer to model */
struct sVSRCinstance *VSRCnextInstance; /* pointer to next instance of

*‘current model */

IFuid VSRCname: /" pointer to character string naming this instance */

int

int
int

int

int
int

VSRCstate; /* not used */

/* number of positive node of resistor */
/* number of negative node of resistor */

VSRCposNode;
VSRCnegNode;

VSRCbranch; /* equation number of branch equation added for source */

VSRCfunctionType; /* code number of function type for source */
VSRCfunctionOrder; /* order of the function for the source */

double °*VSRCcoeffs: /* pointer to array of coefficients */

double VSRCdcvalue; /* DC and TRANSIENT value of source */

double VSRCacPhase; /* AC phase angle */
double VSRCacMag; /* AC magnitude */

double VSRCacReal; /* AC real component */
double VSRCacImag; /* AC imaginary component */

double VSRCdFlmag; /* distortion fl magnitude */
double VSRCAF2mag; /* distortion f2 magnitude */
double VSRCAFlphase; /* distortion fl phase */
double VSRCdF2phase; /* distortion f£2 phase */

double *VSRCposlbrptr; /* pointer to sparse matrix element at

* (positive node, branch equation) */

double *"VSRCneglbrptr; /* pointer to sparse matrix element at
.

{negative node, branch equation) */

double *VSRCibrPosptr; /* pointer to sparse matrix element at
.

(branch equation, positive node) */

double *VSRCibrNegptr; /* pointer to sparse matrix element at

* {branch equation, negative node) */

double *VSRCibrIbrptr; /* pointer to sparse matrix element at

* (branch equation, branch equation) */

unsigned VSRCdcGiven 1; /* flag to indicate dc value given */
unsigned VSRCacGiven 1 /* flag to indicate ac keyword given */
unsigned VSRCacMGiven 1 /* flag to indicate ac magnitude given */
unsigned VSRCacPGiven 1 /* flag to indicate ac phase given */
unsigned VSRCfuncTGiven 1 /* flag to indicate function type given */
unsigned VSRCcoeffsGiven :1 ; /* flag to indicate function coeffs given */

unsigned VSRCdGiven :1 ; /* flag to indicate source is a disto input */

unsigned VSRCdFlgiven :1; /* flag to indicate source is an fl dist input */

unsigned VSRCAF2given :1; /* flag to indicate source is an f2 dist input */
} VSRCinstance ;

/* per model data */

typedef
int

struct sVSRCmodel *VSRCnextModel;
VSRCinstance * VSRCinstances;

IFuid VSRCmodName;

struct sVSRCmodel {
VSRCmodType; /* type index of this device type */
/* pointer to next possible model
*in linked list */
/* pointer to list of instances
* that have this model */
/* pointer to character string naming this model */

} VSRCmodel;

vsrcset.o Sun Oot 5 15:18:36 1997 1

fesensecane

Copyright 1990 Regents of the University of California. All rights reserved.
Author: 1985 Thomas L. Quarles

esescannony

#include "spice.h”

#include <stdio.h>

#include “*util.h*

#include °*smpdefs.h*

#include °cktdefs.h*

#include *varcdefs.h* -
#include *sperror.h*

#include “suffix.h”

/* ARGSUSED */
int
VSRCsetup (matrix, inModel, ckt,state)
register SMPmatrix *matrix;
GENmodel *inModel;
register CKTcircuit *ckt;
int *state;
/* load the voltage source structure with those pointers needed later
* for fast matrix loading
*/

register VSRCmodel *model = (VSRCmodel *)inModel:;
register VSRCinstance *here;

CKTnode *tmp;

int error;

/* loop through all the voltage source models */
for{ ; model !a NULL; model = model->VSRCnextModel ) {

/* loop through all the instances of the model */
for (here = model->VSRCinstances; here != NULL ;
here=here->VSRCnextInstance) {

if (here->VSRCbranch == @} (
error = CKTmkCur(ckt, &tmp, here->VSRCnanme, "branch”);
if(error) return{error);
here->VSRCbranch = tmp->number;

}

/* macro to make elements with built in test for out of memory */

#define TSTALLOC(ptr, first,second) \

if((here->ptr = SMPmakeElt (matrix,here->first,here->second))==(double *}NULL) {\
return{E_NOMEM) ; \

}

TSTALLOC (VSRCposIbrptr, VSRCposNode, VSRCbranch)
TSTALLOC (VSRCneglbrptr, VSRCnegNode, VSRCbranch)
TSTALLOC (VSRCibrNegptr, VSRCbranch, VSRCnegNode)
TSTALLOC (VSRCibrPosptr, VSRCbranch, VSRCposNode)
}
)

return(OK) ;
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vaxrcload.c sSun Oct 3 15:13:46 1997 1

feevesanane
Copyright 1990 Regents of the University of California. Al) rights reserved.
Author: 1985 Thomas L. Quarles

#include °spice.h*
¢include <stdio.h>
#include *util.h®
#include °"cktdefs.h*
#include °"vsrcdefs.h*
#include “trandefs.h*
$include °‘sperror.h*
¢include "suffix.h*

int
VSRCload (inModel, ckt)
GENmodel *inModel:
register CKTcircuit *ckt;
/* actually load the current voltage value into the
« sparse matrix previously provided
./

register VSRCmodel *model = (VSRCmodel *)inModel;
register VSRCinstance *here;
double time;

/* loop through all the voltage source models "/
for{ ; model != NULL; model = model->VSRCnextModel } {

/* loop through all the instances of the model */
for (here = model->VSRCinstances; here != NULL ;
here=here->VSRCnextInstance) {

* (here->VSRCposIbrptr) += 1.
* (here->VSRCneglbrptr) -= 1.
* (here->VSRCibrPosptr}) += 1.
* (here->VSRCibrNegptr) -= 1.0 ;
if( (ckt->CKTmode & (MODEDCOP | MODEDCTRANCURVE)) &&
here->VSRCdcGiven ) (
/* grab dc value */
* (ckt->CKTrhs + (here->VSRCbranch)) += ckt->CKTsrcFact *
here->VSRCdcValue;

[~ RN

} else (
if(ckt->CKTmode & (MODEDC)) (
time = 0;
} else {

time = ckt->CKTtime;
}
/* use the transient functions */
switch(here->VSRCfunctionType) {

default: { /* no function specified: use the DC value */
* (ckt->CKTrhs + (here->VSRCbranch)) += here->VSRCdcValue;
break;

}

case PULSE: (

break;

case SINE: {
}

break;

case PWL: {

Device Description Array

An array of structures that contains all information

th}e simulator core needs to know about devices

Name
*pModel /% pointer to model / device list #/
(«»pCreateModel)( )
g*p(S)reSte)l(n)stance)( )
*pSetUp .
(xpSetTemperature)( ) Eﬁr\:l‘,ct%n
(+pDC_Load)() Pointers
(*pAC_Load)( )

(xpTransientLoad)( )
(*pOpPoint)( )

Nodes

DeviceParamCount

DeviceParams Parser
ModelParamCount Information
ModelParams

Syntax help information

J .
Parameter Data Structure
An array that describes each device or model parameter
BJT_params[ ] = {
{0, “bf, “beta forward™};
{1, “is”, “saturation current’};
{2, ", “forward transit time”};

}internal external parameter
code name description for help
8 Frow ASV




Input Phase (SPICE) Set up Pha PICE

Information read | ® preprocess all models
1.devices in circuit (R, C, M, ...) ® load default values
2. models for devices (NMOS, PMOS) ® check validity of user values
3. analysis requests (DC, TRAN) ® calculate useful quantities
4. analysis parameters: ® preprocess all devices

® stop time - TSTOP ’ ® allocate matrix entries

e relative tolerance - RELTOL ® calculate useful quantities

* absolute tolerance - ABSTOL ® topology checks

5. output requests (plot nodes)
After set up phase:
® circuit is topologically correct

) ® model and device parameters are reason-
able

® matrix has been allocated

® circuit data structures allocated

Frow ASV 10 Fow Asy
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Device Evaluation Routines (SPICE)

set of equations 3
Vj —p al dq ov
forl, a, ov adv
e (]
Vk— Al values are 5
continuous w.r.t. v 3q_
> v
Matrix Load: template
X1 X X X
X1 X X X
X X

1 Frow Asv
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Fourier Ano\} sis
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Remar ks
- Sa.m?\\'ﬁj results o aliasing . So i there axa
sewol  higher harmonics an the signal Hhew,
Yhere will be an error 1n harmoure distorhon
Com ukatouy

- To avoid aliast o su“-cchn\' number o\-
SO.mF\es must be Used.

SPicE s fourier Analysis

- unequally .sPo‘ccd dote  from transient analysis
due Yo Hre use of a voriable -b'nes\tf mkr.lmhbw
mebnod.

- DET fe_qu.ire.so. Mi‘?orm 'd > wnterpolate
kansient daoto. onb a u.n{gorm %ﬂula e\. &Pom*s,
Linear inter polohon used !

- N =

Ts%og - Tstart +\
Ty

where Hhe Iransent command is
Aran Ts Tshf. Tetort
— Fourier analysis o.PPh'ec\ on Dwe Pe_r\‘od o{-

Hhe \"—\.mdomen al -{»‘reque_nu‘

\\/\\//\\/A\/‘[‘ Ty Tebr —4\:‘0

T
{stort Skop

- DFT CLPP\icd on the N mk:Po\okA Pomb Yo
com‘)u\—e_ A Hormowics vy SPICE2

— The number of samples N d.e,Pem\s ow Takep
and Ythere ghould be ctnt points an Hae
fourier nterval Yo avoid O\\\'asmj‘
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- \00 Mefém\'s w the ourier analysis wmtrerval s
o qood thowca., Howeweu, & K \s Hnelarqgest
harmonic ot s c.omPukd Yoen To¢ T
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ve., here. are 1O pom\‘s 'E"‘ Yne rcr'\oaw )
Yhe Yarj&s\' hormonic

Sp\wE 3
- de‘-o.u\‘\‘ 200 %I’ié \>¢Sm¥s ond lnear m\e.r\)o\o.hov'\
%0{ e DFT
- Can c,\r\cmﬂe namber o\‘ Sﬁd. Po'mh b\ se\*'\nca
L s Z

- Cown dr\anae. e ‘m\er?o\o\-\.éu exvor \;\( se\\w;r\%

ol

- Allows caleulohou O‘- more Hran A harmonies
oy se\-hhj ').Exs.eb_.

N wrmiper 03{ o?em‘\-\og_

P
Q&C,Q\\ Ha = z‘ ' CDS 2K\ n o+ b; Sin 2K L "
t=o N Loy N
i—\
[/ 39 - A En
N LEY
Ny N~y
a -~ 23 MCoazxiL)\OC:Z-_Z‘XnSM!ﬂ-!L
N N N N
=0 L=0
N mu\h‘f\]ca\'\ous N mu\\-{?\ica\-téus
+ 0‘- o, to be CQmPu.\'&A k \J - 2%l

", Total # o\, mu\\-\lr\\'co\-(ows N = Nok+ N (-1)

= N(2k-1) = NN

Els" Fouricr Tra.v\sgnun_(FFT)
An eﬁ\‘c;uﬁ' \-Q,c.\r\niC\ue. 4o calculate Bhe N Fourer
co%umh #* ok mulkplications N\oﬂ,_u

To damonshvate bs eldcin consider Yhe complex form
o} e diserete Fourier bra s&orm
N-t

X)) a z L

| T¥Y

—j 3k ak/y

Where X (n) are ¥re fourier Q,og\f‘r\',gju_n\g obrained {-mm Yoo

e SoumP\cs Ao, Ryy--- Xy
-jaKk -] 2K nk ~328\N% .
Let W= e M -=;e" M s(e"") - W'

Consider N= 27 = 4 Hhen we haue

X)) = % W' +1,N°+q,u°+1u'
s

XL\) . - 1. N. + ‘X‘N. + llwl + 13\”)3

X (@) - LWy 'A.Wt PN L w wé

XG) . Nt e W opawty aW

> X() We

W w w® Ko
X = we w!' w" w? X
X3 w® whoowt wé %,
X(3» w® w? W wi X
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F 8
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N“ CJT '.I.eJ -CJ - & § ‘NL

Neat {—ac.bf ~’r‘m'. motrix vn Fae {;\\ow'mj manner

X(0) * *

\ W o o i o W' o %o
| -] W o o 0 v 0 w* %,
X o o  w 1 o W' %,
(2 0 o + Wrllo t o wr ]| =x
Nolke rows 1+ % 2 ‘owe been m\-erc.\'\o.rﬁe_d
°
Lev Yo i o W ) o Ho bW Ay
3 - o 1+ o W x | = | *orwie
Ja | [+ w* o Xy Xo v WXy
7.3 o \ o) w* x3 Ky o+ N"x;
-J3f. 2 -JK
Sine w s e"s A € =2 -l =-e 2-W® we have
3 Ao+ WAy
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N Xy - WAy W, w W,
s %, - Wy
Then (o) Lowo oo |]Y Yo £ WY,
L S
j(l) = | NZ 0 (o] 5 - Yo t W JI
3 0 o | “; Y. at¥y,
X 6 o ) W 3 'R fw‘yd
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> Tokl 4 mu\\xP\fCodnous

Exroc Mechanisms n Fourier Am\qa-ﬁ
Ir\ A3 exripd

Rﬁ\"(\OT

- Yhe ossumgh'o»\ :\c.- fourier analysis s thot Hae

waneform 15 T-periodic where T is the Founer

Ma’s wnterval

ve. 1 E+T) - xlk)

- Su.ﬂ?os; the period of ‘the siam\ doesn + malkel,
Me Fourier ana\x‘s\ls wniterval

«(¥)
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b

k—1—
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‘-"T{“r—g
3 a discon\n'.r\u.'xv ¥ %enero.\ea n e un.uf-{-orm
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Yhe resulhs ot Founer O-ﬂa\y{sis
X

[T, ety

— Thus small signals cannol be resolued when
on wncorrect ?e,n'oc\ is used .

- For osallators K‘QC‘QA;C two tansient ana\“ses
DY b delemine T

2) Yo ocwrakh do Hue DFT
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Error éur_ “'D \'\'Gﬂs‘mf\\'s_
- The S\‘Sna\ should be periodic.. Howewe, q—
Yhe sfjna.\ has not seHled (nk s Pen‘odic,
S\-QO.cH -stoke 3 disconknu ‘
3 sve.r,\"ro.\ contominahon

i)

} ?eriodic.
s\md&‘ stale

1
!
i
{
\

I —>t
scﬂno\ s not
Pgriodl'c
- Teansient simulahou should be run {or o

Sugf\—\c\mw \OV\S Yne to ensure that all fransienk
haue d ed

- One w ‘\u.d'\e_c.k Hhis s "'D.C\\etk whether
Yhe sijna\ 1S Pen‘och‘c or no\f. .

Errors due o a\fa.s\'nq

- DFT C‘ov;n];u\'ls Fourier c.,oeH—\‘cLLn\s ak cx{-i.n\‘t
number 0{— {re_c\u_er\c;e_s
~ Allasing oceurs when ener y {—mm e higher-
order™ harmonics thal are notr computed franslakes
Os enerqy of +he me‘)u\eé harmonics,
= When sampled dako PomH are used Hhe sampled
Po\h\’s can re‘):esen’r many s\"jnals

Example
T= 1 sec : THv hormonc Cos 2x7t
At nhormonie  Cos k9%t
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. T =
Ve, 3 .‘l;

t (s w7t Cos 2x qk
Vie ' -0-924 -0:924 ’
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i -1 —1
l.s/u. ' i

re. the volues o} the two unud‘e‘ms are tdankenl of
e samp\& ?d\ﬂ\'s

3 cx\\'as'mj

~ To auoid allasing ¥he sijvm\ must be &mp\ei ot
o rote {—os*er Q'Vnn the k\x c‘u..\‘s" ‘greclumur
Here the Nxc‘u\‘s‘\’ fre_c‘uen 15 twice Hhe ‘\m‘jhc_&
%re_quenot Hhak s Presevx\- 0 the s{ana\ buna
sam‘:\ed.

I(\‘\'P_r‘po\a\"\;)u Cerors

- The DET Yveguires uall s 4 daka Po'm*‘s
—  Careauit simulalors na\-ura\\x{ ?m&ucg_ u,,nu‘u.a\\/]
Spacad Poin\-s
= Ln\-QrPo\o.k dato. onbe a uni{—orm %r\‘c\,
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- Interpolokom exroes can cause ?m\o\ems when
reso\v\}ﬁ small scjnq\s

Ercors due to the Simylalne

— boty Newlow convergence ond the numerical
Ln\-ejra\—iou o.\ﬂor'\\—hm aengro&-e ecvors |
= ervor w Fourier analysis

- Can reduce Hiese ervors b\‘ \—\‘ﬁhkm'fﬁ reliny

The Fourier In\‘egvo_\ Methad

Re call

+
a, - ;_j x(t) Cos2xkt dt
T, T

Now consider how the coreust simulator ?er{orms Hae
fronsiént analy sis

discretize simulahou wnterval orte, by, by, L__ &, .
Sowe Prob\enn ot eadh w?ém\'

N tn i
2. Qv = 2 Xty Cos 2x & bt r
- 2 i ) I
[

ney

Nhext T= ‘;N—Eo

)
Noke  the simulalor qapmx}ma\'ﬁs
(k) by a low ree polynomia)
over the wnberval ‘_tn-),tn . This n b/h >t
15 due  {o Hae m’r&amho'\« \ tha }%/'
method
4 .
> xlb) ?c‘-‘t‘ Jor e Sk < kg

Use Hais o.FProxima\'\Bu o wn e

LT ? {
2. ciat conx_kT_g. ar

N
Qe 2 2 Z
T
Ny tasy Lo
r e

N LY -
- _%T_ Z 2 c‘“S t" Cos Mk%, db
. Aay PRy k‘.‘

. J

v

Can he wntregrated

as o closed rorm exeros-siou

St Coskwt dv = 1 Coskwbk + £ sin kut
Qm_._))’ Kw

Ac\vom*gaes
- This mebthod s not su\;\‘hd' o ollasin

- Con compulke ouly Yha dasited harmownics, Dont

ru:‘u.u;e_ coleulaboun ok \m‘\cs\ner ovde, harmonids

&-m «mpmve,c\ a.coura
No¥ &*.bJéc,\' jo extetnal d\&rt:o\a\—uiu eryors

Works With the nonuniform Meskfs wsed
b\‘ te simulator

Giwves oCturo similar +o the U’\\‘Qﬂm‘\‘u;\/\
mebiod faak is used |

Eemowk.s

- ACCA).\'

Can be u;anved by -F‘ﬁhkmnj RELTOL

> smaller fumesheps

_  Fourier Lnl-gﬂm\ mv&vlqﬁ\ awilabe wn Spechre

_ Stabili W oomt)u\dn ;:hu‘j\ner ocder m’reﬁmhaou'
method s ques\'iowalga
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Nehwork SO.r\S\"'\v}b‘ Q}g“kﬁi ons

h)k»l smsi*\vl\(es?
- how do variohons off o earo.me\-er o\«\—e,d— e cowut
- oom‘mr'e- C\u_ol.:H ot cocaits \'\a.m'nj same nominal
response

- Use.*u\ w o?\rim\m\‘bm o.?e\\‘co:\'\'ow.s

E‘am?\t ® R ®
Vo = Ra  Eg

——

R«le E5 R’-

How does ¥, c,\'\o.nje. with R4

M . R B
ak:. G|*R91

De‘{\i\e. o normalized sensihvi
v

Sg = W /Q»/ez) - R W o Walne
V.

PRa Ry DRL/RQ_
> st . R
* @.1-99
. 1 2% . \1
R Sg, 4Rz for small vaviahiows
Va > [

This unformahon can he used for dolerance ono.\\‘sis e,

3\ve\r\ v, must be ocoarate Yo a %«uw ercur\‘oae. whhak
1s ‘hne required Yolerance on Ra . E

In General  we Yowe o {unc.\-\du F H~ab d‘n‘PenAS on F
+hen The simple senéﬁv‘\\-y i
S = 2F

K

The Normolized sensikvily is

F
= P B = UnE
St 3 'Of 'a\v\?

So how do we delermine :a"f‘; usirﬁ’“\c Com?u\t\'?

Let us consider a el consis‘u;ﬂ o\— R, T wV.
- R 2 3 R
Vg “h o WR o R ’ak - 3,’—‘-, W

°p
k- Is 3 2% - 2Us
a? ag
W- Vs a_YL =9,\_’A_
> % 2

Now construeY o new axaal Which we will call the
gensitivily cirandt | TThis oxoauY  has the same iggg\gaq

os e on'ﬁma\ JUTIN S

~
N N
~ ~ ~
‘rb)"bav;\ ‘U",(t

» [

Ofij\ nal Cirout Sensihivi \'\{ Cureuat

Goal *he cwuants and oo\’nﬂes of e sens\h‘v&h, cirant
are the desived sensifivihes

Thus . .
Reststors - T, = Rirgt 1;3_ @
P
I"\ . I : = 3I
A—z,? b _’af
In V G‘ - 'aV;
A“‘\’ Y _?‘_)_

Thus . each branch wo\*a3¢ e sensifivity netwovke
s Pae se,ns\H\/\\-Y o\— the 3ame branch vo\\‘o.%e., lei\arly
earrents . .




Remarks

- Eaeh resishor s rg?\acu\ \ml a resistance o Yre

some balue. n series withh a vol
Each md.m‘)ex\&x\\' source replocad oy s parivol
douwabie Witk P

e SOUrCe_

m\&

R,

R,y
~
o N
*&2. - E; gmm N
RirRa
Ugsa = w2 - Wkaf Rz %mm N
R, tRa .
= R

R = __I__R Es.
(Rn "9’.

which 15 the e_x?resmém we ‘ad dauased eoxdier

Rt"zl

Ob ser vahown s

- The sensih‘\}\\-?« et hhgs the same ’m\:\o\oa\
ond Hthe same nodal admitance matnx Y.

LConver\' Thevenwns 40 Novlow W) E_‘gj>

~ “The sourcr vector T 3s &“ere_n’t

~ w %odbfs e original civaul can be used

fo determine The solubiow o} the S.Qﬂs'\Hqu7
etk b\ Qmuoord ond back subshtution

- AWl sensiMvihes ~f o (:nramdev P determined
by forword/ loock  subshiuhon.

s

@

- If sensihivities are requived for multiple. parameters
PL P2 - Pm, then the smsiﬁv{\-\/ et 15 sdwed

with diffecent sourca vectors 3 m forivord/ bocke
subshrution

Generol Com\ Yo Vinear o\ge_\oro.i:. :n:s\ems

Consider \ineow cxeowbs, de or sm\\'siam\ ac am\‘s{s

Az ab

where A »lo moy be real or complex ond A,e_‘:e‘\c\ ow
some. ?oro.me\t\’s P

The solulouw o\— Anmlb s 22 Ab  where no exphat
colaualahou u\_ N' s dowe. LU -?od—on'za‘\'\bw s used
D Heren\-ia\f. w-7. ¢ P

At » 28 %« = b

?r ’Of 'ar
4 Ld ( °p ’D‘o>
Gwen A,b we con ddrermine 28 | 2k and Haus the Rus
O
con be constructed
2t solwed by {;;ru.)(l‘l&/ bock subshhuhous
op
sinte A s avaldoble s Ly —?oc\'ors.
EmmF!;
10 R @
Yoy \ uil.lo
R2
-ve YRitVez o || % o €,
] Q [o] I¢ 55




S w1 0 K e

Pgu,)r.\\'& as
\ o o v, =€l s x-= €5
Yo, kt¥e, © % °© Rz\l &
_h_ -1 \ rl [s] -
T R RivRy
—_— !
A b
Note, A s W O \'n‘o.nsu\a.\'izeé {orm
g“.??ose_ P = 1 ‘then A o o o 2h =0
2
2R, o Yo R, lo
] o O o
o Rus o o o o Es o
6 -4Y1 o R € = -€
/RL o @\*9 S TZ(L—R\fQ;).
o (o]
-_Es o
Ri+R,
To delermine 3_._:_1 Solve v o o 9%, 0
—EL EL..xé o CEAVET O Ry B8 X SR
o 2%e/oR, RalRir®,)
e, “Yr, g °©
i W . o
2Ra
Lo+ L Yo = Ei Wa | RiEs
R, Ra) 2R, Ra(R\+R21) R, @.f@"'
and -y W, 4 e = o
Ry 2R, R,
So% Ly an Es
2R R, 2R, @ﬁ@"
Note W = RiEs os bekforc_
Ry

Re.mm\a
The eens‘\\—\‘vk\\/ of all C.om‘)omn\'s of % is seldom
requ.he;.&. Normolly, e have Some Ou)?u\' ¢
Prat 13 relakd o x and we o wnheresked vn

o8/2pi .
How can tis be done o.c,omPu’«'a\{o.Ac.\\]v ehkieient tannes {
Ax - B -_— @
Q&QO.\! A ?L_ = - é_k. A -~ ‘_a.h —'—'—'@
2p P 2p
Now \eb c} .
> 24 . ¢
'o? o
%\*" T = ‘KI('QL\.W.-?_\?_
?p P op
which resulks o 4 . -a‘A“( oA x-2b) @
2p % 2P
Next defne on g%pm*_mdm: %o Such Hak
1, = - A"
<X T
> X, A= -¢
AT, = -¢C _-®
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?.é_ = xa' ( 28 % - 2b

2P 2 2

Once %o 15 detecmined %mm a soluhouw o\- ® e
Se,ns'\\'iv'd—\l ’Qg;r can e reo.d\\T cnmPukA

Note Om\\1 two \inear ep\ua\-\ob\s @ % ® need to be
gowed 'wm?ec,\—\bc o\» e ruamben 9\. \xxro.me\—ers F\;




Com&\'o\'\o.wg\ Prou&u.re_

|) So\ve. Ax = b
A dt.com?ose.a wnlo LU goc,\ors
. LU= = b
0.) Solve Lx = b
b) Solve Ux =y -

2)  Sowe the G&Jdm_r sﬂs\-uv\
A Ly » -—-C
> (LU)T Xe = -C
5 VU L' Xa a —C
a) Solve s = - ¢

b) Solve U2a = =

Note On\‘ f{mwora ond bock solwes axa 'tn.o(u;rec\w}\-h

the 6ame Irianqulorized momces

3) for each Farame\ex P form 3A/af;-ana /2P then

obtaun . ; N
% - (% M x - 2
Bp L ) g3 o
Examgle- @
'S v, le
i ° ° s R
w2 okt ° o &
R °

Noke mabnix 15 a\reac\\‘ n O ‘\'Tfanﬂu\ar &:orm.

A = €s
R E
RitRe

- Es
R+ Ra

Adicint system s :
jornt sqeter

= ] - YR, Ry

o .hrt-; -,

o o 1

The ou}?u\’ s VU, ;#-\-_0 ' o] v,

[
e’ Va
Te
.
Solve Ara a-c

[} -VR| |/R| \ﬁ‘ Yo
o Yatle, IRy Vaa b 1
0 ] \ lea [

The solhou s

L -Ry/Ri+R)

- R R"/‘R\fal)

[o]
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e b
2R, 2R, 2R,
2 'O_Q_ = [ pll S N —.ELQ_L% o ) [ €s
ok RirRa Ri+R, o -L o Ra Eg
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o o O - g
R.fﬁz
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Suﬂ:osc- we wanked W,
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s < l.en e o] (- - )
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’ o
= Ra
R +Ra

te. no oddihouwal molex solve 1s Tu‘unec\.,
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-If we want the sensihiviby o\- o {lw od-?u\‘s Wt
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o.dJo'mi- mebnod
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diveer  or sensih‘v\\7 ek O‘\DPMG‘

Observahow

ose we uwant to evoluake a scalar outpui-
funchou 1(“" mulkple Rus vtctors, +then the o.AJ'omt- mebhod
can be used o Q&\Io_n\'aﬂe.

Axi = by
. =

¢ - C"'u(‘ TC‘ K . SN W
- - xc) b\

tedldl  con be evalumakd sty o s;na\c analysis o
Yhe ad\jo’m\' s1:\em~ ! S‘

This s the bosic idea h Noise ana\\rsas_

ise (s
semicouductor denices (BIT, D, Mos, R) untroduer
notse Ln o cxeat . Noise is present because charge is
not conMnuous bub 15 Caxxied v discrele amounts (‘b-"‘"“’"“)

Various noise  spurces
— Thermal noise :  associoted (st e randows
Hrermol mohow o% elechons withia the ‘)hsxsica\
\,QA\‘ oi- o. resistor

R \“;QKI(.&)A

(r\o\sy) cm&\t”) ;:'- ﬂKTPw{-

- Shot noise : ossociaked with flow c&r cayouers
ocross o barrier  ((pn Juahbus)
E - th IbC Ag‘
- Flicker noise (Ve nowse) . associated with &ur&au_
skokes or -\ro..‘)s
R K

e I 4
Fb
Noise _models ,go*( semiconduclor _deuvices
1) Diode
C - ATy b‘-
% S A fx)
‘—d l? = 21) Ib A?
- v

H
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teo = Akt (l?,) AS—

\E‘ = 11)I°AS. + k.;_a: AE-

k—-‘f‘—“_
shok noise

{—h‘d;_gr noise

RN zcb I. Aﬁ-

3) MOSFET

§ C?L b
s o e g
) e e

s

\01 =z 4 T Y jdu + E_ b‘

U.\»\CYQ 3“ = 3HS\VpSsD

Y =

2/ (’m \o\.\j—char\ne\ dusices w salurahou

for o \onj channel MosFeT Sds\vns-o - 3"“"“‘—

- 4&173“ - 4\«1(%) 3,.\

Excmr\(‘g\e- d Ngise Analysis
N 13

C‘L?OI o = ®

Look. at the smo\\-sfjm\ ec\u.iva\en\‘ ICTION
Wi

- R = =< 3
y s oV Y‘ ¢ l8““ ke D¢ @

Note There ore 5 nNoise sources

o{- Phese are wuncorrelaked

W the clrewst gind a\\

To o,na\\‘zc_ thig Cm\-—wg ‘Droc_eeA w The
For each noise source (>
) re.?\ou_ e with o sinusoidal determinishc value
[V
2) calawlake A, (f) = \H(ﬂ))

3) mMeon square ou\-i:ui voltage s
R Ll
The 4{otal ou\»‘:u\” noise is then -

3 i
U°'\'nm\ = Uony P Vo & -~ -

Q’D\\Ouﬁ\;ﬁj mannes

Observo\‘\og
— For eoch novse source we ore so\vﬁ'\j the same
ool with a d&%\»ererﬂ" RHS or source aeetor



te. we hove Hae —&o\\oww‘\j st huchon
Yv, = & \] t=1,2, .. m
b = elug

where T are Hae Narious sourca (Rus) wectors and ¢
the corres ?ov\&.viﬂ Ou\">u\'s

¢ - T L - T
= = CU&)TI;'

where Ay 15 obfauned \0\( so\v(vﬂ Twa = -c

Note $i. can be evalualed wita a Single analys\s of
Yre aé\‘o‘m\’ sxskm‘

This s an e“fcc_.;m\- way {or Aa;a Notse cmo\‘su..
[ZE.MQ"L

T contains ot most two nonzero entrieg ox e

-\:orm LA E

Qubpukr norse calaulahon
\

For eachh noiie gourer 'V determine  $i . Then

U:u\m‘so. = E“_-‘ \(P\:\l )y’_
Calculahon s\. each $i rec‘u}&s - (v,)T 1. ugl«\'idv
wwoles | mu\h")\\'ca\—t'ou and o subitrachou
[ Vo Vay ---- “_u-J .' L,\(_v-“-b‘t U—;J)
L—> —?,‘

J—=lre

Example _ Q
Coleulate Vo © LG
A= \ o ) E.s Ra
Ve, Yethe, o
R, Yo,
A ' - Ve, Y&,
o veoree  tYg,
o ? l
We have La = -Rz/(R.q—R,_)
-R8 /(R +Ry)
o
Com&)u\'e- noise o»&‘m\' due to Ry : b . o
-l
[rY
- U-O\ = _\Q\‘- - a‘- —2421 o] ] [o]
Ri+Ry RirR, -
1
= "‘R\ RIRL = LV R.RL
Ri+Rq Rusz_
Vou - - %, [ -Ra. - R\Qz [ o = W2 R, Ry
R\"Rz R\"'RL \ Rﬂ'Rz_

»

S s 2
_. A = R| Ra [ ey + W2 ]
Rﬁ—Rz_




Nehoork Interpretobion of Hhe Adjont melirod
y + o

The oAJo{n\' wector is obtamned as o soluhow of

AT'L° a =G

Considex Pne resishie example

R,
T
\ (=] o Eé \‘
A= | -y,  Mry¥e, o ba| o s o @ £ee
Yeu R,y ' 0 R _".
1

AN . { Y fra ca] o
(o] '/Ru"‘/RL J/R‘ |
o] o 1 °

From tais the oAJ'oirﬁ nelwork s

— A

For R, L, C #Hae aAJéxnf nebwork 13 the same as Hae.
Or\‘s\ho\ network .

What \r\aﬂmns %—M cowntrolled sourcs ?

O @ O ‘*_—@
vy OF LA JmVae Vs
e pa— % e - @
N N

Sgns':b'!i:\:‘ﬁs Q:x Nonlineon cui %. ks

DI S&ns'\\'iv.ﬂ\,‘_
Wwe solve S-Lx) = 0 nonhnear ec‘ua\—mu_s
> x5 Fhe solubow
S»??ose. we are Wnterested 1n sensikivihes w.rt. paramelen
?,

re. %(x,?) = 0

d&“e_reh\'io\'& w.r.t. ¢
1&.\ v fg&. a 0

(18 3? af
ve. 2 \ W . -2f
% x* BP 3P

Notes: _ '3_&\ s the  Jacobion malrix ot Hae de oFero\uﬁ
X ix* ownk
_ I+ s oawallable §oc,\orec\ f"orm ok Hhe conpeqenc,
et Newtous method used 4o Solr {»(x) -0
= sensihvi 9L can be obrarned by forwonrck/
bock Subs\-i—aP fuhou Qor Rus = -2f

— The derivahives 'ﬁa% are reﬂwr_eA Qorcom‘:»&mj

4he sens(h\/'\v‘
Qe,mcwk;
- The aloove Q?Proadr\ 15 the diveck S.n.nslh'viv
Proac\n,

- As with the lneon case an aAJoivﬂ' «Formuloko»‘

can alse be cougtructed .



z) Ac . 0 .
stmall -signal cdcadl is a Uneon et and the

Aineon sensihivi oma\‘sis can be. used.
This becomes -\T\‘c,kl ¥ a ?arame\'e.( a.h.e.c.,\-s e

de eve_rcxMj 90\‘11\'\

3lcansient S&r\sih‘vﬂ-;z
woatious axa d_\‘!aeren\x‘o\ o\aebrm&_ e;‘uahrms

Qrowt
(BAEs) ‘that are expressed as
S %, ) = o __
where P s a ?oramekr
At the dc o?e_ro.’t\hj Pcim\ we hawe
— ®

fog =0
~ 0%, -8

D\'“—erex\\m‘o\c ® wr.t b

—®

? ?i (LY +_)_f_'ﬁ_ +2}_ =0
oz 2P ax  ?p ?p
Let 2% =2 . - 4 W |z
¢ 29 4 ?p dr?r
4 Wz, of 2 - —i — @
CRS % 2p

where 2 s the Se,ns‘\h'vﬂY veckor

Nete @ s a hnear tume naTyIN DAE . which 1s solwed
with e nilal epudihou Zo = —C_E)_l o fowm(®
) 3)< Xo a[’

Poe fzer

Consider smoll -sigral AC analysis where we determine

Hre ouh\m\' o‘- sowe  transfer B«mc}\'ou as’ a qu.m;hok of

Sgw weney .
R nm us re,‘)re.sen\' He h'o.nsgu hx;nc\'\odﬁ

T(s) = NG _—O
PIEY)

We would like 4o know Tes) i te Lllowing pem

Ty~ w TT (s-%)
‘a g @

-1

LS

whew z, o the zeros  and pe Hhe ?o\e_s o\— Hie Hcms‘-er

Aﬁ_,_r\c.ho'u. .

Why Hais foem ?

Y
{"‘DM @ . OFnerwise reg\u.x}e /B Solwes %or eacly

%re;{uef\cﬂ when do\hj Hhe conentoual oc ana\\{s\s'
The tme-domain respouse. can be daleamined loy us\'v:r]
anverse \_p.f\au ‘\—mm’p\ms

stems o knou)\edse a& Hae Po\es
e\- thhe S\(.s\-cw.

2)

3) P)\' CAOSQA'\OOP 5;1
ollows deteamining +he skaloh
Rt‘ﬂ\n\whol,k-?\ane Po\es > unstable g,f\fm.

So how do we derermine Hae ?o\es ond zevos olr networi

Yrans fen &(AY‘\C‘\‘\OU.S? ]
Note This 15 a Sma\\-sfjnal oma\\rs\s —gur nowhinear  eauaks

The small-signal ac response can be. polbrawned dnm\;l‘ :

I
i




e i
:
:

foc small -siSm\ cowdihons  The cucouat u‘ua\'\dus can be
e_x?ressed s

A) » =} —_ ©
where AL = GrsC
e o Y o\ inkerest Is
Sppoce e oot o ol
a- = — ©

Then we ore wnterested wn de\ernim'm\j the poles /zeros o\»j
g FAo b o L (Gesc) b

. 4T i (Gnse) 4
deb (Grsa)

Nore

For all network \—rcms%« %\*nc)n',o“s Y delerminant
01- @)rsg 15 the denominakor

>  poles o\r the \—rans\—u %—U.n('—"!b\k e by
der (g +sc) = o (
What about zeros ?

Write © 2@ as a complek stew uotous
LD 0o omplele syshenoh o

‘LTZ '}a = 0

> [Ms) o][l] :]:L]
-R.T | ‘1 [
From Hais the ou\-Fu\' can be determined ‘07 use % Cramers
rule

e, J = det | M) b der | AG) b
AT o - A
det [ ) 0}
-t 1

detr LAL&))
So e zeros can be {found from e determinant ok an
o.uamcn\-ec\ mobnx A LLs)

addihonal
\‘/ column
Aals) = A(s) b
[ _L" o ] % A(S) } b
— e )
additomd—>{ -7 V0
row
The zevos ova cawcv\ b‘ det Q.(s)) =0 .
Remarks
+ Both the

Po\e_s and zews com oe oblauned J;.mw
e rooks e two determinanks .

+ The dekauminankty ora Po\,u‘nom{a\s Wvioos .

How do we detexming Yhe rooks o} these determinanks ¢

We will look ot two mebhods:

) Muller's method and
Yhe Qz- A\ﬁOrLH\m.

Muller's Mebnod

This s on YFerahive method for %\ndu\j Yhe rook s* a.

P o\ o mial

2
&.(5) a2 00 +Q,S 40,5 + -— 4ans”

Fiest, Hae Q\*ﬂc\‘\o‘v\ is OmexI\makd by a quadrakc e,

bo 4+ b, s + \;,sz'




L

Pmcedgxg
- short Wit niral volues ak S, S¢, S, 8ia Gnd Hue
cotreseov\du'\j ualues o\— .“. i<, q.,-_“ fea Solwe.
Auneon 2quatious fo delamine be b, by

- Fowm Yae c‘uadra\\'c. bo t bis +b, 5" deteumine Hhe ok
o} smallesk mo.sn\\-udo. > Sin

- Qefw\' Pror_e_ss Yo termination e, ?(s) <~ °

-  Owc a root o&— “'-(s) has been determined
e_“e_c} s ‘Eoc_\-ored out o‘— ‘he &u_nd-uou {(s) and
Muller's method aﬂ:s\ied 4o the reducad ?o\»‘ﬁomia\

e fT . _f6)
T Geo5)
J*t

oJY\-er k rooks O\— £6) hawe oaan dikamined

£Gs)

e..quqérahi:

£6)

fn‘.n

How is ais mnethnod me\emenkd U o oradt simulalor ?

Note the pwocess relies ow caleulahn %(s) = det (A(S))
e“{cml\\’\r {-of a %wr.d\ volue “ob s, Sy St st

HOUD do we ca\w\a\-t -\Me dﬁkerm-\nam\' 7

For A= LU we can com?uk. the deleaminaunt
W the Qo\\own%ﬁ manner

det (M) = det (Lu) = det(v) dek(v)

-9 de\- (L) > Ln L'n. - 'Lnn

Lin RS &
U = ] U - - - . U
CoUa oo\, S det(u) - 1
O T < ey
i
,'_ de_\' (P\) = ku L'n.. - — L'\q.

—W\ALS) 3\vev\ S =5 the malrix foad > Gl
Lv {-ac\'or'\zaho\A = defb (Grsic)

This idea is ysed with  Mullers mebhod

Remarks

- seice2  doesnt hame £z analysis

- 8picE3 /HsPice ort Pz analysis using Mullers
metnod / R 1 J

- Muller’s methed 15 not | reliable. . Cheek $he_
# o} o\ﬂ—u'ms WA HSPICE »{—or .PZ analysis

— The next mebhod Qz_—a\jori\'hm 15 o robust

\-&t\'\n(qw‘.’, :




* 2) 07 - alqorithm
—AdthnoA o solve bne 3m¢ro\\id ex‘jenuqb.u.‘)m\o\em
ve. Ax = 2Bx
where both A & B oxe malrices
- The soluhow 15 obrouned b‘( so\vw\j der(A-aB) = o

Noke.  This s exao\'\T Hhe -Gotm Hat we hawe {-or Als) and
Aa (S)

det(A9)) = dek(Ggrse) = g, Cs,

Rergrk,

The Q2 a\ﬁor\ﬂxm s owalable as a subroukne

Pac\«aﬁe (£33 n eispack  from _n_eM) _
Compubng poles v zeros.
9z olgoritam velurns the dduminant wi the following
e det (Grse) = TU («o v pis)

where & o Complex « Bi are real. Either «i or P
mo,\' b& Zevxo .

Poles use Q2 with Als) 2 GrsC
Zews use Q<2 with  Adly) . Gar sCa .

Ga - [ 6 b ] Ca - [c o]
- o 0 o
Remark

-~ Qz-algosithm resulls (v dence moknices (nxn).

Hened ¢ cawnnot e applied to cuewib with  soo
nodes 4

What do we do {:or \arser esrails ?

Questiou 3. Do we rcoll7 need 4o know all of Hae poles og—
?

o.s«.\skm-

ey O linear nelwork o\- 10,000 or More nodes *

Queshou 2 What would oue do even ‘g oue could agnerak
e wm‘)\ek sek a{- ?o\cs?

Observahou
Sowwe 0\‘ the \Do\es make an 'unsijn'\%.'can\' contrlouhon
o the cuowt Per&—otmcmu_
3 obraun dominant poles  Huak can cu:c:.;.rcnle.l;7
re,\aresexﬂ‘ Hhe cuteuat behavior .

When s such an aﬂ)rooch Lue\»\x\ ?

- Ana\oj de.s{sner'.s \ook ot cn\\( Yhe domunant Po\es,
- For Ic interconnect gimulotou would ke to
hawe o s(mP\e dz\mi estumalke

% what we would like Yo lhawe s an e“\‘uinﬁ‘ -\echm‘ﬂug
%0( o\:\'oiu{wl(j the domunant Fo\es O‘Y a et

B e i v DD
L TIT1 M

—————
10\,:3 intercomneck ofPrmmak

rc_f vesentakion




F_H-cc;m\- J;u_hm‘a‘w fo oblain o domuwrant pole re?ﬂse'\b*‘;"“
one

: AWE (Asv‘mpb\'\b Ndue-\orn\ Euo!»a*w)
: PvuL LPo.dc' Via \.anczos)

The uﬂi«ﬁfvﬁ Wdea 15 Yol o\. Pada’ o.\>‘>mx|ma¥\0u

Gonsider a linear TI nehyork.

In?u\' . LTY Q,I-r.ﬂ.
‘—————I r_____. .
The Ou\-\aui'/ unput re\ahéus\u’P 18 desoubed by « ’t-rcms‘o./
nchon
H(s) = O tasrois’e... oms”

be' Fbis this’s - —+bys”
This TF s Ofpmx\makc\ \:7

Heq(s) = Qe +A,5 tdys v -- v agsh
L+ bs +bs™ ¢ -—+ bﬁs‘b

where p<™m and ¢b<n

The. above afproximahim Hfl‘u(’) 15 the PacLl ofprummakoQ
ot H(s). of Hype Le/q].

&%n_ A Pade’ OfPrOX'\man* 0% F(s) 15 denoted lo/

Le/al = M)
D)

LT T e

w»\Y would e afproi‘mahéu work ?

Consider H(s) Me exact TF . Suﬂ:ose the poles are
0,Pa, -- 0. Yren we hawe .

a)

H(s) = 2 M

[3X} s-f.;

ond  hE) = T weE

ey

We af?mximo.\-t Hne respouse. 0s a veducad ~order of‘)mx\mo\ltu

v

Heq (5) = Z' LN

i ‘-?‘-'l
Q () = Z‘ e Kt
™is ?ossib\g bx c,omsic!erinj OV\\“ Me dominant ?o\es.

Poles *or aw oy {-mm the On‘ﬁin howe.
a \“3‘\ ble contribuhon o e
overall response.

Tn the transient Mhe non dominaut
Po\e. foums  would dn.cw.r raf\"e\ \T {

EX&m F\Q

O I'F —Lu: Lieg =y




(20:}.

V, ) = Vi) > i) =« \ —
s e sstves v(s) 33,552, 65 4

For Vis)= ) e, a Skf *u.nc\«o;a

$

Vi(s) » .
S(sPrssTrese)
= LN, Ka ~ X3 y K
s 3 +3. 247 S+ 1555 s + 0,198\
- A — 0:0897 4 O-2%01 . - y2720%
s Sr3.247 S+1SSS Sy o0-198)
- 3.247% -1'SSS ¢ ~ 981t
S U(k) = t - 0o0517e + 02g01 e - w2104e
Pcuh_ Ooofommo\'\odgs_
T
[o/‘] - Q, - L
\+,s Ives v 5s>v 53
3 Qo= b, = 60 =a¢
. “o,| (5) = \
| 468
L‘I}] = Qe + Qv S - \
L +bs + \,,s" 1+6s oSs"fs3
3
a. +(sa. »a)s + @a.uq.)s" + (Q.,,sql)s a ivbsvls?

3> Qo = |
§ 6as va, = b,
50,4+ 6a, =g
Qo * 54, = 0O .%a.—.-_q._ 2 -1
s &)

% B.‘* 6 - = 2‘1/5} \)2-. 5".@_.—_'_;_

1
5 5

oo R () = oVss

1+ 3s vlds
3
® %
SV = ko, L LT le—cf mr«ﬂ)
s S¢1-3282 S v 098\
- i > 9.22\3 — {.2219
s sy13282 s +o-ia8)
- 13282k —0-198' ¢
viE) = I 4022219 e - 12219 ¢

Note From Hhe exoch \-ro.nsger \-und{ou Hhe dominant pole
is -01981, [his 13 the same o from the opproximate
eﬂuahbv\

Recall
A fac\el o.fFrox;ma.n*' 0“- F(s) s
Lvgl - e
By &)
Where there oow stuvtaal  choices B g Thus ecan busld up
an arvey et opproximants  called 4ne Pad.” table

P
q [=] \

o | Loed /el [e]
{ ferid D] L]
2 for2] [/2] (4]

Examg\c For es = \+s 1’5 He Bd Table l.s

a

o ki Lrs 2¢23 +3

1 1 2

ES

{ L 2+s 6+ 4s+s

=S 2-s 6-25
2 —2 . exa2s 12rests®

2-234s% 6-45 -5 2 12~65F5 >




@

How jOOd are HYhese Pro,{\mcm\’s?

In prockice work well a&r winkerconnect cxewhs

Plems
- m nhoduce  RUP poles in a stoble system
- may wnkmoduce smaly Pamsi\-\'c. poles cloce o
Ye on‘aw'\ — but Wit small vesidues

Whot s Aweg ?
Consider Mclaurin series eannS\bm

)

) .
Fle) = nevr ms v, st ye-- = 2 m; <"

120

Where  m; s called the ith moment

Recal FG) - SQ &(t) e.“ dt Lo,?\m_.. Tromsgorm

< 2 1Y
- S &(t)[l—st +Gb) ~ (st) L ]dk—
s Y
= S.G(e) dr -sl.tg(e)dk +s*r£§(&)d&-
s 00 t oy oe-
RS
- LT + M s +V’I\;S, b o—_——-

where m, = (.—_\): J.‘t; {Lt) at
al o

Note j" t\' *U’) dr 15 the a1tn MOW\QU\\— .

©

S»?‘;ose. Mo, m,, m, __ oa known. wo; will ghortly gee
Wow ¥ais can he doue *hen a.,a,..qp and b, ba, - oy,
con he obtoauned A the {o\\o\u(nj manner

Mo +M,5 4—M15‘ o M.l,b_‘-itt‘.__ Qe +0,8 ¢ ~- - Qu-n‘*"-'
v
Ao, s r--- b,us
where we Are \'O\u.nj a r_ﬂ)"/q,] a??mmman\',
ag -1 a

= (m., AMs Fmys - Mag)4 S v )(u— bys v bas v --- h—bas%)

= Qo ¥ QS & - ~- A—-Q‘b.‘s“"l

5. . Q. - My

s' a, = m, fmobg

st a, = ™My + ™Mb, + M ba

¥

b o = N

s = m.b '_m‘b"b' v - m.\u;b_, + My ¥

Y
o a m - -

- Mo + ) b, fﬂl.b.b

s : 0 = Mg, i-"\tbn\a. - --;mz\sb ‘

sl2$'l

-

3 r ™o ™, L4 T M4y-1 ]—_b‘b ™My, _1
™, My My .- - Mg, LT Myt
™o m, ™, e . My b?)'z = myra

L Myt ™My Myrr ~ = -~ "\a.-b-a.J Lb, . Magy-t |




Can now solue %nr O, - \o,b and Hhen q,,.-. ag-1,

Note 24-1  moments are ru‘u.j.rul o c.omFu.k a [_'0-‘/1,]
o_\geroximan\'

Next  we can %.}\A Hhe roolk  do determine poles.
A\‘ermka&,(‘,onsid.e.( the ‘o\\ommj
v
Fls) = Z Ko &,f P digknel
= G
- i -k;_{g;
Y ("5/\"'-)
@
="Z 5{|+§_+§’;‘,___]
- S mst
=i
%
N ™= Z Y
J-| rJ\.'l
-my = LI e -
% |’| l’:- P‘,
-m™ - h‘—zt-El;O--—!—ESL

- - s K K — Ky

"\«b ' ot + Fz.‘_ + o~ + T

) a t
7, oo ‘/"1, ' Mo
/% N I L
1 .

. . l v +
Ve hY - - - - /f’% Y ™en

So ho o we e ents ?

Recall These are moments Oﬂ- e Lm‘;u.\se. response.
vE)a 8(E) > vy - L

Consider Hne

Re Exa.m?\c

v,
A “ M <t Yes
R, L Ra J- Ry L
Vi) = § ]:;c, ‘[ se, Y sc,

Exfress Bre cafo.clh:r \)o\\‘oﬂes as an 'mg'nik_ power series « s

e e [ a
ve. V7 = ™ em s ems™y L
(X9 Cad ea e
Vo= M omis eomit sty L

[ %Y ca - £ <3 kS
- m, + M S ‘_MJ S 4 - =~

The cwvunts Hhrough Hhe acutors o
.13

1 - sa(v"‘) .
mSG(mE e mTs em et o)

To obtaun m, we seb sao0
N C.

ol




Solution o‘- e above cicanb %wgs
™ < C Cy
° = ™M z M, = 1

Nexk solwe Q—or s' C-O'-“\cu.ﬂ\'s re. &

[
- S N
AMA A e d M.
o (.1} c
% @” é\?“ %B "

Since ™" gre known ; the cwvant source values are known
ond Oue con Sole %gr m‘l

obove Ccuteunt

as He node Ooﬂ‘ﬁ% O‘- Hue

Owe can Prou.ec\ n a similar manner b ocbtan the hs\au-o«lw
moments

Q&""\OYkS

The momenk are obdined from o de solubwou’
0\» the network with capacitors r
cursent Sources Lmd,uc.\'ors veplacad \9\1 uoH»u.sF
For each moment calculahou e creut to
remains the some . Onl
- Lv

laced b

Sourtcs)

PIogy
source. veclor c o5
ockor  clradat mabvix and solwe usin

%orwm'd/ back, subshituhions with varous RHS

~- Onta the momenh hane been caleulaked,
Yhe poles and residues /zeros can be computed
oS desen bed be\ora.

Re Exg,m@\_;
Me
1% a0
me () =
Mme(2) =\ .
m.(}) = |
m i il
LQ' . m:&Q N é ) é \ @ 1y é
0o ' ' Y
mQ) = -3 -
"\| ('L) = =S : ’ '

™, Lb) 2 ~6

™Mo
() = Y4
m.(x) = 2§
™, (3) = 3|
™y
my() = -7o
my(2) - -126
my(3) --157

s we have Vi(s) = V- es#Bst -is7s?
Now let us obtain +Hie Pode’ Q.PFronman}s
Lori ]

e

\- 65

= Qo 5 Qo =i, b| = 6
\+ o, 8
2. Ho,, () = \ as \ﬂ*osc_
1+ 6S

209




e i e e i et b

(AN 1-68 ¥ 3is* 1595 . Q.vas

\q-b.sa—h,s"
% v (-9 4+ (ETR L TETINO R A (-\S'lt-a\b.-e,\o;)sa
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