












Example of Sensitivity AnalysisExample of Sensitivity Analysis
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Rewrite in lower triangular form
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Sensitivity CalculationSensitivity Calculation
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Suppose p = R2
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RHS is (∂A/∂p)x ∂b/∂p
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RHS is (∂A/∂p)x - ∂b/∂p
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Sensitivity Calculation
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To determine ∂x/∂p, Solve A∂x/∂p = -[(∂A/∂p)x - ∂b/∂p]
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Example of Adjoint Analysis
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Rewrite in lower triangular form
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Adjoint Analysis
The adjoint system is given by AT:
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Sensitivity Calculation Using Adjoint
MethodMethod
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Suppose p = R2
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RHS is (∂A/∂p)x - ∂b/∂p
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Sensitivity Calculation
To determine ∂ /∂p Calculate = x T[(∂A/∂p)x ∂b/∂p]
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Circuit Interpretation of Adjoint Method
ATxa = -ca
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Adjoint Network

Noise Analysisy

• Semiconductor devices (Diodes, BJT, MOS, R) ( , , , )
introduce noise in a circuit

• We are interested in noise phenomena caused by 
ll t d lt fl t ti t dsmall current and voltage fluctuations generated 

within the devices
– These fluctuations give rise to uncertainty inThese fluctuations give rise to uncertainty in 

current/voltage at nodes of a circuit
• Noise is present due to the fact that charge is not 

ti b t i i d i di t tcontinuous but is carried in discrete amounts  
q=1.6x10-19 C (quantization of charge) 

N i t J h S h ttk i hNyquist, Johnson, Schottky were pioneers who 
explained the origins of noise

Thermal NoiseThermal Noise

• Also called Johnson or Nyquist noiseyq
• Associated with random thermal motion of 

electrons within the physical body of a 
i tresistor

• Thermally agitated charge carriers in a 
conductor result in a randomly varyingconductor result in a randomly varying 
current, hence, a random voltage

• Thermal origin ⇒ directly related to e a o g ⇒ d ect y e ated to
temperature. As temperature approaches 0 
absolute, thermal noise also approaches 0 

Resistor Thermal NoiseResistor Thermal Noise

4kT Δf
R

4kTi2n =

f4kTRΔv2
n =

Since the noise signal has random phase, and is 
defined solely in terms of its mean square valuedefined solely in terms of its mean square value, 
it has no polarity



Shot NoiseShot Noise

• Described and explained by Schottky in 1918p y y
• Associated with flow of carriers across a barrier (pn 

junction)
Consider a diode:

Some carriers get enough energy to 
cross over the barrier
Since they cross the barrier randomly 
arrival of charge is random

Δf2qIi2 Δf2qIi d
2 =

Diode:  Example + Small-Signal 
ModelModel

1MHz       Δf1mA,ID == ,D

A103 2
1010101.622q(1mA)Δfi

216

63192
D ××××== −−

17nAA101.7i  value rms   

A103.2    
82

D

216

=×==∴

×=

−

−

kT

D
d qI

kT
r = Δf2qIi D

2
n =

Flicker Noise or 1/f Noise (Pink Noise)

• Origins of flicker noise are varied
• Present in diodes BJTs and MOSFETs• Present in diodes, BJTs, and MOSFETs
• Tends to be associated with surface states

– Surface states capture and release carriers in a p
random manner

Δf
f
Iki b

a

1
2 =

I = direct current
a = a constant 0.5 < a < 2
b t t 1 “1/f i ”b = a constant ~ 1  ⇒ “1/f noise”
k1 varies with device

Small-Signal Diode Noise ModelSmall Signal Diode Noise Model

S

Δf4kTrv S
2
S =

D

DqI
kT

R =
ΔfKI
Δf2qIi

a
D

D
2
D =

Dq
Δf

f
 D+

rs = series ohmic resistance (a physical resistor)



Small-Signal BJT Noise ModelSmall Signal BJT Noise Model

2v

2i

2
bv

2i 2
ci

2
bi

ΔfIKΔf2qIi

Δf4kTrv
a
B

1B
2
b

b
2
b

+=

=

Δf2qIi

Δf
f

KΔf2qIi

C
2
c

1Bb

=

+

rb = series base resistance (a physical resistor)

Small-Signal MOSFET Noise ModelSmall Signal MOSFET Noise Model

22
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WLC
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KΔfg4kTi 2
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2
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D γ +=

Vdsg
d
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= satm,g
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saturation in 2/3 and  Vzeroat 1
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devices channel long for      

Circuit Noise CalculationsCircuit Noise Calculations

S (ω) So(ω)
H(jω)

Si(ω) o( )

Input signal
power-spectralpower spectral

density Linear
Time Invariant

[ ](jω)H(jω)H(ω)S(ω)S
2

*
io =      

H(jω)(ω)S(ω)S

H(jω)(ω)S                

io

2
i

=∴

=

Analysis Procedure

Assume noise sources are uncorrelated 
(separate, independent physical mechanisms)(separate, independent physical mechanisms)
For each source : 
1)Replace with a sinusoidal deterministic

)v(  i 2
n

2
n

1)Replace  with a sinusoidal, deterministic  
source of value in (vn)  

⎟⎞⎜⎛ 22i

2)Calculate
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⎛ 2

n
2
n v    i

H(jω)(ω)i(ω)v =2)Calculate  H(jω)(ω)i(ω)v non =

2
n

2
on i to due density spectral voltageoutput   
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...vvv 2
on2

2
on1

2
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++=



Resistor ExampleResistor Example

2
1v ( )ΔfRR4kTvvv 21

2
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2
T +=+=
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2v

BJT Example (Ignore Cμ and ro)
Δf4kTRv2

noise)1/f(ignoreΔf2qIi

Δf4kTrv

Δf4kTRv

2

b
2
b

SS
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=
o

S

L

Δf14kTi

Δf2qIi

noise) 1/f (ignore Δf2qIi

2
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2
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=
i

Δf
R
14kTi

L

2
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2
bv2

Sv

2i

b

2i

S

2icibi Li

Calculate output noise from each noise source 
⇒ Same circuit with different source vector (RHS)

Example of Noise AnalysisExample of Noise Analysis
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Adjoint System
The adjoint system is given by AT:
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Solve ATxa = -cSolve A xa  c
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The solution is xa (the adjoint vector):
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Compute Noise From Each Noise Source
ϕ=-(xa)TSiϕ ( a) i
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Output noise due to R2
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Total output noise
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