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Abstract. The ability to analyze the effectiveness of agent reward structures is crit-
ical to the successful design of multiagent learning algorithms. Though final system
performance is the best indicator of the suitability of a given reward structure, it is
often preferable to analyze the reward properties that lead to good system behavior
(i.e., properties promoting coordination among the agents and providing agents
with strong signal to noise ratios). This step is particularly helpful in continuous,
dynamic, stochastic domains ill-suited to simple table backup schemes commonly
used in TD(λ)/Q-learning where the effectiveness of the reward structure is difficult
to distinguish from the effectiveness of the chosen learning algorithm.

In this paper, we present a new reward evaluation method that provides a visu-
alization of the tradeoff between the level of coordination among the agents and the
difficulty of the learning problem each agent faces. This method is independent of
the learning algorithm and is only a function of the problem domain and the agents’
reward structure. We use this reward property visualization method to determine an
effective reward without performing extensive simulations. We then test this method
in both a static and a dynamic multi-rover learning domain where the agents have
continuous state spaces and take noisy actions (e.g., the agents’ movement decisions
are not always carried out properly). Our results show that in the more difficult
dynamic domain, the reward efficiency visualization method provides a two order of
magnitude speedup in selecting good rewards, compared to running a full simulation.
In addition, this method facilitates the design and analysis of new rewards tailored
to the observational limitations of the domain, providing rewards that combine the
best properties of traditional rewards.

1. Introduction

Creating high-performance reward structures that promote coordina-
tion is a critical step in designing successful multiagent learning al-
gorithms [8, 15, 18, 21, 22, 26, 31]. Given an overall system reward
that evaluates the performance of the full system, there are many ways
in which local agent rewards can be derived. In very simple systems,
agents may simply use the system reward directly. In more complex
systems, we may wish to give agents more local rewards that increase
their ability to learn good policies. Unfortunately this “reward engi-
neering” task becomes more difficult in complex domains involving
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continuous state spaces, and dynamic and stochastic environments. For
example, reward structures that have been shown to perform well in
static environments, do not necessarily lead to good system behavior
in dynamic environments [10]. In order to determine the suitability of
agent rewards to particular domains and environments, and to spur
the design of agent rewards that lead to good system behavior, reward
analysis methods that are independent of the domains and learning
algorithms are needed.

In this paper, we present a reward analysis method that explicitly vi-
sualizes the desirable properties of a reward in both static and dynamic
environments. This visualization method is designed to be used with
a class of multiagent reward methods that has been shown to lead to
good multiagent behavior in a large number of domains [4, 26, 28, 31].
The salient properties of this class of rewards are to assess:

1. how well the reward promotes coordination among agents in differ-
ent parts of a domain’s state-space; and

2. how easy it is for an agent to learn to maximize its reward.

The first property promotes rewards such that when an agent takes
an action that increases the value of its reward, the overall system
reward also increases. The second property property promotes rewards
that are heavily impacted by the agent’s own actions. Note that in
large systems, the full system reward does not have this property, as
an agent’s action has, on average, little impact of the full system.

This paper provides a visualization method that shows how a reward
system performs with respect to these two reward properties. Using
this visualization we can predict the reward performance in a given
domain without the need for lengthy learning trials. In addition we can
prune out problematic reward structures before they are implemented.
Also even for reward structures in use, we can use this analysis to
determine for what problems the reward may be unsuitable and avoid
these situations. Furthermore, this method can be used to create either
new sets of coordination mechanisms or new reward structures based
on the specific needs of the domain.

We explore the agent reward design, analysis and visualization prob-
lem in a continuous multi-rover coordination domain where a set of
rovers learn to navigate and collect information in an unknown environ-
ment based on their noisy sensor inputs [3]. Reinforcement learning and
credit assignment are particularly challenging in this case because tradi-
tional table-based reinforcement learning methods such as Q-learning,
TD(λ) and Sarsa learning are ill-suited to this domain [23]. Instead,
we select a direct policy search method where the full control policy
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is evaluated after each learning episode. Note that this domain is not
only more realistic but also significantly more difficult than previous
multi-rover coordination problems where agents learned to take discrete
actions in a static grid-world setting [26]. Therefore, having well tailored
and computationally tractable agent rewards is particularly important
in this domain.

Although in this paper we focus on the rover domain, both the re-
ward design and the visualization approach have broad applicability. In-
deed, the reward design framework used in this paper has been applied
to many domains, including data routing over a telecommunication
network [29], multiagent gridworld [26], congestion games (traffic toll
lanes) [27, 28, 31] and optimization problems such as bin packing [32]
and faulty device selection [24]. The strength and applicability of this
visualization method stems from using projections from the agents’
state space instead of using projections onto two-dimensional repre-
sentations of the physical domain. For example, although we present
a projection of the agent rewards’ properties on the domain specific
(x, y) plane in Figure 6 to demonstrate how and why some rewards are
preferable to others, the more comprehensive visualizations for reward
design are in Figures 5, 7 and 9. As such, this visualization method
is not dependent on the domain having a natural projection to a 2-d
plane, but on finding suitable axes from the agents’ state space which
do not need to correspond to any physical space in the domain. To that
end, we present a projection method based on knowledge of the domain
(Sections 4.1-4.2) as well as an automated projection (Section 4.3).

The major contribution of this paper is in providing a reward eval-
uation and visualization method for multiagent learning problems in
stochastic domains with continuous state spaces. We discuss three types
of agent rewards that vary in how well they promote coordination and
how easy it is for the agents to learn them. The visualization method
is then used to determine which reward is best suited for the Continu-
ous Rover Problem. In addition, the visualization is used to provide
new agent rewards that take the rovers’ partial observation limita-
tions into account while retaining much of the salient features (e.g.,
coordination) of the full reward. Section 2 describes the key reward
properties required for evaluating agent rewards and discusses three
types of rewards. Section 3 presents the Continuous Rover Problem,
and provides the simulation details. Section 4 presents the visualization
results that allow the evaluation of the rewards, and Section 5 presents
the performance of these rewards in the rover domain.
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2. Agent Coordination Rewards

The reward analysis and visualization method we present is based on
properties derived for achieving good system level behavior in collec-
tives, or cooperative multiagent systems with a well defined system level
objective [31]. In this setting, each agent i takes actions to maximize
its own agent reward gi. The system performance is measured by the
global reward G. For any agent i, the system state z is decomposed
into a component that depends on the state of agent i, denoted by zi,
and a component that does not depend on the state of agent i, denoted
by z−i. (We will use the notation z = zi + z−i to concatenate the state
vectors.) Note that even though agent i may or may not influence the
full state z, both G and gi are functions of z, the full state of the system.

2.1. Factoredness and Learnability

The visualization method we present is based on two agent reward prop-
erties that lead to good system behavior. First, we focus on aligning
the agent rewards with the system reward, ensuring that agents that
aim to achieve high values of their rewards do not end up harming the
system. Second we focus on providing rewards that are sensitive to that
particular agent’s actions, ensuring that the agent receives sufficient
“signal” to learn to optimize its own reward.

Formalizing the first property for an agent i, let us define the degree
of factoredness (a generalization of factoredness presented in [4, 31,
27]) between the rewards gi and G at state z, as1 :

Fgi =
∑

z′ u[((gi(z)− gi(z′))(G(z)−G(z′))]∑
z′ 1

(1)

where the states z and z′ only differ in the states of agent i, and u[x]
is the unit step function, equal to 1 if x > 0. The numerator counts
the number of states where gi(z) − gi(z′) and G(z) − G(z′) have the
same sign, and the denominator counts the total number of states.
Intuitively, the degree of factoredness gives the fraction of states in
which a change in the state of agent i has the same impact on gi and
G. A high degree of factoredness means that the agent reward gi moves
in the same direction (up or down) as the global reward G based on a
change to the system state. A system in which all the agent rewards
equal G has a degree of factoredness of 1. We call such a system “fully”
factored.

1 Note this factoredness concept is based on earlier work on multiagent coordi-
nation [26, 29, 31] and is not related to the concept of factored Markov Decision
Processes [12, 13, 14, 20].
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Formalizing the second property requires measuring the dependence
of a reward on the state of a particular agent as opposed to the states of
all the other agents. Let us first define the point learnability of reward
gi, between state z and z′ as the ratio of the change in gi due to a
change in the state of agent i over the change in gi due to a change in
the states of other agents:

L(gi, z, z′) =
‖gi(z)− gi(z − zi + z′i)‖
‖gi(z)− gi(z′ − z′i + zi)‖

(2)

where z′ is an alternate to state z (e.g., in the numerator of Eq 2, agent
i’s state is changed from z to z′, whereas in the denominator, the state
of all other agents is changed from z to z′). The learnability of a
reward gi is then given by:

L(gi, z) =
∑

z′ L(gi, z, z′)∑
z′ 1

(3)

Intuitively, the higher the learnability, the more gi depends on the
state of agent i, i.e., the better the associated signal-to-noise ratio for
agent i. Therefore, higher learnability means it is easier for agent i
to take actions (changing its state) that maximize its reward. When
learnability is too low, many other agents are affecting the reward,
therefore it is hard for an agent to discern the affects of its actions
from the actions of all of the other agents. Note that both learnability
and factoredness are computed local to a particular state. Later we
analyze how these properties change through the state space.

2.2. Multi-Agent Rewards

The selection of a reward that provides the best performance hinges on
balancing the degree of factoredness and learnability for each agent. In
general, a reward with high factoredness will have low learnability and
a reward with high learnability will have low factoredness [31]. In this
work, we analyze three different rewards that provide different trade-
offs between learnability and factoredness. Ti, the team game reward
(Eq. 4), Pi, the perfectly learnable reward (Eq. 5) and Di, the difference
reward (Eq. 6) each defined as:

Ti ≡ G(z) (4)
Pi ≡ G(zi) (5)
Di ≡ G(z)−G(z−i). (6)

Ti provides the full global reward to each agent. It is fully factored
by definition and has been used successfully on multiagent problems
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with few agents [9]. However, since each agent’s reward depends on
the states of all the other agents, it generally has poor learnability, a
problem that gets progressively worse as the size of the system grows.
This is because, when an agent’s reward changes, it is difficult for the
agent to determine whether that change was caused by its own action
or by the actions of the other agents in the system.

In contrast to the global reward, the reward Pi is local and provides
the component of the global reward that depends on the states of
agent i. Because it does not depend on the states of other agents, Pi is
“perfectly learnable”. However, depending on the domain, it may have
a low degree of factoredness. Since it has high learnability, an agent
can more easily achieve high values of this reward. However, since it
does not necessarily have high factoredness, it is possible that an agent
aiming to maximize this reward will take actions that will hurt the
global reward.

The third reward, Di, provides more of a balance between the de-
gree of factoredness and learnability than do the other rewards. Di

has high factoredness, because G(z−i), does not depend on agent i’s
states [31]. As a result, any impact an agent has on this reward comes
from its impact on G(z), which is the global reward. Hence, any actions
that improve/deteriorate Di also improve/deteriorate G. Furthermore,
Di usually has better learnability than does Ti, because subtracting
out G(z−i) removes some of the effects of other agents (i.e., noise)
from agent i’s reward. The reward Di has been successfully used in
multiple domains including packet routing over a data network [29],
congestion games [31] and multiagent gridworlds [26]. While having
good properties, this reward can be impractical to compute because it
requires knowledge about z to compute G(z−i). In such cases, the way
in which the missing information will be handled (ignored, estimated)
will determine the trade-off between factoredness and learnability.

3. Continuous Rover Problem

Because both the applicability and the effectiveness of the three rewards
discussed above depend on the domain, reward analysis is critical before
approaching any domain. In this section, we present the “Continuous
Rover Problem,” which will be used to illustrate the importance of
visualization and proper reward selection in a difficult, noisy, continu-
ous, multiagent domain. In this problem, multiple rovers try to observe
points of interests (POIs) on a two-dimensional plane. A POI has a
fixed position on the plane and has a value associated with it. The
value of the information from observing a POI is inversely related to
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the distance the rover is from the POI. In this paper the distance
metric will be the squared Euclidean norm, bounded by a minimum
observation distance, d:2

δ(x, y) = max{‖x− y‖2, d2} . (7)

While any rover can observe any POI, as far as the global reward is
concerned, only the closest observation counts3. The full system, or
global reward is given by the aggregate value of all the POIs observed
throughout the simulation:

G =
∑
j

Vj

mini δ(Lj , Li)
, (8)

where Vj is the value of POI j, Lj is the location of POI j and Li is
the location of rover i.

The rovers sense the world through eight continuous sensors and
map those inputs into two outputs representing the x, y direction of
motion. From a rover’s point of view, the world is divided into four
quadrants relative to the rover’s current orientation, with two sensors
per quadrant (see Figure 1). For each quadrant, the first sensor returns
a function of the POIs in the quadrant. Specifically the first sensor for
quadrant q returns the sum of the values of the POIs divided by their
squared distance to the rover:

s1,q,i =
∑
j∈Iq

Vj

δ(Lj , Li)
, (9)

where Iq is the set of observable POIs in quadrant q. The second sensor
returns the sum of square distances from a rover to all the other rovers
in the quadrant:

s2,q,i =
∑

i′∈Nq

1
δ(Li′ , Li)

, (10)

where Nq is the set of rovers in quadrant q. The eight sensors provide
the rover with a representation of their world based on the locations of
POIs and other rovers. Note that this is an approximate representation
of the world, as the location and number of rovers and POIs in each
quadrant is reduced to an average number.

2 The square Euclidean norm is appropriate for many natural phenomenon, such
as light and signal attenuation. However any other type of distance metric could
also be used as required by the problem domain. The minimum distance is included
to prevent singularities when a rover is very close to a POI.

3 Similar rewards could also be made where there are many different levels of
information gain depending on the position of the rover. For example 3-D imaging
may utilize different images of the same object, taken by two different rovers.
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Rover Sensor

Points of Interest

 Sensor

Points of Interest

Figure 1. Diagram of a Rover’s Sensor Inputs. The world is broken up into
four quadrants relative to rover’s position. In each quadrant one sensor senses points
of interest, while the other sensor senses other rovers.

3.1. Simulation Set-up

With four quadrants and two sensors per quadrant, a rover has a total
of eight continuous inputs. This eight dimensional sensor vector con-
stitutes the state space for a rover. At each time step the rover uses
its state to compute a two-dimensional action. The action represents
an x,y movement relative to the rover’s location and orientation (see
Figure 2). The mapping from state to action is done with a multi-
layer-perceptron (MLP), with 8 input units, 10 hidden units and 2
output units. The MLP uses a sigmoid activation function, therefore
the outputs are limited to the range (0, 1). The actions, dx and dy,
are determined from subtracting 0.5 from the output and multiplying
by twice the maximum distance the rover can move in one time step:
dx = 2d(o1 − 0.5) and dy = 2d(o2 − 0.5) where d is the maximum
distance the rover can move in one time step, o1 is the value of the first
output unit, and o2 is the value of the second output unit. To better
simulate the inaccuracies and imperfections of a rover operating in the
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real world, ten percent noise is added to each action. The MLP for
a rover is chosen through simulated annealing, where its weights are
modified and selected with preset probabilities. Note, this is a form of
direct policy search, where the MLPs are the policy [5].

d
x

dy

Figure 2. Diagram of a Rover’s Movement. At each time step the rover has two
continuous outputs (dx, dy) giving the magnitude of the motion in a two-dimensional
plane relative to the rover’s orientation.

In these simulations, there are thirty rovers, and each episode con-
sists of 15 time steps. The world is 100 units long and 115 units wide.
All of the rovers start the episode near the center (60 units from the
left boundary and 50 units from the top boundary). The maximum
distance the rovers can move in one direction during a time step, d,
is set to 10. The minimum distance, d, used to compute δ is equal to
5. System performance is measured by how well the rovers are able to
maximize global rewards, though each rover is trying to maximize its
own agent reward, discussed below.

3.2. Rover Rewards

In this domain, the three agent rewards discussed in Section 2.2 are
used. The first reward is the team game reward (Ti) where the agent
reward is set to the global reward given in equation 8. The second
reward is the “perfectly learnable” reward (Pi) which for this domain
becomes:

Pi =
∑
j

Vj

δ(Lj , Li)
. (11)

Note that Pi is equivalent to Ti when there is only one rover. It also has
infinite learnability as defined in Section 2 (denominator is equal to zero
since for Pi, g(z

′ − z′i + zi) = gi(z)). However, Pi is not in general fully
factored and will often have a low degree of factoredness. Intuitively Pi

and Ti offer opposite benefits, since Ti is by definition fully factored,
but has poor learnability. The third reward is the difference reward. It
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does not have as high learnability as Pi, but is still fully factored like
Ti . For the rover problem, directly applying Equation 6 to Equation 8
leads to:

Di =
∑
j

Vj

mini′ δ(Lj , Li′)
−

∑
j

Vj

mini′ 6=i δ(Lj , Li′)
. (12)

Note, only when rover i is the rover whose observation of a POI is used
in the global reward will that difference be non-zero. Now, let Ij,i be the
indicator function that returns one if and only if rover i is the closest
rover to POI j. Now, Di becomes:

Di =
∑
j

Ij,i

[
Vj

δ(Lj , Li)
− Vj

δ(Lj , Lkj
)

]
, (13)

where kj is the second closest rover to POI j. The second term of the
Di is equal to the value of all the information collected if rover i were
not in the system. Note that in practice it may be difficult to compute
this reward since each rover needs to know the locations of all of the
other rovers. It may even be more difficult to compute than Ti, since
Ti can be computed once and then broadcast to all the agents.

It is therefore imperative to analyze how a partially observable
version of Di will perform in this domain. The partially observable
difference reward, Di(PO), differs from Di in its estimation of whether
it is the closest rover to a POI or not:

Di(PO) =
∑
j

Vj

mini′∈Oρ
i
δ(Lj , Li′)

−
∑
j

Vj

mini′∈Oρ
i , 6=i δ(Lj , Li′)

,(14)

where Oρ
i is the set of rovers that are within a radius of ρ from rover i,

and thus are observable by rover i. When Oρ
i only includes rover i, we

set the second term of Equation 14 to zero, and Di(PO) reduces to Pi. In
the visualization simulations below, we present the Di(PO) properties
along with those of Di, Pi and Ti.

3.3. Static and Dynamic Environments

In the static environment, the set of POIs remains fixed for all learning
episodes. The POI distributions range from randomly distributed across
the state to checkerboard patterns of uniform POIs. The results and
insights gained from visualization are qualitatively similar in all cases.
To illustrate the impact of visualization, we select the POI distribution
depicted in Figure 3, which requires a moderate amount of coordina-
tion. The 15 POIs to the left have value 3.0, and the lone POI to the
right has a value of 10.0.
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High Valued

POI

Low Valued

POIs

Rovers

Figure 3. Diagram of Static Environment. Points of interests are at fixed locations
for every episode.

In dynamic environments, the POI distribution changes every 15
time steps, and the rovers face a different configuration at each episode.
In each episode, there are one hundred POIs of equal value, distributed
randomly within a 70 by 70 unit squared centered on the rovers’ starting
location. In the static environment, the rovers can learn specific control
policies for a given configuration of POIs. This type of learning is most
useful when the rovers learn on a simulated environment that closely
matches the environment in which they will be deployed. However,
in general it is more desirable for the rovers to directly learn the
sensor/action mapping independently from the specific POI configu-
ration, so that they can generalize to POI configurations that may be
significantly different than the ones in which they were trained. The
dynamic environment experiment tests the rovers’ ability to generalize
in constantly changing environmental conditions.

This type of problem is common in real world domains, where the
rovers typically learn in a simulator and later have to apply their learn-
ing to the environment in which they are deployed. Note that this is a
fundamentally difficult learning problem because: 1) the environment
changes every episode, 2) noise is added to the actions of the rovers,
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3) the state space is continuous, and 4) thirty rovers must coordinate.
Therefore, the selection of the agent reward is critical to success and
many rewards that can be used in more benign domains (e.g., grid
world rovers) are unlikely to provide satisfactory results.

4. Reward Visualization

Visualization is an important part of understanding the inner workings
of many systems, but particularly those of learning systems [2, 6, 11,
16, 17, 30]. This paper focuses on visualizing reward properties to aid
in both agent reward evaluation and design. To analyze the rewards in
a specific domain, we plot the learnability and factoredness of a reward
measured at a set of states in the domain. This visualization helps
determine which of the many possible rewards one expects to perform
well in a particular domain.

Rover Sensor

Points of Interest

 Sensor

Points of Interest

!
!

More POIs

M
o

re
 R

o
v

er
s

Factoredness Computation

X Coord

Y Coord

Figure 4. Factoredness Projection: The four POI sensors are combined to provide
the x-axis and the four rover sensors are combined to provide the y-axis. The fac-
toredness of a given reward is computed by sampling Equation 1 for each such point,
and the results are plotted, varying from a bright “+” for fully factored to a dark
spot for random, to a bright “-” for anti-factored.

The analysis starts by recording the states observed by agents taking
a random set of actions 4. For each reward, we compute the learnabil-
ity and factoredness by sampling Equations 1-3. The learnability and

4 States could also be recorded during learning, which could lead to different
visualizations when the action distributions are significantly different than random
and when an agent’s factoredness strongly depends on the actions of other agents.
However preliminary analysis in the rover domain has shown little difference.
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factoredness values for each state are projected onto a two-dimensional
plane. The projection is then broken up into fixed sized squares and
all the values within a square are averaged. As with many visualiza-
tion techniques, using the appropriate projection method is important
to achieving good results. This paper presents results using a simple
domain dependent projection and an automated projection using prin-
cipal component analysis [19]. However, this method of visualization
is adaptable with even more advanced projections methods, including
non-linear projections [1, 7]. In addition the visualization can be an
interactive process where the user switches between sets of projections
to achieve the desired visualization. It is important to note that though
the particular projection method is domain dependent, the impact of
factoredness and learnability on the reward is applicable to a broad
array of domains [25, 24, 29].

In a learnability visualization, points where an agent’s action influ-
ences its reward more than the actions of other agents are represented
with a “+” symbol. The lighter the “+” symbol, the more an agent
influences its own reward. Points where an agent’s action influences
its reward less than the actions of other agents are represented with a
“-” symbol. The lighter the “-” symbol, the less an agent influences its
reward. In factoredness visualization, points where an agent’s reward is
aligned with the global reward more often than random are represented
with a “+” symbol. The lighter the “+” symbol the more factored the
reward is. Points where an agent’s reward is aligned with the global
reward less often than random (anti-factored) are represented with a
“-” symbol. The lighter the “-” symbol is, the more anti-factored is the
corresponding reward. Figure 4 illustrates this process.

In this domain, the projection axes are formed using the eight sensor
values used by the rovers. Note that many possible projection are pos-
sible. For most of the analysis in this paper, the x axis of the projection
corresponds to the sum of the four sensor values corresponding to POI
distance, and the y axis corresponds to the sum of the four sensor
values corresponding to other rover distance. Therefore values at the
left side of the visualizations correspond to states where a rover is far
away from the POIs, and values at the right side of the visualizations
correspond to states where the rover is close to the POIs. Similarly,
values at the bottom of a visualization correspond to states where a
rover is not close to any other rover, and areas towards the top of the
visualizations correspond to states where the rover is close to other
rovers.
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4.1. Visualization in Static Environments

Figure 5 shows the learnability and factoredness visualizations for the
static environment. Pi is highly factored in some parts of the state
space, particularly the lower right corner. That space corresponds to
conditions where there are many POIs but few other rovers in the
rover’s vicinity. It is not surprising that under these conditions where
coordination is not relevant, this reward provides the right incentives.
It is important to note that Pi has high learnability across the board,
an expected result based on the fact that this reward only depends on
the actions of agent i. This visualization implies that even though Pi is
easy to learn, in many states it is likely to lead the agents to learn the
wrong actions due to low factoredness. However, since Pi has better
factoredness than random, for most states, we expect agents using Pi

in this environment to reach a reasonable level of proficiency.
The situation is entirely reversed for Ti in this environment. The

Ti reward is by definition fully factored (except for states that have
not been sampled, which show up as black in Figure 5), but has low
learnability across the board. Ti has good learnability only on the right
side of the visualization, corresponding to states where there are many
POIs, meaning that the rover is generally close to the POIs. This is an
important part of the state space so we expect that agents using Ti to
learn in this domain, though learning will be slow since the agents re-
ceive proper reinforcement signals only after they stumble upon regions
with many POIs. Di on the other hand has both high factoredness and
high learnability. In this experiment ρ is set to the maximum distance
a rover can move in one time step (10). This is a severe restriction
that forces the agents to focus on less than 3% of the state space at
any time in search of other rovers. While Di(PO) is not fully factored,
the factoredness visualization shows that it still has good factoredness.
In addition, the right side of the learnability visualization for Di and
Di(PO) (vertical rectangle marked 2 in Figure 5) shows that Di(PO) has
higher learnability in this part of the state space. Considering this part
of the state corresponds to the important area where a rover is close
to a POI, we expect agents using Di(PO) to perform even better than
agents using Di in this static environment domain.

For the static domain, we can gain additional insight into the differ-
ences between the rewards by displaying the factoredness visualization
projected directly on the x, y domain in which the rovers move (note
that this projection will not usually be effective in a dynamic environ-
ment where important regions keep shifting). This visualization shows
how the rewards map to actions directly taken by the rovers. Figure
6 shows the factoredness for Di(PO) and Pi (on this projection, Ti
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Figure 5. Factoredness and Learnability Visualization in Static Environment. First
column shows factoredness of four rewards and second column shows their learn-
ability. The visualization is a projection of an agent’s state space, with increasing x
values corresponding to states closer to POIs and increasing y values corresponding
to states where the agent is closer to other agents. Pi has low factoredness and is
anti-factored for much of region 1. Di under partial observability (Di(PO)) is much
more factored. Di(PO) has higher learnability than Di, especially in region 2. Ti

generally has low learnability, but is sufficient in region 3, corresponding to regions
close to POIs.
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Pi Di (PO)

Figure 6. Factoredness Projected onto Domain Coordinates. Factoredness of Pi and
Di(PO) is projected onto the x,y coordinates of the domain environment instead of
onto the feature space used by rovers. “+” represents factoredness and “-” represents
anti-factoredness. Pi has an anti-factored boundary preventing agents from moving
from one region to the other.

and Di are fully factored, meaning each square is a light “+”). Note
that around the POIs, both rewards have high factoredness. However,
there is an anti-factored boundary for Pi between the two regions.
That means that agents are restricted to the right or left hand side
of the x, y grid, and will not cross that boundary if doing so would
benefit the global reward. This means the performance of Pi will be
particularly sensitive to the initial random actions taken by the rovers.
Notice that even though it does not have high factoredness in that
region, Di(PO) has two “bridges” to cross this region and furthermore
has low factoredness rather than being anti-factored in the rest of that
region. This implies that Di(PO) will not perform poorly in this domain.

4.2. Visualization in Dynamic Environments

Figure 7 shows the factoredness and learnability visualizations for dy-
namic environments. They show that in this more difficult environment,
neither Pi nor Ti are acceptable. The factoredness deficiencies of Pi

are amplified in this environment as are the learnability deficiencies of
Ti. In fact the learnability is so low that there is reason to expect Ti

to perform only marginally better than a random algorithm. Pi only
has high factoredness in the bottom left part of the visualizations,
corresponding to unimportant locations where the rover is not close
to any POIs or close to any other rover. In fact, in more important
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Figure 7. Factoredness and Learnability Visualization in Dynamic Environments.
First column shows factoredness of the four rewards and second column shows
their learnability. The visualization is a projection of an agent’s state space. The
visualizations show that Pi has very low factoredness and Ti has very low learnability.
Di(PO) (computed with partial observability) still has high factoredness.
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areas of the state space, Pi is often anti-factored, leading one to expect
agents using Pi to perform very poorly in this environment.

In contrast, Di has both high learnability and high factoredness in
this domain. In fact, there is little difference between the learnabil-
ity/factoredness charts of Di in this dynamic domain and in the static
domain. Given that Di is fully factored we would expect rovers using
Di to perform very well. However, again Di is difficult to compute in
practice, as it requires a rover to know the locations of all of the other
rovers. As in the static domain we can compute Di(PO) where the rover
can only observe other rovers within a radius equal to the maximum
distance it can move at one time step. Though not as high as that of
Di, the factoredness of Di(PO) is still consistently high. Therefore we
expect rovers using Di(PO) to significantly outperform both Ti and Pi.

4.3. Automated Projections in Dynamic Environments

The previous visualizations were made using hand-crafted projections
that fit well with the rover domain. More generally such use of hand-
crafted projections is appropriate in domains where a small set of
informative features used for the state-space of the agents are known,
and these features separate the domain into distinct regions. However,
it is often desirable to have the ability to automatically create two-
dimensional projections. This is especially true in domains with high
dimensional state-spaces, where good two-dimensional projections may
be non-obvious. In this section we use principal components to auto-
matically create projections that can be used with the visualization.

u
2

u
1

u
1

Figure 8. Principal Component Projections. Here data is projected from two di-
mensions on to one dimension using the first principal component. This component
corresponds to the direction where the data is spread out the most.

Principal component projections are linear projections based on the
principal components of the data [19]. To find the principal components
projection axis for each rover, we first compute an 8x8 covariance
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matrix, Σ, based on the sensor inputs. Each element i, j of Σ is the
covariance of sensor i with sensor j and is computed from all of the sen-
sor inputs recorded during learning. The principal projections are then
found by computing the eigenvectors of Σ. The principal components
corresponding to the largest eigenvalues are along the directions where
the data is spread out the most (see Figure 8). For the rover problem
we use the first two principal components for the visualization.

The visualization resulting from principal component projections is
shown in Figure 9. From this visualization, we come to similar con-
clusions as the previous visualization in Figure 7. Most importantly
this visualization confirms the conclusion of the previous visualizations
that the Pi reward has low factoredness and that the Ti reward has low
learnability.

Though they provide a direct way to select the projection axis, the
automated projects are more difficult to interpret directly. For instance
the factoredness visualization for Pi shows a ring of factored regions
around the edge of the visualization, with low factoredness towards
the center of the visualization. From this diagram alone, it is difficult
to tell how important these regions are. To help with this analysis
we can plot the projected density of the rovers using the same two
principal components as shown in Figure 10. This figure shows us where
in the projected space the rovers actually spent most of their time. An
inspection of the figure suggests that the rovers in fact spent most of
their time in locations where Pi had the least factoredness, showing
that this reward is especially bad in this domain.

Even in situations when regions in the principal component pro-
jection cannot be interpreted directly, the projection still has value
when small subsets of the visualization are particularly interesting.
Actual rover data corresponding to these interesting regions can then
be extracted from all the less interesting rover data and can be analyzed
more carefully. For instance if we found that for a particular reward a
region of the visualization had very low factoredness, we could look at
the locations of all the rovers that were projected to that region. We
might then want to avoid using the reward for rovers likely to be in
those locations.

5. Reward Performance

In this section we show the results from a set of experiments in both
the static environment and dynamic environment to evaluate the ef-
fectiveness of the rewards in these domains. In the experiments we
measure the performance of the rovers over two hundred learning trials.
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Figure 9. Factoredness and Learnability Visualization in Dynamic Environments
Using Principal Components. Eight dimensional state space for rovers is projected
on to two dimensions using principal components. First column shows factoredness
of the four rewards and second column shows their learnability. The visualization
is a projection of an agent’s state space. The visualizations show that Pi has very
low factoredness and Ti has very low learnability. Di(PO) (computed with partial
observability) still has high factoredness.
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Figure 10. Density of Rovers State Spaces Projected Through Principal Compo-
nents. Pluses are regions of high density. Minuses regions of low density. Rovers spend
most of their time in the middle of the projected space. This region corresponds to
where the Pi reward has lowest factoredness.

We then compile results averaging over thirty trials 5. The experiments
confirm the expectation obtained from the factoredness and learnability
visualizations.

Figure 11 shows results from the static environment. The rovers
using Pi learn quickly, but do not converge to good solutions. This result
is consistent with the high learnability/low factoredness properties of
Pi that are apparent in the visualizations. In contrast agents using Ti

are able to keep improving their performance through learning, and are
able to surpass the performance of Pi. However, as predicted from the
learnability visualization, these rovers learn slowly, so Ti may be a poor
choice of reward if quick learning is needed. As expected, rovers using
Di with full observability perform very well, since Di has both high
learnability and is fully factored. More interestingly, the rovers using
Di(PO) perform even better even though Di(PO) is not fully factored.
This confirms that the gains in learnability more than offset the slight
loss in factoredness shown in the visualizations. Note this is a remark-
able (and counter-intuitive) result, since Di(PO) is in fact significantly
easier to compute than Di, and has access to less information about
the state of the system.

5 This represents a total of six thousand trials performed to get statistically
reliable results, while the visualizations were computed with fifty trials. This shows
that the visualizations can assess potential reward performance over two orders of
magnitudes faster than actually running the full simulation.

vis_journal_final.tex; 11/04/2008; 12:30; p.21



22

 260

 280

 300

 320

 340

 360

 380

 0  20  40  60  80  100  120  140  160  180  200

S
um

 G
lo

ba
l R

ew
ar

d 
A

ch
ie

ve
d

Number of Episodes

D PO
D
T
P

(Random)

Figure 11. System performance in Static Environment. As predicted by the visu-
alizations, agents using Pi have mediocre performance, agents Ti learn slowly and,
Di(PO) retains enough factoredness to perform well.

Figure 12 shows that rovers using Ti or Pi perform very poorly
in the dynamic environments as predicted from the learnability and
factoredness visualizations. The performance of rovers using Pi actually
declines with learning, highlighting the fact that Pi leads the rovers to
learn the wrong thing. This result confirms the intuition that rewards
with high learnability and low factoredness can in fact be worse than
random actions in difficult environments requiring coordination. Rovers
using Di with full observability perform the best and rovers using
Di(PO) perform well. In this more difficult domain, Di(PO) does not have
significant learnability gains over Di, and therefore, does not overcome
the drop in factoredness. The Di(PO) results are still impressive though
as they are obtained by using only about 3% of the information that
Di has about the location of others rovers.

6. Discussion

The effectiveness of agent reward structures in promoting good system
level behavior in a complex multiagent system is heavily domain depen-
dent. Predicting the behavior of such a multiagent system is difficult
at best, and in general improving the reward structure relies on experi-
menting with different rewards and performing extensive simulations to
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Figure 12. Results in Dynamic Environment. As predicted from the visualization,
agents using Ti perform poorly, agents using Pi perform even worse as they learn the
wrong actions, agents using Di perform the best, and agents using Di(PO) perform
quite well.

assess the merits of each different reward structure. Furthermore, using
shortcuts such as using a static domain to test a reward structure to be
used in a dynamic domain may lead to poor performance, as rewards
or coordination mechanisms that work well in static environments may
perform poorly in dynamic environments. To address these issues, in
this paper we introduce a reward analysis method showing that the
visualization of two critical reward properties can dramatically acceler-
ate reward design and reduce the difficulties associated with choosing
good agent rewards in difficult multiagent problems.

This reward visualization is based on projecting two reward proper-
ties (factoredness, measuring reward alignment; and learnability, mea-
suring reward sensitivity to an agent’s actions) into a domain dependent
chart. We show both a handcrafted projection and an automated pro-
jection based on the principal components of an agent’s state space.
Both sets of results predicted the same performance ordering among
the tested rewards, and predicted that some rewards that work well in
a static domain fall apart in a dynamic domain. The simulation results
confirmed those predictions. The particular projection methods used
are by necessity domain dependent. However, the benefits of design-
ing rewards that have high factoredness and learnability are broadly
applicable.
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In addition, this analysis and visualization method allows the re-
wards to be modified to meet the computational and observational
demands of a domain. We demonstrate this capability by predicting
the performance characteristics of a reward based only on 3% of the
available information and showed that this reward performed remark-
ably well. Indeed, the partially observable Di performed better than
the fully observable Di in the static environments, and as predicted
by the visualization, performed nearly as well as the fully observable
reward in the dynamic environment. Furthermore, the visualization
plots were obtained up to two orders of magnitude faster (in the case
of the dynamic environment) than running a full learning simulation
to validate the agent rewards.

Finally, in this paper the visualization plots were computed based on
sampling the states uniformly. Though this method has the advantage
of being independent of the learning algorithm, it can distort the fac-
toredness and learnability plots in two ways. First, the likelihood of a
state being visited is not taken into account in generating the plots. As
shown in Figure 10, determining which states are likely to be visited will
change the interpretation of these plots. Second, the dynamics of the
system are considered implicitly, not explicitly in these visualization
methods. By sampling the state space, we gather information about
each state, but do not consider how an agent proceeds from one state
to the next. Including such information requires knowledge about the
learning algorithm, and leads to a three way factoredness (system re-
ward, agent reward, agent learning algorithm) which can be used to
select/tune learning algorithms for a particular agent reward selection.
We are currently exploring these issues and particularly focusing on
visualizing the time-dependent dynamics created by the factoredness
issues. We are focusing on the use of “time slices” as representations
of factoredness and assessing how an agent’s reward may be “factored
through time”. We anticipate this analysis to provide agent reward and
agent learning algorithms better tuned to the particular domain and
yield further improvements over those we have so far achieved.
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