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Abstract trucks themselves only have deterministic effects, they hap-
. N : pen concurrently with customer actions of consuming the
Reinforcement learning in real-world domains suffers products from the shops, which are highly stochastic. As a

from three curses of dimensionality: explosions in state
space and action space, and high stochasticity. We give
partial solutions to each of these curses that provide

result, our problem is a stochastic Markov Decision Prob-
lem (MDP) with two kinds of costs: 1) the cost of moving

order-of-magnitude speedups in execution time over the truck from one location to the other, which combines the
standard approaches. We demonstrate our methods in fuel, vehicle, and the driver costs; and 2) steckout cost
the domain of product delivery. We present experimen- which is the lost profit due to not satisfying the customer
tal results on refinements of a model-based average- when a customer finds the shop empty.
reward algorithm called H-Learning. While it is natural to minimize the expected total cost in
stochastic domains where the planning horizon is finite, in
1. Introduction most recurrent domains including real-time delivery, the nat-

i . id ice f K ural optimization criterion is to maximize the expected
Reinforcement Learning (RL) provides a nice framework  graqe reward per time stepn this paper we investigate the

to model a variety of real-world stochastic optimization  gftectiveness of a model-based Average-reward Reinforce-
problems (Sutton & Barto 1998). However, extbook ap- ment | eaming (ARL) method called H-Learning, and its
Proaches fo Tea"WP”d RL”suffer from Wh.at we call the three 5 jants (Tadepalli & Ok 1998). H-Learning works by learn-
curses of dimensionality”: explosions in state space and 4 explicit models of the actions and the environment as
action space, and the high branching factor due to stochas-\ye|| as a value function over the states. The models rep-

ticity (Powell & Van Roy 2004). In this paper, we use the eqent how the state of the world changes with the actions
RL framework to solve these three curses in the context of chosen by the system. In our case, since the direct effects

real-time delivery of products using multiple vehicles with ¢ 5 tions by the trucks are known already, the distribution
stochastic demands. While RL has been applied separately ot consumption at each shop is learned. The value function

to inventory control (Van Rogt al. 1997) and vehicle rout- re ; :

. : i i . presents thisiasof each state, defined as the best expected

'Eg (Secamondi 2000; 2001’1‘ Powell 8|‘ van Royf2004) 'E reward when starting from that state over and above what

the past, we are not aware of any applications of RL to the 44 pe expected on the average over the infinite horizon.

integrated problem of real-time delivery of products that in-  iyen the models and the optimal value function over all

cludes both, , . . _ . states, a one-step look-ahead search over all available ac-
The delivery problem we investigate is as follows: thereis  ions of all trucks would yield the optimal decision.

one distribution center and several shops. Products are de- Unfortunately. H-Learnina. or anv RL method that de-

Ilverked from the d|strk:but|r?n center to |the Shoﬁls b):jseverﬁl pends on storir?g’] the optima?’value falnction and action mod-

trucks. We assume that there is a single type of product. The els as tables, does not scale to large state-spaces. Three com-

current status of the inventory levels of the shops, and the X
loads and locations of the trucks at any time are known to putational .ObSt?C'eS prevent the use of stapdard approaches
the scheduling system. The task of the system is to decide WNen dealing with problems with many variables. First, the
at each time-step the next action for each truck, including Sta€ SPace (and time required for convergence) grows ex-
going to a different location, unloading, and waiting. Since prc])nennalgltm tEe 'numb(;r of \'/arlgrgl_es, ei(g, the nurr:bert?]f
the system is only given the levels of the inventories and SOPS @nd trucks in our domain. 1his makes computing tne
the current load levels and locations of the trucks, and is Y&lué function impractical or impossible in terms of both
required to determine the best actions for all the trucks, it memory t"?‘“ld_ tltr;:e. Se(l:)ond,fthe s?age O,I po|§,3|ble actions is
addresses the problems of inventory control, vehicle assign- EXPOnentia’in tné numberot agents, 1.€. trucks, so even one-
ment, and routing simultaneously. While the actions of the step Iook-ahead_ search is computationally expensive. Lastly §
' exact computation of the expected value of the next state is
Copyright © 2004, American Association for Artificial Intelli- slow, as the number of possible future states is exponential
gence (www.aaai.org). All rights reserved. in the number of variables, i.e., the number of shops. These



1. GreedyActions(i) — All actionsu € U (i) that maximize

(b) {rs(i,u) + >N 1ps(jli, u)h(j) } (otherwise)

rimm D€ the immediate reward received.
3. Update the model parametérfor ps(j|i,a) andrs(i, a)
4. If a € GreedyActions(i), then
@) p— (1 —a)p+alrs(i,a) = h(i) + h(k))

O

(If using linear function approximation)

6.i—k

@ {7’5(2‘, u) + 000+ 211010 E(Py; i, u) } (If using linear function approximation)

2. Take an exploratory action or a greedy action in the current stafet o be the action takerk be the resulting state, al

5(a) 0, = 0, + 8 (MaX,cr iy {rs(i,w) + 00,0 + 311000 E(y; li,u) — p — h(i)) &

(b) h(i) — max.cuey {rs(i,u) + > N ps(ili, u)h(j) } — p (otherwise)

nd

Figure 1: The H-learning algorithm. The agent executes steps 1-6 when in. {fEadepalli & Ok 1998)

three obstacles are referred to as the three “curses of dimen-

sionality” (Powell & Van Roy 2004).

We introduce methods to deal with each of these three
curses of dimensionality. To solve the exploding state-space
problem, we use a function approximator which stores the
value function as a set of distinctly scoped linear func-

tion v in statei resulting in statej. Hered denotes a set
of parameters that fully determine the state-transition func-
tion and the immediate reward function. Time is treated as
a sequence of discrete stepspdlicy i is a mapping from
states to actions, such tha{i) € U(i). We only consider
policies that do not change over time, which are called “sta-

tions, which achieves a high degree of compression and tionary policies” (Puterman 1994). In Average-reward Rein-
faster learning. We compare our linear function approxi- forcement Learning (ARL), we seek to optimize the average
mator results to table-based methods and similarly distinctly expected reward per step over timast — oo,which is
scoped neural networks. To reduce the computational cost called thegain. For a given starting stat&, and policy u,
of searching the action space, which is exponential in the the gain is given by Equation (1) wheré&(sy,t) is the total
number of agents, we use a stochastic hill climbing algo- reward int steps when policy: is used starting at statg,

rithm that runs significantly faster than exhaustive search
and scales to a larger number of agents without sacrificing
the quality of the solutions. To eliminate the exponential
cost of computing the expected value of the next state due
to multiple resulting states of a stochastic action, we take
advantage of linear function approximation. We also intro-
duce an alternative method that is based on the idea of “af-
terstates”(Sutton & Barto 1998), which separates the deter-
ministic effects of an action from its stochastic effects, and
may be used with any type of function approximation.

In the next section, we discuss Average-reward Reinforce-
ment Learning (ARL) and H-learning. In Section 3 we de-
scribe our method of function approximation and our solu-
tions to the three curses of dimensionality. In Section 4, we

andFE(r#(sp,t)) is its expected value:

p”(So) = tliglc %E(r“(so, t)) (1)

The goal of ARL is to control the MDP in a way that
achieves near-optimal gain by executing actions, receiving
rewards and learning from them. Ideally, we would like to
find a policy that optimizes the gain, i.e.gain-optimal pol-
icy. The expected total reward in timdor optimal policies
depends on the starting statand can be written as the sum
p(s)-t+ ht(s), wherep(s) is its gain. The Cesaro’s limit of
the second term,(s) ast — oo is called thebiasof states
and is denoted by (s). In comunicating MDPs, where ev-
ery state is reachable from every other state, the optimal gain

present experimental results and in Section 5 we describe p* is independent of the starting state (Puterman 1984).

possibilities for future work.

2. Average-Reward Reinforcement Learning

We assume that the learner’'s environment is modeled by a

Markov Decision Process (MDP). An MDP is described by
a discrete seb of N states, and a discrete set of actions,
A. The set of actions that are applicable in a siadee de-
noted byU (i) and are callecgadmissible The Markovian
assumption means that an actiom a given staté € S re-
sults in statej with some fixed probability;(j|i,u). There

is a finite immediate reward;(i,j,u) for executing an ac-

and the biases of the states under the optimal policy satisfy
the following Bellman equation:

h 1) =
(0) = max,

N
rs(iu) + Y ps(iliu)h(j) p —p* (2)

j=1
The optimal policy chooses actions that maximize the right
hand side of the above equation. The classical dynamic
programming (DP) methods to solve the above equation,
including value iterationand policy iteration depend on
knowing the probability transition models (;|¢,u) and the



immediate rewards;(i, ). Reinforcement Learning (RL)
methods need to learn these models on-line by executing ac-
tions, observing the next states, and receiving rewards (Sut-
ton & Barto 1998). We use an ARL method called “H-
Learning” which is “model-based” in that it uses explicitly
represented action models(j|i,u) andrs(i,u). They may

be learned by a straightforward Monte Carlo sampling using
the following updates:

N(state, = i, action; = a, statess, = k) Figure 2. Dynamic Bayesian network showing the influ-

ps(kli,a) — s - ences of actiol, shop levelss;...s,,, truck loadsi;...l,,
N(state; = i, action; = a) 3) and truck positiong; ...p,, at timet on the variables at time
t+ 1.
rais) — rs(i, a) + —imm 15, 0) @

N(state; =i ) = . . .
(state, = i, action, = a) until they converge, Reinforcement Learning methods re-

Where the N () notation represents the number of times quire “exploration actions” that ensure that every action in
the conditions in the parentheses have held. For example, every state is executed with some non-zero probability (step
N (state; = i,action; = a) is the number of times the H- 2 of Figure 1). However, to get a good online reward, it
learning algorithm has been in stdatand taken action. should not deviate too much from the greedy policy as com-
A popular alternative method involves the use of factored puted in step 1 of the algorithm in Figure 1. One issue that
representations in the form of dynamic Bayesian networks still needs to be addressed in Average-reward RL is the es-
(Russell & Norvig 1995) to calculate the next-state probabil- timation of p*, the optimal gain. Since the optimal gain is
ities and rewards. To see this, consider equation (3) above. unknown, we use, an estimate of the average reward of the
Here, the terms and: are states. However many of the current greedy policy, instead. From Equation (2), it can be
state variables may be independent of each other. The sim-seen thai's(i,a) + h(k) — k(i) gives an unbiased estimate
ple dynamic Bayesian network in Figure 2 illustrates this. of p*, when actior: is greedy. This is what is estimated in
Here, we can see that shop inventory levels, truck load lev- Step 4 of Figure 1.
els, and truck locations are independent of all other variables ~ We note here that the H-learning algorithm shown in Fig-
except their own values in the previous time step, and the ure 1 is optimized compared to the original algorithm in
action. The values of truck locations and load levels are de- (Tadepalli & Ok 1998): the calculation of the greedy ac-
terministic, so only one example is required to learn these. tions has been moved to step 1. Since the model parameters
Shop inventory levels are stochastic, and so we may learn are known, we do not need to redo the search in step 5. If

distributions for these by adapting equation (3), where the models are not given but are learned, it may become nec-
represents the inventory level of shoat timet: essary to use two searches; however because the model pa-
. rameters eventually converge, this should not matter in the
Oaya = P(Si41,0 = Y|se1 = x, action; = a) = long run.
N(s; =z, action, = a, Sy111 = Y) . . .
N (511 = 2, action; = a) ®) 3. Three Curses of Dimensionality

Consider the supplier of a product such as bread that needs
to be supplied to several shops from a warehouse using sev-
eral delivery trucks. What is an efficient policy for ensuring
the stores remain supplied? Trucks must not move unnec-
essarily, but must still make deliveries on time to prevent
stockouts. We developed a simple model and experimented
with an instance of the problem shown in Figure 3. We con-
sidered 5 shops, one centrally located depot, and 4 other in-
termediate locations where trucks can change their routes.
We assumed it takes one unit of time to go from any location
to its adjacent location or to execute an unload action. The
shop inventory levels and truck load levels are discretized
N into 5 levels 0-4. With 2 trucks2 and2 10 locations, this
N : " N gives us a state space size(6f)(5%)(10%) = 7,812, 500,
o) Jggé) rs(t,u) +;p5(‘7|z’u)hm p© and with 5 trucks and 10 locations, it gives us a size of
(5°)(5°)(10°) = 976, 592, 500, 000. State space size grows
Unlike the classical DP methods that update all states in a exponentially in the number of trucks and the number of
sweep, at any time the RL algorithms such as ours only up- shops. Each truck has 9 actions available at each time step:
date the value of the current stateand not the values of unload 25%, 50%, 75%, or 100% of its load, move in one
other states. To make sure that all state-values are updatedof the four available directions, or do nothing. This is a total

Here we calculate the probability that the inventory level of
shopl = y in the next time step, given that its current inven-
tory level isz and that we took actioa. In our experiments,
the model parametetsare given. It would be easy to learn
these parameters via Equation (5) if they are not knosvn.
can be used to estimatg(k|i, a) using standard Bayesian
network inference algorithms.

The H-learning algorithm then employs the “certainty
equivalence principle” by using the current estimates as the
true values while updating thievalue of the current state
according to the equation (step 5.b. of Figure 1):
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Figure 3: The Product Delivery Domain: The square in the

center is the depot and the large circles are the shops. Figure 4: Multiple linear function approximation vs. table-
based approach

of 92 = 81 actions for 2 trucks, or as many &% = 59, 049

actions for 5 trucks. Trucks are loaded automatically upon

reaching the depot. A small negative reward-of is given the trucks have more load than when they have less load.
for every “move” action a truck may take to reflect the fuel, We made a further simplifying assumption that the value
maintenance, and the driver costs. There is a small probabil- function islinear in all these primitive features of the state,
ity of a visit by a customer at every time step, which varies i.e., s1,...,$, that represent the shop inventory levels, and
from shop to shop. If a customer enters a store and finds [1.. ...k, that represent the truck loads. A third assumption
the shelves empty, the system receives a penalty 2ff. is that the value function is seperable in that it does not have
Because there are 5 shops, each of which may or may not cross-terms such dsl,. Since the locations of the trucks
be visited by a customer each time step, this gives us up to are nominal attributes, we assume a different linear func-
25 = 32 possible next states each time step. We call this tion for each possible 5-tuple of positiops.. .. ,p; for the 5

the stochastic branching factor — the maximum number of trucks. Thus the entire value function is represented as a set

possible next states for any state-action pair. of linear functions, with each function covering one set of
locations of trucks. Hence:* linear functions are needed
3.1 Explosion of the State Space to represent thé-function, wherek is the number of trucks

. andm is the total number of locations. Our test domain has

Table-based methods such as H-Learning do not scale t0 10 ordered attributes — 5 shop inventory levels and 5 truck
such large state spaces as the delivery domain both due t0jpad levels — so each linear function has 11 weights (adding
limitations of space and convergence speed. The value func- gne weightg,, that represents the constant term). There are
tion needs to be represented more compactly using function 105 different linear functions, thus reducing the total number
approximation to make it scale to large domains. We have of parameters to be learned to 1.1 million, nearly a million-
experimented with two methods of function approximation:  fold reduction from the table-based approach. As we will
neural networks and linear functions. later show, this number can be further reduced by ignoring

Linear function approximators are the simplest and prob- truck identity.
ably the fastest. Unfortunately, however, in many cases in- . . .
cluding ours, the optimal value function is highly nonlin- The i.z-value IS representgd asa parameterlzeq functional
ear and cannot be captured by a single global linear value form with parameter vector,, one for each possible set
function in the state features. Instead, we used a function Of values of the nominal attributes. In our domairis actu-
approximation scheme based on multiple linear functions. ally a vector that represents the locations of the trucks. Cor-
In particular, we break down the value function into several responding to every statethere is a vector of ordered fea-
linear functions, one for each set of values of the nominal tures,¢; = (1, $1 4, ¢2.i, ..., on.i)’ . For each set of values
attributes of the state. Each such piece of the value function of v, the parameter vector, = (6q.o, 010, 2.0, ...00 )7,
is linear in the remaining features. T o '

For example, in the delivery domain, it can be argued that
the optimal value function is approximately monotonically
non-decreasing in certain variables of the state such as the
inventory levels of the shops and the trucks, for any given N=0. . ¢ — no0. b
set of locations of the trucks. This is because the chance of i) =B - 6 ZFOG]"U%’Z @)
a stockout is smaller when the inventories are higher than
when they are lower. Similarly one has more options when wherev is the set of values of the nominal features in state

have the same number of componentssasThe approxi-
mate h-value function is given by:



i. Thend,is updated using the following equation: 108 iterations, Linear furction approximation

0, — 0, + B(urgz%){m(z‘, u)+ . AT S
v ® | .
> pa(ili-uhli) = p} = b)) Vg, 1) 17 g
. il ]

whereV; h(i) = Vj (0, - ;) = ¢; andg is the learning
rate. The above update suggests that the vala€ipfvould
be adjusted toward the result of one-step backed up value of e By il Cgbing
the next state. " I I I I I
A second domainjspecific optimization allows us to re- S P P P L L S PP
duce the number of linear functions or neural networks nec-
essary to represent the value function. The figurendf
functions stated in the previous section assumes that a spe-
cific identity is associated with each truck. This is more in-  Figure 5: Comparison of three hill climbing approaches
formation than is actually necessary: the identification of
the trucks should not matter to the value function — only

their load levels should. For example, consider Figure 3, metaheuristics allow deteriorating and even infeasible inter-

where truck A is at locatiop; and truck B is at locatiop,. mediate solutions during the search process in order to es-
The value of this state is identical to the value of the state cape |ocal optima (Btysy & Gendreau 2003).

where the labels of the trucks (but not their loads) have been
swapped: truck B is at locatign with 50% load and truck

A is at locationp, with full load. If we merge these states
we can reduce the space requirement for representing-the

; o actions for that truck is considered, afids set to the best
function, which in turn leads to faster convergelniek; Instead action. This gives us a neighborhood of 8 actions to consider
m—

of m”* linear functions, we now requir i ) at each step. Good results may also be achieved if a larger
) . ) . . neighborhood of 40 actions (8 actions for each truck) are

For 2 trucks, \_/vh|ch previously required 100 !mear functl_o_ns, considered. This process is repeated for each tmcka,,.

we now require only 55. For 5 trucks, previously requiring  The process then starts overat repeating untit; has con-

10° functions, we only need 2002 linear functions. This re- verged to a local optimum. At this point, the solution is

duces the number of learnable weights to 22,022 from 1.1 “bumped” out of its local optimum by randomly changing

million in the 5-truck case. ~one of the actions. The search repeats, converging and be-
Figure 4 compares the performance of the agent using jng bumped several times. The hope is that the “bumping”
our multitple linear function approximation vs. using sim-  action shakes the search out of local optima to states from
ple table-based approaches. Two trucks and five shops were\yhjch the global optimum can be reached. The overall best
modeled. The results of 20 runs were averaged 60€r solution is always remembered and returned at the end. We

steps. Every 10,000 steps, 2000 steps were used to evalu-chose this method because it is simple, fast, and performs
ate performance and calculate an average reward over thoseye|| compared to normal hill climbing.

2000 steps. During the evaluation time, only greedy actions In Figure 5 we have plotted the resuits of the “bumpy” hill
were chosen. As can be seen from these results, the Stateclimbin approach vs. normal hill climbing starting from
space is so large, even for just 2 trucks, that table-based ap- 9 app ' 9 9

proaches converge too slowly to be practical. Using function an aII-waKI?ctlon, and random (rjestart {](')" cllm%gswnh 20
approximation allows for much faster convergence. restarts. Al tests were averaged over 10 runs teps.

Every 50,000 steps, 2000 steps were used to evaluate per-
3.2 Explosi fthe Action S formance and calculate an average reward over those 2000
-< EXplosion ot the Action space steps. As in the previous experiments, during the evaluation

The second curse of dimensionality we encountered was the only greedy actions were chosen. Normal hill climbing does
size of the action space. With 5 trucks, we ha&¥ejoint not perform well at all. The bumpy hill climbing approach
actions. It is usually too expensive to consider each possi- performs as well as random restart hill climbing, but the lat-
ble joint action at each step. Although we could do this in ter approach offers little to no benefit in computation time
principle, it can take over a day of simulation time to finish  over exhaustive search. The bumpy hill climbing approach
learning using this method. We implemented a simple vari- can be much faster than exhaustive search, while offering
ation on hill climbing which significantly sped up the pro- comparable results (see Figures 8 and 9). We gave random
cess. Like methods such as simulated annealing (Chiang & restart hill climbing 20 restarts, the first of which was always
Russell 1996) and Tabu search (Glover 1989), this variation an all-wait action. For comparison, the normal hill climbing

is what is called a metaheuristic method in the operations search considered an average of 50 actions in a search of the
research literature: unlike standard local search techniques, action space. The random restart hill climbing considered an

{ / —— Mormal Hill Climbing
-5

} —o— 20x Random Restart Hill Climbing [

1000's of iterations

Note that every action is a vector of individual “truck
actions”d@ = (aq, as, ..., a;). This vector is initialized with
all “wait” actions. Starting at.;, each of the 8 other possible



1. GreedyActions(j) — All actionsu € U(j) that maximize{rs(j, u) + h(j;) }

2. Take an exploratory action or a greedy action in the current stadtet « be the action takenj, be the afterstate; be the
resulting state, and;,,,.,, be the immediate reward received received.

3. Update the model parametess, a)
. If a € GreedyActions(j), then
(a) p— (L —a)p+alrs(j,a) — h(ia) + h(ja))

(b) @ (x?f—l

5. hlia) < (1= (i) + 6 ( mwx {rsCi.w) + i) ~ o)
6. j—k

7. id(—jd

Figure 6: The H-learning algorithm. The agent executes steps 1-7 when injtate

average of 1170, and bumpy hill climbing considered 720. time proportional to the number of possible next states,
An exhaustive search of the action space that ignores the this would only take time proportional to the number of
most obviously illegal of thé@® possible actions considered ordered variables, which is exponentially smaller. For
an average of 1345 actions. As the number of trucks in- example, if the current inventory level of shéps 2, and
creases, we would expect to see even greater improvementthe probability of inventory going down by 1 in this step
in execution times of hill climbing search over exhaustive is 0.2, and the probability of its going down by 2 or more

search of the action space. is 0, thenE(¢, ; |i,u) = 2 —1%.2 = 1.8. Thus, we
] _ obtain step 5.a of the H-learning algorlthm by subst|tut|ng
3.3 Stochastic Branching 00,0 + Y1010 B (S li,u) for S50 ps(jli, u)h(j) in

One of the drawbacks of the model-based RL methods is Step 5.b and combining it with (8) above.
that they require stepping through all possible next states of A second method for optimizing the calculation of the
a given action to compute the expected value of the next expectation lies in the use @lfterstates(Sutton & Barto
state. In domains like ours where the state is decomposed 1998) also called “post-decision states” (Powell & Van Roy
into several parts, one for each shop, step 1 of the H-learning 2004). The afterstate is the state that occurs immediately
algorithm (Figure 1) is very time-consuming. Anything that following the action, and before the stochastic effects of
can be done to optimize this step improves the speed of the the action occur. If we consider Figure 7, we can see
algorithm considerably. Consider the Bellman update from that the progression in time of states/afterstates would be
H-learning in step 5(b) of Figure 1, which is repeated below: ¢ — iq — j — jq — k. The “d” notation used here indi-
cates that, is the afterstate of state The stochastic effects
of the environment have created statérom afterstate,.
h(i) — max < rs(i,u) + Y ps(ili, wh(j) p —p (9) The agent chooses actien leading deterministically to af-
ueu() j terstatej, and receiving rewards(j, a2). The environment
again stochastically selects stéte The h-values may now

We see that to compute the teEr%: 1ps(jli,u)h(j), one e redefined in these terms:
needs to at least consider states whose number is exponential

in the number of shops (in our case, with 5 stores and 2 h(iq) = E(h(j)) (10)
possible customer actions, we need to consider 32 next (i) — iy (i . 11
states). Note that the possible next states of an action at any () = JQ%)(”U yu) +h(ja) —p 11)
state differ only in the shop inventory levels, since they are

the only stochastic parts of the system. If we substitute equation 11 into equation 10, we obtain the

Multiple linear function approximation allows one way
to speed up evaluation of this step. Since the valuk(gf
is assumed to be linear in the shop inventory levels, we a

can write this as)_ ¥ ps(jli,u) (0o + 2 1101,001:) @ y a, /7 @
which can be rewritten asd., > N ps(jli,u) + % -
3

Yo 2 aps(jli,u)prs  and  be  simplified  to

Oow + 511000 E(6y, liu), where E(g,, |i,u) = rs(J.az)
ZJ 15(jli,u)dr; and represents the expected value of _ _ .
the ordered variabléin the next state under actian It is Figure 7: Progression of statesgndk) and afterstates {

directly estimated by on-line sampling. Instead of taking andja).



10% iterations, Lingar function approximatian 107 iterations, Meural Met functinn approximation
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Figure 8: Comparison of Exhaustive search, Hill climbing, Figure 9: Comparison of Exhaustive search, Hill climbing,
H- and H;-learning for linear function approximation H- and H;-learning for neural networks.

following Bellman equation: runs of10° time steps each for the linear function approxi-

mator results, oil0” time steps for our neural network re-
h(iq) = E | max {rs(j,u) + h(j})} — p* (12) sults. In all these tests 5 trucks and 5 shops were used.
u€U (3) We do 8 separate tests, comparing linear and neural net-

Here thej’, notation indicates the afterstate obtained by tak- WOrK function approximators, H-learning and,#earning,
ing actionw in statej. We estimate this expectation via and exhaustive search of the action space vs. the bumpy hill
sampling in step 5 of the Hlearning algorithm. Since this  climbing search. The hill climbing results were obtained by
avoids looping through all possible next states, it makes the Using bumpy hill climbing to learn on-line; then 2000 steps
algorithm much faster. using exhaustive search were used to obtain the average re-
In our domain, the effects of the move and unload actions Ward for the policy learned so far. We were not successful
are deterministic. The afterstate is known with certainty, but USing a single neural network to learn the entire value func-
the stochastic effects due to customer actions are unknown. tion. Instead we used 2002 networks, one for each possible
Using afterstates to learn the expectation of the value of the combination of truck locations. Each network had 11 inputs
next state takes advantage of our knowledge about the deter-Scaled between 0 and 1, 5 truck load inputs, 5 shop inven-
ministic portion of the action. We have taken the “d” from Oy inputs, and a constant input always set to 1. Four hid-
“deterministic” and called this method,Hearning. den units were used in a single hidden layer, which was fully

A further advantage of this system is that because connected to the input and output units. A single output unit
ps(jli,u) is no longer used in calculations, it is no longer represented the-value and was scaled between 0 and 1.
necessary to store this portion of the model. Because we Inall cases, linear function approximation performs much
must still learn (or have given to us) the reward model better than neural network function approximation. The
rs(i,u), Hg-learning is something of a compromise between number of iterations required for convergence was an or-
model-free R-learning (Schwartz 1993) and model-based H- der of magnitude smaller, and the time required to complete

learning. each iteration was also smaller.

In step 5 of the H-learning algorithm, we learn the value Hg-learning performed as well as H-learning in most
of the afterstate, via sampling. If using linear function cases, although this method sometimes took more steps to
approximation, the update for step 5 would be: converge. This is more than made up for the fact that with

the neural network approach, order-of-magnitude speedups
0, =0,+23 ( max {rs(j,u) +h(ji)} —p— h@)) i in computation time were observed. For the linear function
u€U (i) approximation results, both methods of computing the ex-

For our neural network, we used normal backpropagation pectation performed equally well.

with the temporal difference error as the error signal: Both Figures 8 and 9 also compare a bumpy hill climbing
search of the action space vs. using the more typical ex-
w = Backprofw, mazc) {rs(j,u) +h(35)} — p — h(ia)) haustive search of all possible actions during each iteration.
uelU(

Bumpy hill climbing performs as well as exhaustive search

. in these tests, while offering much improved speedups in ex-
4. Experimental Results ecution time. This is an extremely encouraging result since

We conducted several experiments testing the methods dis- it suggests that it may be possible to do less search and ob-

cussed in the previous sections. Tests are averaged over 1Qtain just as good a result.



5. Summary and Future Work

We illustrated the three curses of dimensionality in applying
reinforcement learning to real-world domains and showed
ways to address them. The division of state features into
nominal and ordered features and using them in different
ways has been successful for us. Without this division, it
may not have been practical to approximate the value func-
tion. We have demonstrated that the bumpy hill climbing
technique can be useful in searching a large action space
with multiple agents. Future research into multiple-agent 6. Acknowledgements
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ing real-valued shop inventory and truck load levels would
be another interesting challenge, because it creates a real-
valued action space.

In summary, we conclude that the explosions in state
space, action space, and high stochasticity all have viable
solutions. The experimental results in our domain give us
confidence that we can make our approaches scale to larger
and more practical problems.

mains in which a distinction can be drawn between the de- for many useful discussions.

terministic and stochastic effects of an action, allowing the
use of afterstates.

There are several unresolved questions with the solu-
tions to the three curses of dimensionality presented in this
work. Continued research into improved function approx-
imation methods could reduce the number of learned pa-
rameters necessary. Reformulation of the domain could re-
duce or eliminate the need for nominal attributes, and the
need for hundreds of separate linear functions or neural net-
works. Continued research into hill climbing and similar
approaches to searching the action space of multiple agents
could be very useful, especially in domains with a large
number of agents. It remains to be seen whether hill climb-
ing search, and the bumpy hill climbing variant, will be suc-
cessful in a wide range of domains.

It is fairly clear that our method of computing the ex-
pectedh-value is correct for any domain where linear func-
tion approximation is used. It is not clear thaj-tearning
will always be successful. What sorts of domains can this H-
learning variant be applied to? We believe that the results of
an action can be separated into deterministic and stochastic
effects for many domains, but whether similar results may
be achieved in these domains remains to be seen.

The domain itself is very similar to dynamic vehicle rout-
ing problems, but also includes shop inventories. Modern
operations research methods can solve vehicle routing prob-
lems with hundreds of locations and many vehicles, but do
not track shop inventories (Bysy & Gendreau 2003). It re-
mains to be seen if reinforcement learning will prove up to
the task of scaling to such large state spaces while maintain-
ing reasonable computation time. Adding more trucks, more
locations, more shops, and more depots are all possible chal-
lenges. Even more difficult would be to add more product
types: currently each truck carries only one type of item in
its inventory. Scaling this up to two or more types creates a
more difficult problem.

Instead of trucks moving between different locations
in discrete “jumps”, allowing trucks to move with vari-
able speed along highways interconnecting each intersection
would be more realistic. This would require a generaliza-
tion of our framework to semi-markov decision problems,
and an event-based model of time, to allow trucks to arrive
at shops and intersections at any time. Currently inventory
and load levels are represented by 5 discrete values. Us-
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