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Abstract

Recent research has shown that small disturbances in the lgarized Navier-Stokes
equations cause large energy growth in solutions. Althouglmany researchers believe
that this interaction triggers transition to turbulence in ow systems, the role of
the nonlinearity in this process has not been thoroughly inestigated. This paper
is the second of a two part work in which sensitivity analysisis used to study the
e ects of small disturbances on the transition process. In he rst part, sensitivity
analysis was used to predict the e ects of a small disturbane on solutions of a
motivating problem, a highly sensitive one dimensional Bugers' equation. In this
paper, we extend the analysis to study the e ects of small diturbances on transition
to turbulence in the three dimensional Navier-Stokes equabns. We show that the
change in a laminar ow with respect to small variations in th e initial ow or small
forcing acting on the system is large when the linearized opator is stable yet
non-normal. In this case, the solution of the disturbed prodem can be very large
(and potentially turbulent) even if the disturbances are extremely small. We also
give bounds on the disturbed ow in terms of certain constants associated with the
linearized operator.
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1 Introduction

Predicting transition to turbulence is an important problem in uid mechan-
ics. As is well known, linear stability analysis often faildo predict transition
for many simple ows [1]. Recent \mostly linear" transition scenarios have em-
phasized the importance of small disturbances in the trarign process. Small
disturbances were discovered to cause large energy growthlinearized ow
systems [2{7]. Many researchers believe this interactioriggers transition even
though the e ects of small disturbances on the full nonlineaNavier-Stokes
equations has not been fully investigated. The main reasoaorfthe focus on the
linearized problem is that the nonlinear term in the NavierStokes equations
conserves energy in many types of ow problems; thus, the garized operator
is solely responsible for any increase in energy in the owsgm.

This is the second paper in a two part work on the use of sensity analysis
to study the e ects of small disturbances on transition to twbulence in ow
systems. In the rst part of this work ([8], hereafter refered to as Part I),
sensitivity analysis was used to study \transition" in a moe! ow problem, a
highly sensitive one dimensional Burgers' equation. Solahs of that problem
are known to move an order of magnitude if there is a small digtbance in
the boundary conditions. We used the continuous sensitiyitequation method
to di erentiate the solution of the Burgers' equation with respect to the dis-
turbance parameter. The derivatives (or sensitivities) we shown to predict
the large change in the solution.

In this work, we use sensitivity analysis to study the e ectsof small distur-
bances on the transition process in the three dimensional War-Stokes equa-
tions. As discussed in more detail in Part I, researchers hayound that small
disturbances in the initial conditions and also small forcig can cause large
energy ampli cation in the linearized equations. Therefa, in this paper, we
examine these types of disturbances on solutions of the NeawiStokes equa-
tions. We use sensitivity analysis to measure the change idaminar ow with
respect to these small disturbances. Speci cally, we useetltontinuous sensi-
tivity equation method to di erentiate the laminar ow stat e with respect to
the disturbance parameters. This method leads to linear derential equations
for the sensitivities which can be used to gain informationkeout the disturbed
ow problem. We show that the change in the laminar ow with respect to
small variations in the initial ow or small forcing acting on the system is
large when the linearized operator is stable yet non-normarhe change can
also be large when the linearized operator has spectrum negbe imaginary
axis. Furthermore, we show that a laminar ow state is more gesitive with
respect to small forcing than a small deviation in the initih ow.

Expanding the ow in a Taylor series in the disturbance pararaters shows that



very small disturbances have the ability to cause transitioin the full nonlinear

ow system. In particular, we use the sensitivities to obtan rigorous estimates
for the uctuations w(t; wp; ) about a laminar ow as a function of a small
initial uctuation wg and a small forcingf that take the form

*»
kw(t;wo;0)k e " %cn(t; LM Tkwek" ;
., n!

n=
1

kw(t; O; f )k ~ dn(t; ;1 )M kf Kk

n=1

Here, the constantM is large if A is non-normal and the coe cientsc, and d,
are large ifA has spectrum near the imaginary axis. The analysis extendse
\mostly linear" transition scenarios by showing that very snall disturbances
have the potential to cause large energy growth in the veldgi uctuations in
the full nonlinear Navier-Stokes system.

Remark: We do not prove that small variations to the laminar ow or smal
forcing trigger transition in every ow system. It is entirely possible that
transition in a certain ow system is triggered by some othephenomenon not
considered here. Rather, we demonstrate that these two disbances studied
here have the ability to cause transition in a ow system. Als, our results do
not indicate the most likely form of disturbance that has thenost potential to
cause transition. However, we will comment later on using is&itivity analysis
to predict whether a speci c disturbance will trigger transtion.

Although our main interest lies in the Navier-Stokes equatins, these sensitiv-
ity analysis techniques can be used to study the e ects of sthaisturbances
on many other nonlinear systems. In particular, in [9, Chamr Ill] various
equations of uid dynamics are placed in a similar form to theuctuation
Navier-Stokes equations (14). The results obtained here gnaxtend to these
other ow scenarios and other nonlinear equations with a nenormal lin-
earized operator.

Our analysis of the Navier-Stokes equations proceeds in egdar fashion to the
study of Burgers' equation in Part I. We begin in Section 2 wh an abstract
semigroup formulation of the uctuation Navier-Stokes egations. This for-
mulation is used to prove the di erentiability of the laminar ow with respect

to the disturbance parameters in Section 3; equations for ¢hsensitivities are
also derived. The sensitivities are used to prove estimates the size of the
disturbed problem in Section 4. We close with conclusions @mapplications.



2 An Abstract Formulation of the Navier-Stokes Equations

As is standard, we take the incompressible Navier-Stokesuegions as our
model for uid ow:

@v

e (Y r)v=r pe %r v+ f; (1)

@
r v¥=0: (2)

Here, v is the ow velocity vector, p is the pressuref is a forcing function,
and the constantR is the Reynolds number. For simplicity, we consider the
equations on a bounded open domain in R with smooth boundary @ and
nonhomogeneous Dirichlet boundary conditions

V(%) = %), %2 @ ; (3)

and a given initial ow

W(0; %) = w(): (4)

We suppose there exists a steady (i.e., time independent)wdd and a pressure
state P that satisfy the Navier-Stokes equations exactly. For theemainder of
this work, O will be referred to as the base ow. Relatively simple base s

such as Poiseuille, Couette, and Hagen-Poiseuille (pipedw are often studied
in the literature.

De ne the velocity and pressure uctuations,d and g, by ¥+ = U + 4 and
p = P + g. Substituting these relationships into the Navier-Stokegquations
gives the uctuation Navier-Stokes equations

%?+(u F)H= r g+ %r 24 (U r)u (4 r)O0; (5)
r 4=0; (6)

Ht%x) =0 %2@; (7)

H(0; %) = (%) == W(%) O(%): (8)

Due to the homogeneous (or no-slip) boundary conditions ftihe uctuations
(7), the zero state is a solution to this problem for zero inial data. Also, the
zero solution directly corresponds to the base ow solutiol sincev= U+ 4.
Thus, if the uctuations do not remain small then the ow has transitioned
to another state away from the base ow which could be turbulet.



The goal of this work is to determine if small variations to tle base ow or
small forcing acting on the ow system can cause the velocityictuations to
become large. In order to do this, we examine the change in tihase ow
with respect to small initial uctuations and small forcing. Since the base ow
corresponds to the zero solution of the uctuation Navier-®kes equations,
we di erentiate the zero solution with respect to these smaldisturbances.
To prove the di erentiability of the zero solution, we rewrite the uctuation
Navier-Stokes equations as an abstract di erential equainh over an in nite
dimensional Hilbert space of the form

w(t) = Aw(t) + B(w(t);w(t)); w(0) = wo: 9)

Here,A is the linearized operator and (w; w) is the quadratic nonlinear term.
We use this formulation to compute the derivatives of the zer solution and
obtain bounds on the solutions of the disturbed ow system.

The presentation given here primarily follows the abstractormulation of the
Navier-Stokes equations given in [10, p. 79]. For other foutations and more
complete details, see [11{14]. From now on, we drop the vectaotation (~)
unless needed for clarity.

We begin by setting notation. LetL?() be the Hilbert space of square inte-
grable vector functions over with standard inner product
z
(U;v)L2= U vdx

and corresponding energy norrRuk, ., = (u; u)ﬁz. Let H be the Hilbert space
of divergence free functions (with theL? inner product and norm) given by

n (0]
H = u2L?): r u=0in ;un=00n@

where n is the outward normal to the boundary. De ne H™() to be the
Hilbert space of functions inL?() with m distributional derivatives that are
all square integrable. LetV be the Hilbert space

n (0]
V= u2H :u2H();u=00n@ ;

with inner product (u;v)y = P (r uj;r v;) and norm kuk,, = (u; u)\l,zz.

Let be the orthogonal projection from L2() onto the divergence free space
H . Formally projecting the uctuation Navier-Stokes equatbns (5)-(8) onto
H eliminates the pressure gradient term and gives the ordinadi erential



equation (9) whereA is the linear operator given by

Aw= fR r2w (U r)w (w r)Ug; (10)

and B is the bilinear operator

B(u;v) = f(u r)vg: (11)

To make this formulation complete, we must specify the domias of the oper-
ators. It can be shown that the domain ofA is given by

DA):=fu2H :Au2H g=H?2\V:

Furthermore, the linear operatorA can be used to de ne fractional powers
H of the state space for O 1 (see [10,15]) that satisfy

H°=L2%(); H¥=vV; H'=D(A):

We assume the base owJ is in H3(), so that the linear operator A is
sectorial andA generates an analyticC,-semigroup [13], which we denote™ .
This allows the nonlinear abstract di erential equation (9 to be rewritten
using the \variation of parameters” formula

Zt
w(t) = Mwe+ e IB(w( );w( ))d: (12)

0

It is known that e mapsH into H forany 2 [0;1] and that

kB(u;v)k Ckuk kvk ; (13)

for all u;v 2 H whenever 2 (3=4;1). Here, kk is the norm onH .
Therefore, for in this range,B is a continuous bilinear mapping fronrH H

into H and the integral equation (12) holds irH . Furthermore, the nonlinear
di erential and integral equations are equivalent formuléions of the problem.

Thus, the uctuation Navier-Stokes equations (5)-(8) is réormulated as the
abstract di erential equation (9) over H , with 3=4 < < 1, and the initial

data wy is also taken inH . Here, Aw is de ned in (10) for anyw 2 D(A) =

H2\ V and B(w;w) is de ned in (11) for any w 2 H . The solution is given
in terms of the above integral equation (12). Later, we corger the above
uctuation equation with small forcing, i.e.,

w(t) = Aw(t) + B(w(t);w(t) + f; w(0)=wo2 H ; (14)



wheref 2 H is independent of time. A standard result in the theory of
semilinear parabolic equations [10, Theorem 3.3.3] givexcél existence of a
unique solution.

Theorem 2.1 Let 2 (3=4;1),wo2 H ,andf 2 H . There exists aT =
T(wp;f) > 0 such that the uctuation Navier-Stokes equations (14) has a
unique solution on(0; T).

Remark: In certain cases, it is known that the Navier-Stokes equatis have
a globally de ned unique solution (i.e.,T = 1 ) when wy and f are small
enough [12,13]. In particular, ifA is stable andf = 0, then the zero solution
is asymptotically stable and solutions must exist for all tne and approach
zero whenevemy is small enough. There are similar results whenis nonzero
yet approaches zero su ciently fast. In order to simplify the analysis in this
work, we only consider the case where the forcing is indepemd of time.
Therefore, wheneverA is stable butf is nonzero, the solution may not exist
for all time even iff is small inH . It may be possible to estimateT (wp; f)
for this case, but this is not the focus of the present work.

As mentioned in the introduction, the nonlinear term is consrvative in the
sense that

(B(u;u);u)p =0
for all u 2 V. This can be obtained by integrating by parts and using the
no-slip boundary conditions (7) and the divergence-free kdition (6). If we
take the inner product of the di erential equation (9) with the solution, we

formally obtain

%%kw(t)kﬁ = (AW(t); w(t)n :

Therefore, the change in the velocity uctuation energy is@mpletely governed
by the linear operator. If the operatorA is non-normal (i.e., AA 6 A A,
where A is the adjoint operator), then the quantity (Aw;w) can be positive
and large even wherA is stable (i.e., the spectrum ofA is bounded away from
the imaginary axis in the left half plane). Thus, even if theihear operator is
stable, the velocity uctuation energy has the potential toundergo signi cant
transient growth and possibly transition to turbulence. Ths idea is the basic
foundation of the \mostly linear" transition theories mentioned in the intro-
duction. In this work, we use sensitivity analysis to extendhese mostly linear
transition scenarios by showing that small disturbances oacause large energy
growth and possibly trigger transition in the full Navier-Sokes equations.



3 The Di erentiability of the Base Flow With Respect to Initi al
Data and Forcing

Our method of using sensitivity analysis to study transition is similar to
the approach used on the uctuation Burgers' equation in Pdrl. In this
case, we think of the solutionw(t) of the above disturbed uctuation Navier-
Stokes problem (14) as a function of the initial datavy and forcingf, i.e.,
w(t) = w(t;wo;f). If there is no initial ow (i.e., wp = 0) and no forcing (i.e.,
f = 0), then w(t;0;0) = 0 is the unique solution to this problem. The zero
solution corresponds to the base ow of interest. We use sdingty analysis
to take Fechet derivatives of the zero solution with respet to the initial data
Wy and the forcingf . This is done using the continuous sensitivity equation
method; the uctuation problem is di erentiated with respect to the distur-
bance parameters leading to equations for the sensitiviieThis procedure is
made rigorous using the parameter di erentiability theorysummarized in Part
|. We recall some results in this paper for convenience; howee, for complete
details and more background information, the reader is refed to Part I.

Our main tool is the sensitivity theory for semilinear parablic problems found
in Henry's book [10, Theorem 3.4.4 and Corollary 3.4.5].

Theorem 3.1 (Henry)  SupposeX and Y are Banach spaces, A is secto-
rialon X, 2 (0;1), UisopeninX ,andQ is open inY. Suppose also that
F:U Q! X isktimes continuously Fechet di erentiable or analytic ove
U Q.Forxp2Uandg2 Q, let x = x(t; Xo; ) be the solution of

x(t) = Ax(t) + F(x(t);a);  x(0) = Xo; (15)

on the interval 0 < t < T (Xo;g). Then on the interval0 < t < T (Xo;0),
X(t; Xo; q) is k times continuously Fechet di erentiable or analytic with respect
to Xo and g as a mapping fromx Q into X .

Since the solutionx(t; Xo; g) of the di erential equation (15) satis es the inte-
gral equation

Zt
X(t;xo; Q) = Mxo+ et IF(X( ;%0 0);0)d; (16)

0

an immediate consequence of this theorem is that equationancbe derived
for the derivatives of the solution with respect to the inital data, X, and
parameter,g. De ne the rst order sensitivity operators S;(t) = Dy, X(t; Xo; Q)
and Sy(t) = DgX(t;Xo; ), and sensitivities s;(t) = S;(t)Xe and sy(t) = Sy(t)q.



Corollary 3.1 (Henry) Under the assumptions of Theorem 3.1, the sensi-
tivities s;(t) and s,(t) satisfy the integral equations

Zt
si(t)= &xo+ et IDLF(x( ;a);Qlsa( )d;
0
Zt

sp()= & ) [DF(x( ;0); Qlsa( )+ [DgF (x( ;0); g d;

0

and are mild solutions of the linear initial value problems

Si(t) = Asy(t) + [ DxF (x(t;q); d)lsa(t);  s1(0) = Xo:
Sa(t) = Asy(t) + [ DxF (x(t; 9); 9)ls2(t) + [ DgF (x(t;9); @)la;  £(0) =0:

Di erentiating the integral equation (16) with respect tox, and q gives integral
equations for higher order sensitivities.

Each higher order sensitivity satis es an integral equatio that directly corre-
sponds to a linear di erential equation; these di erentialsensitivity equations
can be obtained by formally di erentiating the original di erential equation
(15) with respect to the parameter (eitherxq or q), interchanging the order of
di erentiation, and using the chain rule.

Since the nonlinear term in the Navier-Stokes equations isedved from a
continuous bilinear form, the nonlinear termF (w) = B (w; w) is analytic (see
Lemma 5.1 in Part I). An application of Theorem 3.1 shows thathe solution
of the uctuation Navier-Stokes equations is analytic withrespect to the initial
data wy and forcingf .

Theorem 3.2 Let 2 (3=4;1) and suppose the assumptions in Section 2
are satis ed. Then there exists an open neighborhoad H H about
Wy =0 andf =0 such that for any(wp; f) 2 U, the solutionw(t; wp; f) of the
uctuation Navier-Stokes problem (14) is analytic as a furton of the initial
data wy and forcingf as long as it exists.

As mentioned earlier, we have assumed the forcifig2 H is independent of
time for simplicity. We note that Henry also used Theorem 3.10 obtain the
analyticity of the solution with respect to the initial data wg [10, p. 81] (see
also [13, Theorem 5.2]).

The solution w(t; wp; f) of the disturbed uctuation Navier-Stokes problem



(14) can be expressed as the solution of the integral equatio

7t
w(t;wo; f) = eMwo+ e B (W( ;woif);w( ;woif))+ fagd: (17)
0

Corollary 3.1 can now be used to derive the sensitivity equans by di eren-
tiating through this integral equation with respect to wp and f . We use the
following lemma to obtain the precise form of the derivative of the nonlinear
term with respect towy and f . The lemma is an extension of the Leibniz rule
(or generalized product rule)

| |
d" X n n n!
= 0 (x)g™ X (x)- - .

to the current situation. This result has also been used in §1 page 1428] to
derive higher order sensitivity equations for the Kortewegle Vries equation.

Lemma 3.1 LetQ, U, andY be Banach spaces and suppoBe: U U! Y
is a continuous bilinear form onU. If F : Q! Y is dened by F(q) =
B (u(g); u(g) and u(qg) is N times Fechet di erentiable, then F is N times
Fechet di erentiable with respect to g, and

| |

n 11X n
B(Sk;Sh k)= = K BYsk; s «)

X
DIF@P = | >

k=0 k=0

Proof: It follows directly from the de nition of the Fechet deriv ative (see
Part 1) that [ Dy B (u;u)]v = B(u;v) + B(v;u) = BYu;V). The proof follows
by induction, the chain rule for Fechet derivatives [17],and the identity

! ! !
n n _ n+1

k 1 k Kk
This lemma allows us to obtain the precise form of the sensitly equations.

Corollary 3.2 Assume the hypotheses of Theorem 3.2 are satis ed and sup-
posewp, 2 H andf 2 H are small enough. Letv(t;wp;f) be the solution of
the uctuation Navier-Stokes problem (14) orO <t < T (wp;f). For any n,

Sn(t) = [ Dy, W(t; 0;0)lwg;  pa(t) = [Dfw(t; 0; 0)Jf ";

are de ned on the intervals(0; T (wp; 0)) and (0; T(O; f)), respectively, and they

10



are given by

si(t) = e wo;
Zt w1 n!

si)= ) B(s()ishw()Dd; on 2
0 k=1
Zt

p(t)= e fd;
0
Zt 1 r]!

p()= ) K B(pk( )ipn k( ))d; n 2
0 k=1

In particular, the rst order sensitivity operators are given by
7t

Dw,W(t;0;0) = €; Dyw(t;0,0)= €&t Jd: (18)
0

The sensitivities are also mild solutions of the linear di eential sensitivity
equations

Si(t) = Asa(t); 81(0)=! Wo;

X1 n

So(t) = Asn(t) +  B®is «(); s (0)=0; n 2
k=1

p()=Apa() + f; pa(0)=0;
X1 pn

B(M= AsaD+ | BP0 m@=0; n 2
k=1

Proof: Apply Corollary 3.1 and the Lemma to the integral equation (X).
Note that the sums all begin atk =1 and end atk = n 1 (instead ofk =0
and k = n, respectively) sincesy = po = w(t;0;0) = 0. D

This form of the rst order sensitivity operators in (18) shavs that the change
in the zero solution (or the base ow) with respect to small vaations in initial
data or forcing can be large ™ is large over some period of time. Also, if
the spectrum ofA is \close" to the imaginary axis,e* will decay to zero very
slowly ast ' 1 . In this case, the sensitivity to the initial data could be small,
but the integral term could cause the sensitivity to forcingto become large.
This is why the uctuation Burgers' equation considered in Rrt | is extremely
sensitive to small disturbances; the linearized operatos iknown to have an
eigenvalue which is exponentially small compared to the cstant [18]. Also,

11



as with Burgers' equation, these rst order sensitivities d not depend on the
bilinear term B. Therefore, the linearized operator completely determisenow
the zero solution changes with respect to small initial datand forcing.

The higher order sensitivities provide more information athey did with the
uctuation Burgers' equation. Here are the rst three initial data integral
sensitivity equations:

s1(t)= e'wp;
zt

S(t)=2 Al )B(Sl( )isi())d;
2

sz(t)=3 Mt fB(s;;s) + B(sy:51)gd
0

The sensitivity equations forp,(t) are identical forn 2 except they depend
on the previousp sensitivities. As with Burgers' equation, the higher order
sensitivities have the potential to be quite large since tlyedepend on the
operator € as well as the previous sensitivities (which also depend eff).
The nonlinear termB also appears in these equations and \mixes" the previous
sensitivities to form time dependent forcing functions inlte linear di erential
sensitivity equations. This may be precisely the nonlineamixing of energy
thought to cause turbulence in the mostly linear transitiorscenarios discussed
earlier. Since the sensitivities can be large, small variahs in the initial ow
and small forcing have the potential to trigger transition &en when the linear
operator is stable.

4 Estimating the Fluctuation Energy of the Disturbed Proble m

The sensitivities can be used to obtain rough estimates of eéhsize of the
solution w(t; wg; f ) of the disturbed uctuation Navier-Stokes equations

w(t) = Aw(t) + B(w(t);w(t)) + f; w(0) = wp:

We separate the e ects of the initial data and forcing for comparison purposes.
Sincew(t; wo; f ) is analytic in wy andf (see Theorem 3.2), we can expand the
solution of the uctuation problem in a Taylor series.

Corollary 4.1 Assume the hypotheses of Theorem 3.2 and ¥ 2 H and

f 2 H . Also let w(t;wp; 0) and w(t;0;f) be the solutions of the disturbed
uctuation Navier-Stokes equations (14) withf =0 and wy = 0, respectively.
If wo and f are small enough, then

12



w(t; wo; 0) = w(t; 0; 0) + [ D, W(t; 0; 0)]wg + %[Djow(t; 0; 0)](wo; wo) +
=i+ S5+ S5+

w(t; 0;f )= w(t; 0;0) + [Ds w(t; 0; 0)]f + %[DEW(t;O; OI(F;f )+
=0+ P+ 3ps(t) +

as long as the solutions exist. The sensitivities, (t) and p,(t) are de ned in
Corollary 3.2.

Note that we usedw(t;0;0) = O above. Below, we estimate the size of the
sensitivities in order to estimate the magnitude of the distrbed ows.

Fix in (3=4;1) and assume the operatoA is stable. It is known [10,13] that
there exist constantsM 1 and! > 0 such that

kevk  Me " kvk ; foranyv2H , (19)
ke®vk Mt e " kvk, ; foranyv2H . (20)

Note that the norm of e*'v must tend to zero sinceA is stable. The constant!
satises0<!< Re( )where isany pointinthe spectrum ofA. Therefore,

if the spectrum of A is near the imaginary axis, the constant will be small
and therefore the magnitude ofe"'v may tend to zero very slowly. Also, it
was discussed earlier tha¢™* may undergo signi cant transient growth before
tending to zero. Therefore, the constanM may be quite large. Studies of the
Orr-Sommerfeld/Squire operator (a transformation of theihearized Navier-
Stokes operator) suggest thaM is on the order of the Reynolds number for
certain ow con gurations [19,20]; the constant! also becomes small as the
Reynolds number increases [21].

If the constants M and! can be accurately estimated, then one can bound
the sensitivities and thus arrive at a bound for the solutiorof the disturbed
uctuation problem. See Chapter IV in [22] for various methds for estimating
the magnitude ofe™. The following result shows that ifM is large or if! is
small, then the sensitivities can be very large even though is stable.

Theorem 4.1 Assume the hypotheses of Theorem 3.2, x 2 (3=4;1), and
SUpPpOSeA is stable so that there exist constantgl 1 and! > 0 such that
(19) and (20) are satis ed. LetC be a positive constant satisfyingB (u; v)k,
Ckuk kvk forall u;v2 H .

For n 1, the sensitivitiess,(t) and p,(t) de ned in Corollary 3.2 satisfy

13



ksh(Dk e e, (t; ;! )M Tkwok"; foranyt?2 (0;1),
Kpn()k  do(t; ;! )M 1kik! ; foranyt2 (0;T),

where the solutionw(t; 0;f) exists on the interval(0; T). The positive coe -
cientsc,(t; ;! ) andd,(t; ;! ) are de ned recursively by

cu(t; ;! )=1;
X 1 n! 2 |

c(t; ;1 )=C K t ) e ol ;' )amw(;st)d; no 2
k=1 0
Zt

du(t; ;1 )= (t ) e'® Jd;
0
X 1 n!Zt \

da(t; ;! )=C @) e'® dd( ;! ) k(53 )d; no 2
k=1 0

The coe cients can be bounded independently afand T by

(2n 2)! n 1 n 1
su t; ;! —=C" Kq(;! on 1
t(|)ocn( ) " 1) 15! )
Zt
Ki(;!' )=sup (t ) e’ d<1;
t 0
0
@n 2)! on 1
..l .I . .
?ug)dn(t,,.) ICEE] 1)!C Kao(;! ) R ¢ R
Zt
Ko(;! )=sup () e'® )d < 1:
tO0

Proof: SinceA is stable, for small enoughwg 2 H the solution w(t; wyg; 0)
must exist for allt> 0 and tend to zeroags ! 1  (see [10, Chapter 5] and
[15, Sections 6.4 and 6.6]). Corollary 3.2 then shows thatdtsensitivitiess, (t)
exist for all t > O.

The time dependent bounds on the sensitivities follow by indgttion using the
integral sensitivity equations in Corollary 3.2, the ineqalities (19) and (20),
and the continuity of the bilinear form B. The time independent bounds on
the coe cients ¢, and d, are also proved by induction. First, one can prove
that K1(;! ) and K,( ;! ) are nite using the change of variableu = t

and splitting the integrals up over the intervals (Q1) and (1;t). Then, it is
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easily shown that forn 1,
Co(t; ;1) nC" PKa(GE )™ Y da(t it ) WC" Ka(50 )™ Y

where the constants , satisfy the recursion

One can prove that , = (2n 2)!=(n 1)! by relating this sequence to the
Catalan numbers which are known to satisfy a similar recursn formula (see
sequences A001813 and A000108 in [23]). D

In Corollary 4.1, the solutionsw(t; wo; 0) andw(t; O; f ) of the disturbed uctu-
ation Navier-Stokes problem (14) were expanded in a Tayloeses of sensitiv-
ities. With these bounds on the sensitivities, the Taylor s&es representation
gives the following estimates of the magnitude of the distbed ows.

Corollary 4.2 Assume the hypotheses of Theorem 4.1 and xin (3=4; 1).
If w2 H andf 2 H are small enough, then

R
kw(t;wo;0)k e " %cn(t; 1M Tkwok"; foranyt2 (0;1),
L, n!

n=
1

kw(t; 0; f )k o do(t; ;1 )M Lkf ki ; foranyt2 (0;T).

n=1

The constantsM and! and the coe cients ¢, and d,, are de ned in Theorem
4.1.

These bounds are worst-case estimates as it is unknown wieatla certain dis-
turbance wp or f will cause the norm ofw(t; wp; 0) or w(t; O; f ), respectively,
to attain these bounds. However, the solutions of the distbed problem still
have the potential to be quite large whemM is large or! is small. If we ignore
the coe cients c,(t; ;! )=n'andd,(t; ;! )=n!, it seems reasonable to conjec-
ture that disturbanceswg, and f may cause transition if their norms are larger
than O(M ) for some > 2. This is similar to a conjecture made in [20].
Again, the constantM has been estimated to be on the order of the Reynolds
number for certain ow con gurations. Therefore, when the Rynolds number
is large, extremely small disturbances have the potentiabttrigger transition.

Notice however that Theorem 4.1 shows the coe cientg, and d, may not
be negligible if! is small. In particular, if ! is small thee " terms in the
integrals will decay to zero very slowly. This will cause theoe cients to

be large. This shows that the zero solution of the uctuationNavier-Stokes
equations will become more sensitive to disturbances as tepectrum of the

15



linearized operator approaches the imaginary axis. Thuspws that are near
to being unstable in the classical linearized (spectrum) sge can be highly
sensitive to disturbances.

The constantsM and K,( ;! ) are critical in the bounds on the sensitivi-
ties and the disturbed ows. Both of these constants appeaiotthe power of
2n 1 while the norms of the disturbancesv, and f are raised to then®™
power. Therefore, if one or both oM and K, are much larger than one, the
terms M2 1 and K2" * will dominate the n™" powers of the small distur-
bances. Thus, even extremely small disturbances could cauarge growth in
the uctuations and trigger transition.

Remark: A comparison of the bounds for the solutiong/(t; wg; 0) andw(t; O; f)
shows that the main di erence is in the coe cientsc,(t; ;! ) and d,(t; ;! )

and the factor ofe " in the bound for w(t;wp;0). The time independent
bounds on these coe cients in Theorem 4.1 show thad, will be larger than

¢, due to the factor of K,( ;! )?" ! appearing in the bound ford, as op-
posed toK 1( ;! )" ! for c,. The factor ofe " will also cause the bound for
w(t; wp; 0) to be smaller than the bound forw(t; O; f ). Therefore, even if the
disturbanceswy and f have the same magnitude, the solutiow(t; O; f ) of the

problem with small forcing has the potential to be larger tha the solution

w(t; wp; 0) of the problem with small initial data. In this way, the ow is more
sensitive to small forcing acting on the ow system than smhbariations in

the base ow.

4.1 Possible Extensions

In this paper, we made certain assumptions on the Navier-Ses problem to
simplify the analysis. For instance, we assumed the base awiindependent of
time, the ow domain is bounded with smooth boundary, and thathe distur-
bances in initial datawy 2 H and forcingf 2 H are somewhat smooth. The
di erentiability of the zero solution of the uctuation Nav ier-Stokes equations
can be extended to some other cases with relative ease. Foamyple, if the
forcing function or base ow is time dependent (leading to aitne dependent
linear operator in the latter case), one can apply the more geral parameter
di erentiability theory in [10,24] to establish similar results to those obtained
here. For more general disturbances such ag 2 H andf 2 L?(0;1 ;V9,
whereVis the dual ofV, it would be necessary to examine weaker solutions
of the uctuation Navier-Stokes equations. The author is nbaware of any dif-
ferentiability theory for this case. However, if we proceeth a formal manner,
we obtain weak versions of the di erential sensitivity equons derived above.
Therefore, at least formally, the same reasoning presentégre would apply
to this situation.
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5 Conclusion

In this work, we used sensitivity analysis to study the e ect of small distur-
bances on the Navier-Stokes equations. We showed that a smalriation in
the base ow or a small forcing disturbance acting on the ow ystem has
great potential to trigger transition when the linearized @erator is stable
but non-normal. More speci cally, the disturbed ow can be ‘ery dierent
from the base ow whenever theCy-semigroupe® is large or the spectrum of
the linearized operatorA is near the imaginary axis. In this way, the results
presented here agree with the recently proposed \mostly Bar" transition sce-
narios that depend on the non-normality of the linearized ogrator. We also
used sensitivity analysis to give estimates of the magnitedof the disturbed
ows in terms of bounds one?. If these bounds one™ can be accurately
computed, one could estimate the magnitude of disturbancéisat can trigger
transition in the fully nonlinear ow system.

Since the Co-semigroupe® exercises great in uence on the solution of the
disturbed ow system, linear feedback control has the poteial to be an ef-
fective method of delaying transition in a nonlinear ow sygem. A standard
linear feedback control such as LQG oH?® control would reduce the size of
eM thus reducing the magnitude of the disturbed ow state (seelso the re-
cent theoretical results in [25{27]). It may be bene cial todesign the control
in a speci c way in order to minimize the size of the disturbeductuations.
Furthermore, it is also possible that a linear feedback cordl could be given
more control authority over the nonlinear system by somehowsing sensitivity
information in the control design.

Since small disturbances have the potential to trigger tragition, work must
be done to identify and model realistic disturbances in owystems. The dis-
turbances to the system could be physical disturbances ($uas small wall
roughness) or neglected dynamics (\small" terms discarddd the modeling
process). If this is done, one can e ciently estimate the e et of a particular
disturbance on the ow by computing the sensitivities of theow with respect
to that disturbance. This procedure was shown to be e ectivén part one of
this work with Burgers' equation. This method could be usedad investigate
whether a certain small disturbance is essential to the ow odel. If the spe-
ci ¢ cause of transition is identi ed, it is possible that cantrollers could be
developed to minimize the e ects of the disturbance and thefore delay or
possibly even eliminate transition.

As mentioned in the introduction, our approach to studying he e ects of small
disturbances on uid ow does not give an indication of a paricular shape of a
disturbance that is \most likely" to trigger transition. Ag ain, one may be able
to use information about such a disturbance to design ow cdrol strategies.
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Finding this type of disturbance is an interesting open quésn and will be
the subject of future research.
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