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In this dissertation, we seek to accomplish the following related goals: (1) to find a

unifying framework to address localization, detection, and recognition of objects, as three

sub-tasks of image-interpretation, and (2) to find a computationally efficient and reliable

solution to recognition of multiple, partially occluded, alike objects in a given single image.

The second problem is to date an open problem in computer vision, eluding a satisfactory

solution. For this purpose, we formulate object recognition as Bayesian estimation, whereby

class labels with the maximum posterior distribution are assigned to each pixel. To effi-

ciently estimate the posterior distribution of image classes, we propose to model images

with graphical models known as irregular trees.

The irregular tree specifies probability distributions over both its structure and im-

age classes. This means that, for each image, it is necessary to infer the optimal model

structure, as well as the posterior distribution of image classes. We propose several infer-

ence algorithms as a solution to this NP-hard problem (nondeterministic polynomial time),

which can be viewed as variants of the Expectation-Maximization (EM) algorithm.

After inference, the model represents a forest of subtrees, each of which segments the

image. That is, inference of model structure provides a solution to object localization and

detection.
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With respect to our second goal, we hypothesize that for a successful occluded-object

recognition it is critical to explicitly analyze visible object parts. Irregular trees are conve-

nient for such analysis, because the treatment of object parts represents merely a particular

interpretation of the tree/subtree structure. We analyze the significance of irregular-tree

nodes, representing object parts, with respect to recognition of an object as a whole. This

information is then exploited toward the ultimate object recognition.

Empirical results demonstrate that irregular trees more accurately model images than

their fixed-structure counterparts quad-trees. Also, the experiments reported herein show

that our explicit treatment of object parts results in an improved recognition performance,

as compared to the strategies in which object components are not explicitly accounted for.

xiv



CHAPTER 1
INTRODUCTION

Image interpretation is a difficult challenge that has long been confronting the computer-

vision community. A number of factors contribute to the complexity of this problem. The

most critical is inherent uncertainty in how the observed visual evidence in images should

be attributed to infer object types and their relationships. In addition to video noise, there

are various sources of this uncertainty, including variations in camera quality and position,

wide-ranging illumination conditions, extreme scene diversity, and the randomness of object

appearances, clutter and locations in scenes.

One of the critical hindrances to successful image interpretation is that objects may

occlude each other in a complex scene. In the literature, the initial research on the inter-

pretation of scenes with occlusions appeared in early nineties. However, in the last decade

relatively small volume of the related literature was published. In fact, a majority of the

recently proposed vision systems is not directly aimed at solving the problem of occluded-

object recognition; experiments on images with occlusions are reported as a side result only

to illustrate the versatility of those systems. This suggests that recognition of partially

occluded objects is an open problem in computer vision, which motivates us to seek its

solution in this dissertation.

In the initial work, local features (e.g., points, line and curve segments) are used to

represent objects, allowing the unoccluded features to be matched with object features, by

computing a scalar measure of model fit [1–3]. The unmatched scene features are modeled

as spurious features, and the unmatched object features indicate the occluded part of the

object. The matching score is either the number of matched object features or the sum of a

Gaussian-weighted matching error. The main limitation with these approaches is that they

do not account for the spatial correlation among occlusions.

Statistical approaches to occluded-object recognition have also been reported in the

literature. For instance, Wells [4], and Ying and Castanon [5] propose probabilistic models

1
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to characterize scene features and the correspondence between scene and object features.

The authors model both object-feature uncertainty and the probability that the object

features are occluded in the scene. They introduce two statistical models for occlusion.

One model assumes that each feature can be occluded independently of whether any other

features are occluded, whereas the second model accounts for the spatial correlation to

represent the extent of occlusion. The spatial correlation is computed using a Markov

Random Field (MRF) model with a Gibbs distribution [6]. The main drawback of these

systems is a prohibitive computational load; the run-time of these algorithms is exponential

in the number of objects to be recognized.

Other related work exploits auxiliary information provided, for example, by image

sequences or stereo views of the same scene [5,7–11], where occlusions are transitory. Since

this information in general may not be available, and/or occlusions may remain permanent,

in our approach we do not use the strategies of these systems.

A review of the related literature also suggests that the majority of vision systems are

designed to deal with only one constrained vision task, such as, for example, image segmen-

tation [5, 10, 11]. However, to conduct image interpretation, as is our goal, it is necessary

to perform three related tasks: (1) localization, (2) detection (also called image segmenta-

tion), and (3) ultimate recognition of object appearances (also called image classification).

Further, in many systems in which the three sub-tasks are addressed, this is not done in a

unified manner. Here, as a drawback, the system’s architecture comprises a serial connec-

tion of separate modules, without any feedback on the accuracy of the ultimate recognition.

Moreover, vision systems are typically designed to recognize only a specific instance of ob-

ject classes appearing in the image (e.g., face), which, in turn, is assumed dissimilar to

other objects in the image. However, the assumption of uniqueness of the target class may

not be appropriate in many settings. Also, the success of these systems usually depends on

ad hoc fine-tuning of the feature-extraction methods and system’s parameters, optimized

for that unique target class. With current demands to design systems capable of classifying

thousands of image classes simultaneously, it would be difficult to generalize the outlined

approaches.
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The small volume of published research addressing occlusions in images suggests that

the problem is not fully examined. Also, the drawbacks of the above systems–namely: con-

strained goals and settings of operation, poor spatial modeling of occlusion, and prohibitive

computational load–motivated us to conduct the research reported herein. Our motivation

is that most object classes seem to be naturally described by a few characteristic parts or

components and their geometrical relation. We hypothesize that it is not the percentage of

occlusion that is critical for object recognition, but rather which object parts are occluded.

Not all components of an object are equally important for its recognition, especially when

that object is partially occluded. Given two similar objects in the image, the visible parts of

one object may mislead the algorithm to recognize it as its counterpart. Therefore, careful

consideration should be given to the analysis of detected visible object parts. One of the

benefits of such analysis is the flexibility to develop various recognition strategies that weigh

the information obtained from the detected object parts more judiciously. In the following

section, we review some of the reported part-based object-recognition strategies.

1.1 Part-Based Object Recognition

Recently, there has been a flurry of research related to part-based object recognition.

For example, Mohan et al. [12] use separate classifiers to detect heads, arms, and legs of

people in an image, and a final classifier to decide whether a person is present. However,

the approach requires object parts to be manually defined and separated for training the

individual part classifiers. To build a system that is easily extensible to deal with different

objects, it is important that the part selection procedure be automated. One approach in

this direction is developed by Weber et al. [13, 14]. The authors assume that an object is

composed of parts and shape, where parts are image patches, which may be detected and

characterized by appropriate detectors, and shape describes the geometry of the mutual

position of the parts in a way that is invariant with respect to rigid and, possibly, affine

transformations. The authors propose a joint probability density over part appearances

and shape that models the object class. This framework is appealing in that it naturally

allows for parts of different sizes and resolutions. However, due to computational issues, to

learn the joint probability density, the authors choose heuristically a small number of parts
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per each object class, rendering the density unreliable in the case of large variations across

images.

Probabilistic detection of object parts has also been reported. For instance, Heisele

et al. [15] propose to learn object components from a set of examples based on their dis-

criminative power, and their robustness against pose and illumination changes. For this

purpose, they use Support Vector Machines. Also, Felzenszwalb and Huttenlocher [16] rep-

resent an object by a collection of parts arranged in a deformable configuration. In their

approach, the appearance of each part is modeled separately by Gaussian-mixture distribu-

tions, and the deformable configuration is represented by spring-like connections between

pairs of parts. The main problem of the mentioned approaches is that they lack the analysis

of object parts through scales. It is assumed that parts cannot contain other sub-parts, and

that objects are unions of mutually exclusive components, which is hard to justify for more

complex object classes.

To address the analysis of object parts through scales Schneiderman and Kanade [17]

propose a trainable multi-stage object detector composed of classifiers, each making a de-

cision about whether to cease evaluation, labeling the input as non-object, or to continue

further evaluation. The detector orders these stages of evaluation from a low-resolution to

a high-resolution search of the image.

The aforementioned approaches are not suitable for recognition of a large number of

object classes. As the number of classes increases there is a combinatorial explosion of

the number of their parts (i.e., image patches) that need to be evaluated by appropriate

detectors.

In this dissertation, we seek a solution to the outlined problems. Our goal it to design a

vision system that would analyze multiple object classes through their constituent, ”mean-

ingful” parts at a number of different resolutions. To this end, we resort to a probabilistic

framework, as discussed in the following section.

1.2 Probabilistic Framework

We formulate image interpretation as inference of a posterior distribution over pixel

random fields for a given image. Once the posterior distribution of image classes is inferred,
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each pixel can be labeled through Bayesian estimation (e.g., maximum a posteriori–MAP).

Within this framework, it is necessary to specify the following:

1. The probability distribution of image classes over pixel random fields,

2. The inference algorithms for computing the posterior distribution of image classes,

3. Bayesian estimation for ultimate pixel labeling, that is, object recognition.

Our principal challenge lies in choosing a statistical model for specifying the probability

distribution of image classes, since this choice conditions the formulation of inference and

Bayesian estimation. A suitable model should be computationally manageable, and suffi-

ciently expressive to represent a wide range of patterns in images. A review of the literature

offers four broad classes of models [18]. The descriptive models are constructed based on

statistical descriptions of image ensembles with variables only at one level (e.g., [19, 20]).

The pseudo-descriptive models reduce the computational cost of descriptive models by im-

posing partial (or even linear) order among random variables (e.g., [21,22]). The generative

models consist of observable and hidden variables, where hidden variables represent a finite

number of bases generating an image (e.g., [23, 24]). The discriminative models directly

encode posterior distribution of hidden variables given observables (e.g., [25,26]).

The available models differ in structural complexity and difficulty of inference. At one

end lie descriptive models, which build statistical descriptions of image ensembles only at

the observable (i.e., pixel) level. Other modeling paradigms (i.e., generative, discriminative)

impose varying levels of structure through the introduction of hidden variables. However,

no principled formulation exists, as of yet, to suggest one approach superior to the others.

Therefore, our choice of model is guided by the goal to interpret scenes with partially

occluded, alike objects. We seek a model that offers a viable means of recognizing partially

occluded objects through recognition of their visible constituent parts. Thus, a prospective

model should allow for analysis of object parts towards recognition of objects as a whole.

To alleviate the computational complexity arising from the treatment of multiple

object-parts of multiple objects in images, we seek a model that is capable of modeling

both whole objects and their sub-parts in a unified manner. That is, a candidate model

must be expressive enough to capture component-subcomponent relationships among re-

gions in an image. To accomplish this, it is necessary to analyze pixel neighborhoods of
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varying size. The literature abounds with reports on successful applications of multiscale

statistical models for this purpose [27–32]. Following these trends, we choose the irregu-

lar tree-structured belief network, or short irregular tree. Our choice is directly driven by

our image-interpretation strategy and goals, and appears better suited than alternative

statistical approaches. Descriptive models lack the necessary structure for component-

subcomponent representation we seek to exploit. Discriminative approaches directly model

posterior distribution of hidden variables given observables. Consequently, they lose the

convenience of assigning physical meaning to the statistical parameters of the model. In

contrast, irregular trees can detect objects and their parts simultaneously, as discussed in

the following chapters.

Before we continue to present our approach to image interpretation, we give a brief

overview of tree-structured generative models in the following section.

1.3 Tree-Structured Generative Models

Recently, there has been a flurry of research in the field of tree-structured generative

models, also known as tree-structured belief networks (TSBNs) [27–33]. The models provide

a systematic way to describe random processes/fields and have extremely efficient and sta-

tistically optimal inference algorithms. Tree-structured belief networks are characterized by

a fixed balanced tree structure of nodes representing hidden (latent) and observable random

variables. We focus on TSBNs whose hidden variables take discrete values, though TSBNs

can model even continuously valued Gaussian processes [34,35]. The edges of TSBNs repre-

sent parent-child (Markovian) dependencies between neighboring layers of hidden variables,

while hidden variables, belonging to the same layer, are conditionally independent, as de-

picted in Figure 1–1. Note that observables depend solely on their corresponding hidden

variables. Observables are either present at the finest level only, or could be propagated

upward the tree, as dictated by the design choices related to image processing. TSBNs

have efficient linear-time inference algorithms, of which, in the graphical-models literature,

the best-known is belief propagation [36–38]. Cheng and Bouman [29] have used TSBNs

for multiscale document segmentation; Kumar and Hebert [39] have employed TSBNs for

segmentation of man-made structures in natural scene images; and Schneider et al. [40]
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have used TSBNs for simultaneous image denoising and segmentation. All the aforemen-

tioned examples demonstrate the powerful expressiveness of TSBNs and the efficiency of

their inference algorithms, which is critically important for our purposes.

In spite of these attractive properties, the fixed regular structure of nodes in the TSBN

gives rise to “blocky” estimates. The pre-defined tree structure fails to adequately represent

the immense variability in size and location of different objects and their subcomponents

in images. In the literature, there are several approaches to alleviate this problem. Irving

et al. [28] have proposed an overlapping tree model, where distinct nodes correspond to

overlapping parts in the image. Li et al. [41] have discussed two-dimensional hierarchical

models where nodes are dependent both at any particular layer through a Markov-mesh

and across resolutions. In both approaches segmentation results are superior to those when

standard TSBNs are used, because the descriptive component of the models is improved at

increased computational cost. Ultimately, however, these approaches do not deal with the

source of the “blockiness” – namely, the orderly structure of TSBNs.

Not until recently has the research on irregular structures been initiated. Konen et

al. [42] have proposed a flexible neural mechanism for invariant pattern recognition based on

correlated neuronal activity and the self-organization of dynamic links in neural networks.

Also, Montanvert et al. [43], and Bertolino and Montanvert [44] have explored irregular

multiscale tessellations that adapt to image content. We join these research efforts building

on the work of Adams et al. [45], Adams [46], Storkey [47], and Storkey and Williams [48],

by considering the irregular-structured tree belief network.

(a) (b)

Figure 1–1: Variants of TSBNs: (a) observables (black) at the lowest layer only; (b) ob-
servables (black) at all layers; white nodes represent hidden random variables, connected
in a balanced quad-tree structure.
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Figure 1–2: An irregular tree consists of a forest of subtrees, each of which segments the
image into regions, marked by distinct shading; round- and square-shaped nodes indicate
hidden and observable variables, respectively; triangles indicate roots.

In the irregular tree, as in TSBNs, nodes represent random variables, and arcs between

them model causal (Markovian) dependence assumptions, as illustrated in Figure 1–2. The

irregular tree specifies probability distributions over both its structure and image classes.

It is this distribution over tree structures that mitigates the above cited problems with

TSBNs.

1.4 Learning Tree Structure from Data is an NP-hard Problem

In order to fully characterize the irregular tree (and any graphical model, for that

matter), it is necessary to learn both the graph topology (structure) and the parameters

of transition probabilities between connected nodes from training data. Usually, for this

purpose, one maximizes the likelihood of the model over training data, while at the same

time minimizing the complexity of model structure. Current methods are successful at

learning both the structure and parameters from complete data. Unfortunately, when the

data are incomplete (i.e., some random variables are hidden), optimizing both the structure

and parameters becomes NP-hard (nondeterministic polynomial time) [49,50].

The principal contribution of this dissertation is that we propose a solution to the

NP-hard problem of model-structure estimation. In our approach, we use a variant of the

Expectation-Maximization (EM) algorithm [51,52], to facilitate efficient search over a large

number of candidate structures. In particular, the EM procedure iteratively improves its

current choice of parameters by using the following two steps. In the Expectation step,

current parameters are used for computing the expected value of all the statistics needed to

evaluate the current structure. That is, the missing data (hidden variables) are completed

by their expected values. In the Maximization step, we replace current parameters with

those that maximize the likelihood over the complete data. This second step is essentially
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equivalent to learning model structure and parameters from complete data, and, hence, can

be done efficiently [38,49,50].

In the incomplete-data case, a local change in structure of one part of the tree may

lead to a structure change in another part of the model. Thus, the available methods for

structure estimation evaluate all the neighbors (e.g., networks that differ by a few local

changes) of each candidate they visit [53]. The novel idea of our approach is to perform a

search for the best structure within EM. In each iteration step, our procedure attempts to

find a better network structure, by computing the expected statistics needed for evaluation

of alternative structures. In contrast to the available approaches, the EM-based structure

search makes a significant progress in each iteration. As we show through experimental

validation, our procedure requires relatively few EM iterations to learn non-trivial tree

structures.

The outlined image modeling constitutes the core of our approach to image interpre-

tation, which is discussed in the following section.

1.5 Our Approach to Image Interpretation

We seek to accomplish the following related goals: (1) to find a unifying framework

to address localization, detection, and recognition of objects, as three sub-tasks of image-

interpretation, and (2) to find a computationally efficient and reliable solution to recognition

of multiple, partially occluded, alike objects in a given single image. For this purpose, we

formulate object recognition as the Bayesian estimation problem, where class labels are

assigned to pixels by minimizing the expected value of a suitably specified cost function.

This formulation requires efficient estimation of the posterior distribution of image classes

(i.e., objects), given an image. To this end, we resort to directed graphical models, known

as irregular trees [45–48, 54, 55]. As discussed in Section 1.3, the irregular tree specifies

probability distributions over both its structure and image classes. This means that, for

each image, it is necessary to infer the optimal model structure, as well as the posterior

distribution of image classes. By utilizing the Markov property of the irregular tree, we are

in a position to reduce computational complexity of the inference algorithm, and, thereby,

to efficiently solve our Bayesian estimation problem.
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After inference, the model represents a forest of sub-trees, each of which segments the

image. More precisely, leaf nodes that are descendants down the subtree of a given root form

the image region characterized by that root, as depicted in Fig. 1–2. These segmented image

regions can be interpreted as distinct object appearances in the image. That is, inference

of irregular-tree structure provides a solution to localization and detection. Moreover, in

inference, we also derive the posterior distribution of image classes over leaf nodes. In order

to classify the segmented image regions as a whole, we perform majority voting over the

maximum a posteriori (MAP) classes of leaf nodes. In this fashion, we accomplish our first

goal.

With respect to our second goal, we hypothesize that the critical factor in a successful

occluded-object recognition should be the analysis of visible object parts, which, as dis-

cussed before, usually induces prohibitive computational cost. To account explicitly for

object parts at various scales, we utilize the Markovian property of irregular trees, which

lends itself as a natural solution. Since each root determines a subtree whose leaf nodes form

a detected object, we can assign physical meaning to roots as representing whole objects.

Also, each descendant of the root down the subtree can be interpreted as the root of another

subtree whose leaf nodes cover only a part of the object. Thus, roots’ descendants can be

viewed as object parts at various scales. Therefore, within the irregular-tree framework, the

treatment of object parts represents merely a particular interpretation of the tree/subtree

structure.

To reduce the complexity of interpreting all detected object sub-parts, we propose to

analyze the significance of object components (i.e., irregular-tree nodes) with respect to

recognition of objects as a whole. After Bayesian estimation of the irregular-tree structure

for a given image, we first find the set of most significant irregular-tree nodes. Then, these

selected significant nodes are treated as new roots of subtrees. Finally, we conduct MAP

classification and majority voting over the selected image regions, descending from the

selected significant nodes, as illustrated in Fig. 1–3.

1.6 Contributions

Below, we outline the main contributions of this dissertation.
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Figure 1–3: Bayesian estimation of the irregular tree along with the analysis of signifi-
cant tree nodes constitute our approach to recognition of partially occluded, alike objects;
shading indicates the two distinct sub-trees under the two “significant” nodes.

We propose an EM-like algorithm for learning a graphical-model, where both model

structure and its distributions are learned on a given data simultaneously. The algorithm

represents a stage-wise solution to the learning problem known to be NP-hard. While we

use the algorithm for learning irregular trees, its generalization to any generative model is

straightforward.

A critical part of this learning algorithm is inference of the posterior distribution of

image classes on a given data. As is the case for many complex-structure models, exact

inference for irregular trees is intractable. To overcome this problem, we resort to variational

approximation approach. We assume that there are averaging phenomena in irregular trees

that may render a given set of variables in the model approximately independent of the rest

of the network. Thereby, we derive the Structured Variational Approximation algorithm

that advances existing methods for inference.

In order to avoid variational approximation in inference, we propose two novel archi-

tectures and their inference algorithms within the irregular-tree framework. Being simpler,

these models allow for exact inference. Moreover, empirically, they exhibit higher accuracy

in modeling images than irregular-tree-like models proposed in prior work [45–48].

Along with architectural novelties, we also introduce multi-layered data into the model–

an approach that has been extensively investigated in fixed-structure quad-trees [29, 33].

The proposed quad-trees have proved rather successful for various applications including

image denoising, classification, and segmentation. Hence, it is important to develop a

similar formulation for irregular trees.
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We develop a novel approach to object recognition, in which object parts are explicitly

analyzed in a computationally efficient manner. As a major theoretical contribution, we

define the measure of cognitive significance of object details. The measure provides for a

principled algorithm that combines detected object parts toward recognition of an object

as a whole.

Finally, we report results of experiments conducted on a wide variety of image datasets,

which characterize the proposed models and inference algorithms, and validate our approach

to image interpretation.

1.7 Overview

The remainder of the dissertation is organized as follows.

In Chapter 2, we specify two architectures of the irregular-tree model, and derive

inference algorithms for them. The architectures differ in the treatment of observable

random variables. We also discuss learning of the model parameters. Detailed derivation

of the inference algorithm is given in Appendix A.

Next, in Chapter 3, we specify yet another two architectures of the irregular-tree model,

for which it is possible to simplify the inference algorithm, as compared to that discussed

in Chapter 2. We deliberate the probabilistic inference and learning algorithms for the

models.

Further, in Chapter 4, we propose a measure of significance of object parts. This

measure ranks object components with respect to the entropy over all image classes (i.e.,

objects). To incorporate the information of this analysis into the MAP classification, we

devise a greedy algorithm, which we refer to as object-part recognition.

The extraction of image features, which we use in our experiments, is thoroughly

discussed in Chapter 5. Then, In Chapter 6, we report performance results of different

irregular-tree architectures on a large number of challenging images with partially occluded,

alike objects.

Finally, in Chapter 7, we summarize the major contributions of the dissertation, and

conclude with remarks on the future research.



CHAPTER 2
IRREGULAR TREES WITH RANDOM NODE POSITIONS

2.1 Model Specification

Irregular trees are directed, acyclic graphs with two disjoint sets of nodes representing

hidden and observable random vectors. Graphically, we represent all hidden variables as

round-shaped nodes, connected via directed edges indicating Markovian dependencies, while

observables are denoted as rectangular-shaped nodes, connected only to their corresponding

hidden variables, as depicted in Fig. 2–1. Below, we first introduce nodes characterized by

hidden variables.

There are V round-shaped nodes, organized in hierarchical levels, V ℓ, ℓ = {0, 1, ..., L−1},

where V 0 denotes the leaf level, and V ′,V \V 0. The number of round-shaped nodes is identi-

cal to that of the corresponding quad-tree with L levels, such that |V ℓ|=|V ℓ−1|/4=...=|V 0|/4ℓ.

Connections are established under the constraint that a node at level ℓ can become a root,

or it can connect only to the nodes at the next ℓ+1 level. The network connectivity is

represented by random matrix Z, where entry zij is an indicator random variable, such

that zij=1 if i∈V ℓ and j∈{0, V ℓ+1} are connected. Z contains an additional zero (“root”)

(a) (b)

Figure 2–1: Two types of irregular trees: (a) observable variables present at the leaf level
only; (b) observable variables present at all levels; round- and square-shaped nodes indicate
hidden and observable random variables; triangles indicate roots; unconnected nodes in this
example belong to other subtrees; each subtree segments the image into regions marked by
distinct shading.

13
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column, where entries zi0=1 if i is a root. Since each node can have only one parent, a real-

ization of Z can have at most one entry equal to 1 in each row. We define the distribution

over connectivity as

P (Z) ,
∏L−1

ℓ=0

∏

(i,j)∈V ℓ×{0,V ℓ+1} [γij ]
zij , (2.1)

where γij is the probability of i being the child of j, subject to
∑

j∈{0,V ℓ+1} γij=1.

Further, each round-shaped node i (see Fig. 2–1) is characterized by random position

ri in the image plane. The distribution of ri is conditioned on the position of its parent rj

as

P (ri|rj , zij=1) ,
1

2π|Σij |
1

2

exp(−1

2
(ri−rj−dij)

T Σ−1
ij (ri−rj−dij)) , (2.2)

where Σij is a diagonal matrix that represents the order of magnitude of object size, and pa-

rameter dij is the mean of relative displacement (ri−rj). Storkey and Williams [48] set dij

to zero, which favors undesirable positioning of children and parent nodes at the same loca-

tions. From our experiments, this may seriously degrade the image-modeling capabilities of

irregular trees, and as such some nonzero relative displacement dij needs to be accounted

for. For roots i, we have P (ri|r0, zi0=1), exp(−1
2(ri−di)

T Σ−1
i (ri−di))/(2π|Σi|

1

2 ). The

joint probability of R,{ri|∀i∈V }, is given by

P (R|Z) ,
∏

i,j∈V [ P (ri|rj , zij) ]zij . (2.3)

At the leaf level, V 0, we fix node positions R0 to the locations of the finest-scale ob-

servables, and then use P (Z,R′|R0) as the prior over positions and connectivity, where

R0,{ri|∀i∈V 0}, and R′,{ri|∀i∈V \V 0}.

Next, each node i is characterized by an image-class label xi and an image-class indica-

tor random variable xk
i , such that xk

i =1 if xi=k, where k is a label taking values in the finite

set M . Thus, we assume that the set M of unknown image classes is finite. The label k of

node i is conditioned on image class l of its parent j and is given by conditional probability

tables P kl
ij . For roots i, we have P (xk

i |xl
0, zi0=1),P (xk

i ). Thus, the joint probability of

X,{xk
i |i∈V, k∈M} is given by

P (X|Z) =
∏

i,j∈V

∏

k,l∈M

[

P kl
ij

]xk
i xl

jzij

. (2.4)
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Finally, we introduce nodes that are characterized by observable random vectors rep-

resenting image texture and color cues. Here, we make a distinction between two types of

irregular trees. The model where observables are present only at the leaf-level is referred

to as ITV 0; the model where observables are present at all levels is referred to as ITV . To

clarify the difference between the two types of nodes in irregular trees, we index observables

with respect to their locations in the data-structure (e.g., wavelet dyadic squares), while

hidden variables are indexed with respect to a node-index in the graph. This generalizes

correspondence between hidden and observable random variables of the position-encoding

dynamic trees [48]. We define the position of an observable, ρ(i), to be equal to the center

of mass of the i-th dyadic square at level ℓ in the corresponding quad-tree with L levels:

ρ(i) , [(n+0.5)2ℓ (m+0.5)2ℓ]T , ∀i ∈ V ℓ, ℓ = {0, . . . , L−1}, n,m = 1, 2, ... (2.5)

where n and m denote the row and column in the dyadic square at scale ℓ (e.g., for wavelet

coefficients). Clearly, other application-dependent definitions of ρ(i) are possible. Note

that while the r’s are random vectors, the ρ’s are deterministic values fixed at locations

where the corresponding observables are recorded in the image. Also, after fixing R0 to the

locations of the finest-scale observables, we have ∀i∈V 0, ri=ρ(i). The definition, given by

Eq. (2.5), holds for ITV 0 , as well, for ℓ=0.

For both types of irregular trees, we assume that observables Y ,{yρ(i)|∀i∈V } at loca-

tions ρ,{ρ(i)|∀i∈V } are conditionally independent given the corresponding xk
i :

P (Y |X,ρ) =
∏

i∈V

∏

k∈M

[

P (yρ(i)|xk
i ,ρ(i))

]xk
i , (2.6)

where for ITV 0 , V 0 should be substituted for V . The likelihoods P (yρ(i)|xk
i =1,ρ(i)) are

modeled as mixtures of Gaussians: P (yρ(i)|xk
i =1,ρ(i)) ,

∑Gk

g=1 πk(g)N (yρ(i);νk(g),Ξk(g)).

For large Gk, a Gaussian-mixture density can approximate any probability density [56].

In order to avoid the risk of overfitting the model, we assume that the parameters of the

Gaussian-mixture are equal for all nodes. The Gaussian-mixture parameters can be grouped

in the set θ , {Gk, {πk(g),νk(g),Ξk(g)}Gk

g=1 | ∀k∈M}.

Speaking in generative terms, for a given set of V nodes, first P (Z) is defined using

Eq. (2.1) and P (R|Z) using Eq. (2.3) to give us P (Z,R). We then impose the condition of
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fixing the leaf-level node positions to the locations of the finest-scale observables, ρ0 ⊂ ρ,

to obtain P (Z,R′|R0=ρ0). Combining Eq. (2.4) and Eq. (2.6) with P (Z,R′|R0=ρ0) results

in the joint prior

P (Z,X,R′, Y |R0=ρ0) = P (Y |X,ρ)P (X|Z)P (Z,R′|R0=ρ0) , (2.7)

which fully specifies the irregular tree. All the parameters of the joint prior can be grouped

in the set Θ , {γij ,dij ,Σij, P
kl
ij , θ}, ∀i, j∈V , ∀k, l∈M .

As depicted in Figure 2–1, a irregular tree is a directed graph. The formalism of the

graph-theoretic representation of irregular trees provides general algorithms for computing

marginal and conditional probabilities of interest, which is discussed in the following section.

2.2 Probabilistic Inference

Image interpretation, as discussed in Chapter 1, requires computation of posterior prob-

abilities of hidden random variables Z, X, and R′, given observables Y and leaf-node posi-

tions R0. However, due to the complexity of irregular trees, the exact probabilistic inference

of P (Z,X,R′|Y,R0) is infeasible. Therefore, we resort to approximate inference methods,

which are divided into two broad classes: deterministic approximations and Monte-Carlo

methods [57–61].

Markov Chain Monte Carlo (MCMC) methods allow for sampling of the posterior

P (Z,X,R′|Y,R0), and the construction of a Markov chain whose equilibrium distribution

is the desired P (Z,X,R′|Y,R0). Below, we report an experiment for two datasets of 4×4

and 8×8 binary images, samples of which are depicted in Fig. 2–2a, where we learned

P (Z,X,R′|Y,R0) for ITV 0 models through Gibbs sampling [62]. Observables yi were set

to binary pixel values; the number of image classes was set to |M |=2; the number of

components in the Gaussian-mixture was set to G=1; and the maximum number of levels

in the model is set to L=3 and L=4 for 4×4 and 8×8 images, respectively. The initial

irregular-tree structure is a balanced quad-tree (TSBN), where the number of leaf-level

nodes is equal to the number of pixels. One iteration of Gibbs sampling consists of sampling

each variable, conditioned on the other variables in the irregular tree, until all the variables

are sampled. We iterated this procedure until our convergence criterion was met – namely,

when |Pt+1(Z,X,R′|Y,R0)−Pt(Z,X,R′|Y,R0)|/Pt(Z,X,R′|Y,R0)<ε for N=10 successive
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(a) (b) (c)

Figure 2–2: Pixel clustering using irregular trees learned by Gibbs sampling: (a) sample
4×4 and 8×8 binary images; (b) clustered leaf-level pixels that have the same parent at
level 1; (c) clustered leaf-level pixels that have the same grandparent at level 2; clusters
are indicated by different shades of gray; the point in each group marks the position of the
parent node.

Figure 2–3: Irregular tree learned for the 4×4 image in (a), after 20,032 iterations of Gibbs
sampling; nodes are depicted in-line representing 4, 2 and 1 actual rows of the levels 0, 1
and 2, respectively; nodes are drawn as pie-charts representing P (xk

i = 1), k ∈ {0, 1}; note
that there are two root nodes for two distinct objects in the image.

iteration steps t, where ε=0.1 and ε=1 for 4×4 and 8×8 images, respectively. For the

dataset of 50 binary 4×4 images, on average more than 20,000 iteration steps were required

for convergence, while for 50 binary 8×8 binary image, more than 100,000 iterations were

required. In Figs. 2–2b-c, we also illustrate the grouping of pixels in the learned irregular

trees, while in Fig. 2–3, we depict the irregular tree learned for the 4×4 image in Fig. 2–2a.

From the experimental results, we infer that irregular trees learned through Gibbs

sampling are capable of capturing important structural information about image regions

at various scales. Generally, however, in MCMC approaches, with increasing model com-

plexity, the choice of proposals in the Markov chain becomes hard, so that the equilibrium

distribution is reached very slowly [57, 63]. Hence, in order to achieve faster inference, we

resort to variational approximation, a specific type of deterministic approximation [59,64].
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Variational approximation methods have been demonstrated to give good and significantly

faster results, when compared to Gibbs sampling [46]. The proposed approaches range from

a factorized approximating distribution over hidden variables [45] (a.k.a. mean field varia-

tional approximation) to more structured solutions [48], where dependencies among hidden

variables are enforced. The underlying assumption in those methods is that there are aver-

aging phenomena in irregular trees that may render a given set of variables approximately

independent of the rest of the network. Therefore, the resulting variational optimization of

irregular trees provides for principled solutions, while reducing computational complexity.

In the following section, we derive a novel Structured Variational Approximation (SVA)

algorithm for the irregular tree model defined in Section 2.1.

2.3 Structured Variational Approximation

In variational approximation, the intractable distribution P (Z,X,R′|Y,R0) is approxi-

mated by a simpler distribution Q(Z,X,R′|Y,R0) closest to P (Z,X,R′|Y,R0). To simplify

notation, below, we omit the conditioning on Y and R0, and write Q(Z,X,R′). The novelty

of our approach is that we constrain the variational distribution to the form

Q(Z,X,R′) , Q(Z)Q(X|Z)Q(R′|Z) , (2.8)

which enforces that both class-indicator variables X and position variables R′ are statisti-

cally dependent on the tree connectivity Z. Since these dependencies are significant in the

prior, one should expect them to remain so in the posterior. Therefore, our formulation

appears to be more appropriate for approximating the true posterior than the mean-field

variational approximation Q(Z,X,R′)=Q(Z)Q(X)Q(R′) discussed by Adams et al. [45],

and the form Q(Z,X,R′)=Q(Z)Q(X|Z)Q(R′) proposed by Storkey and Williams [48]. We

define the approximating distributions as follows:

Q(Z) ,
∏L−1

ℓ=0

∏

(i,j)∈V ℓ×{0,V ℓ+1} [ξij]
zij , (2.9)

Q(X|Z) ,
∏

i,j∈V

∏

k,l∈M

[

Qkl
ij

]xk
i xl

jzij

, (2.10)

Q(R′|Z) ,
∏

i,j∈V ′ [Q(ri|zij)]
zij =

∏

i,j∈V ′





exp
(

−1
2(ri−µij)

T Ω−1
ij (ri−µij)

)

2π|Ωij |
1

2





zij

,(2.11)
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where parameters ξij correspond to the γij connection probabilities, and the Qkl
ij are anal-

ogous to the P kl
ij conditional probability tables. For the parameters of Q(R′|Z), note that

covariances Ωij and mean values µij form the set of Gaussian parameters for a given node

i∈V ℓ over its candidate parents j∈V ℓ+1. Which pair of parameters (µij ,Ωij), is used to

generate ri is conditioned on the given connection between i and j – that is, the current

realization of Z. Furthermore, we assume that the Ω’s are diagonal matrices, such that

node positions along the “x” and “y” image axes are uncorrelated. Also, for roots, suitable

forms of Q functions are used, similar to the specifications given in Section 2.1.

To find Q(Z,X,R′) closest to P (Z,X,R′|Y,R0) we resort to a standard optimization

method, where Kullback-Leibler (KL) divergence between Q(Z,X,R′) and P (Z,X,R′|Y,R0)

is minimized ( [65], ch. 2, pp. 12–49, and ch. 16, pp. 482–509). The KL divergence is given

by

KL(Q‖P ) ,

∫

R′

dR′
∑

Z,X

Q(Z,X,R′) log
Q(Z,X,R′)

P (Z,X,R′|Y,R0)
. (2.12)

It is well known that KL(Q‖P ) is non-negative for any two distributions Q and P , and

KL(Q‖P )=0 if and only if Q=P ; these properties are a direct corollary of Jensen’s inequal-

ity ( [65], ch. 2, pp. 12–49). As such, KL(Q‖P ) guarantees a global minimum – that is, a

unique solution to Q(Z,X,R′).

By minimizing the KL divergence, we derive the update equations for estimating the

parameters of the variational distribution Q(Z,X,R′). Below, we summarize the final

derivation results. Detailed derivation steps are reported in Appendix A, where we also

provide the list of nomenclature. In the following equations, we use κ to denote an arbitrary

normalization constant, the definition of which may change from equation to equation.

Parameters on the right-hand side of the update equations are assumed known, as learned

in the previous iteration step.

2.3.1 Optimization of Q(X|Z)

Q(X|Z) is fully characterized by parameters Qkl
ij , which are updated as

Qkl
ij = κP kl

ij λk
i , ∀i, j ∈ V , ∀k, l ∈ M , (2.13)
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where the auxiliary parameters λk
i are computed as

λk
i =











P (yρ(i)|xk
i ,ρ(i)) , i ∈ V 0,

∏

c∈V

[
∑

a∈M P ak
ci λak

ci

]ξci , i ∈ V ′,
(2.14a)

λk
i = P (yρ(i)|xk

i ,ρ(i))
∏

c∈V

[
∑

a∈M P ak
ci λa

c

]ξci , ∀i ∈ V , ∀k ∈ M , (2.14b)

where Eq. (2.14a) is derived for ITV 0 , and Eq. (2.14b) for ITV . Since the ξci are non-zero

only for child-parent pairs, from Eq. (2.14), we note that λ’s are computed for both models

by propagating the λ messages of the corresponding children nodes upward. Thus, Q’s, given

by Eq. (2.13), can be updated by making a single pass up the tree. Also, note that for leaf

nodes, i∈V 0, the ξci parameters are equal to 0 by definition, yielding λk
i =P (yρ(i)|xk

i ,ρ(i))

in Eq. (2.14b).

Further, from Eqs. (2.9) and (2.10), we derive the update equation for the approximate

posterior probability mk
i that node i is assigned to image class k, given Y and R0, as

mk
i =

∫

R′ dR′
∑

Z,X xk
i Q(Z,X,R′) =

∑

j∈V ′ ξij

∑

l∈M Qkl
ijm

l
j , ∀i ∈ V,∀k ∈ M. (2.15)

Note that the mk
i can be computed by propagating image-class probabilities in a single pass

downward. This upward-downward propagation, specified by Eqs. (2.14) and (2.15), is very

reminiscent of belief propagation for TSBNs [31,36]. For the special case when ξij=1 only

for one parent j, we obtain the standard λ-π rules of Pearl’s message passing scheme for

TSBNs.

2.3.2 Optimization of Q(R′|Z)

Q(R′|Z) is fully characterized by parameters µij and Ωij. The update equation for

µij , ∀(i, j)∈V ℓ×{0, V ℓ+1}, ℓ>0, is given by

µij=





∑

p∈V ′

ξjpΣ
−1
ij +

∑

c∈V ′

ξciΣ
−1
ci





−1 



∑

p∈V ′

ξjpΣ
−1
ij (µjp+djp) +

∑

c∈V ′

ξciΣ
−1
ci (µci−dij)



 ,

(2.16)
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where c and p denote children and grandparents of node i, respectively. Further, for all

node pairs ∀(i, j)∈V ℓ×{0, V ℓ+1}, ℓ>0, where ξij 6=0, Ωij is updated as

Tr{Ω−1
ij } = Tr{Σ−1

ij }



1+
∑

p∈V ′

ξjp

[

Tr{Σ−1
ij Ωjp}

Tr{Σ−1
ij Ωij}

]
1

2



 +

+
∑

c∈V ′

ξciTr{Σ−1
ci }



1+

[

Tr{Σ−1
ci Ωci}

Tr{Σ−1
ci Ωij}

]

1

2



 ,

(2.17)

where, once again, c and p denote children and grandparents of node i, respectively. Since

the Ω’s and Σ’s are assumed diagonal, it is straightforward to derive the expressions for

the diagonal elements of the Ω’s from Eq. (2.17). Note that both µij and Ωij are up-

dated summing over children and grandparents of i, and, therefore, must be iterated until

convergence.

2.3.3 Optimization of Q(Z)

Q(Z) is fully characterized by connectivity probabilities ξij, which are computed as

ξij = κγij exp(Aij − Bij) , ∀ℓ, ∀(i, j)∈V ℓ×{0, V ℓ+1} , (2.18)

where Aij represents the influence of observables Y , while Bij represents the contribution of

the geometric properties of the network to the connectivity distribution. These are defined

in Appendix A.

2.4 Inference Algorithm and Bayesian Estimation

For the given set of parameters Θ characterizing the joint prior, observables Y , and

leaf-level node positions R0, the standard Bayesian estimation of optimal Ẑ, X̂ , and R̂′

requires minimizing the expectation of a cost function C:

(Ẑ, X̂, R̂′)= arg minZ,X,R′ E{C((Z,X,R′), (Z∗,X∗, R′∗))|Y,R0,Θ}, (2.19)

where C(·) penalizes the discrepancy between the estimated configuration (Z,X,R′) and

the true one (Z∗,X∗, R′∗). We propose the following cost function:

C((Z,X,R′), (Z∗,X∗, R′∗)),
∑

i,j∈V

[1−δ(zij−z∗ij)]+
∑

i∈V

∑

k∈M

[1−δ(xk
i −xk∗

i )]+
∑

i∈V ′

[1−δ(ri−r∗
i )],

(2.20)
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where ∗ indicates true values, and δ(·) is the Kronecker delta function. Using the variational

approximation P (Z,X,R′|Y,R0)≈Q(Z)Q(X|Z)Q(R′|Z), from Eqs. (2.19) and (2.20), we

derive:

Ẑ= arg minZ

∑

Z Q(Z)
∑L−1

ℓ=0

∑

(i,j)∈V ℓ×{0,V ℓ+1}[1−δ(zij−z∗ij)], (2.21)

X̂= arg minX

∑

Z,X Q(Z)Q(X|Z)
∑

i∈V

∑

k∈M [1−δ(xk
i −xk∗

i ))], (2.22)

R̂′= arg minR′

∫

R′ dR′
∑

Z Q(Z)Q(R′|Z)
∑

i∈V ′ [1−δ(ri−r∗
i )]. (2.23)

Given the constraints on connections, discussed in Section 2.1, minimization in Eq. (2.21)

is equivalent to finding parents:

(∀ℓ)(∀i∈V ℓ)(Z·i 6=0) ĵ= arg maxj∈{0,V ℓ+1} ξij , for ITV 0 , (2.24a)

(∀ℓ)(∀i∈V ℓ) ĵ= arg maxj∈{0,V ℓ+1} ξij , for ITV , (2.24b)

where ξij is given by Eq. (2.18); Z·i denotes the i-th column of Z, and Z·i 6=0 indicates that

there is at least one non-zero element in column Z·i; that is, i has children, and thereby

is included in the tree structure. Note that due to the distribution over connections, after

estimation of Z, for a given image, some nodes may remain without children. To preserve

the generative property in ITV 0 , we impose an additional constraint on Z that nodes above

the leaf level must have children in order to be able to connect to upper levels. On the other

hand, in ITV , due to multi-layered observables, all nodes V must be included in the tree

structure, even if they do not have children. The global solution to Eq. (2.24a) is an open

problem in many research areas. Therefore, for ITV 0 , we propose a stage-wise optimization,

where, as we move upwards, starting from the leaf level ℓ={0, 1, ..., L−1}, we include in the

tree structure optimal parents at V ℓ+1 according to

(∀i∈V ℓ)(Ẑ·i 6=0) ĵ= arg maxj∈{0,V ℓ+1} ξij, (2.25)

where Ẑ·i denotes i-th column of the estimated Ẑ, and Ẑ·i 6=0 indicates that i has already

been included in the tree structure when optimizing the previous level V ℓ.
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Next, from Eq. (2.22), the resulting Bayesian estimator of image-class labels, denoted

as x̂i, is

(∀i∈V ) x̂i = arg maxk∈M mk
i , (2.26)

where the approximate posterior probability mk
i that image class k is assigned to node i is

given by Eq. (2.15).

Finally, from Eq. (2.23), optimal node positions are estimated as

(∀ℓ>0)(∀i∈V ℓ) r̂i = arg maxri

∑

Z Q(ri|Z)Q(Z) =
∑

j∈{0,V ℓ+1} µijξij, (2.27)

where µij and ξij are given by Eqs. (2.16) and (2.18), respectively.

The inference algorithm for irregular trees is summarized in Fig. 2–4. The specified

ordering of parameter updates for Q(Z), Q(X|Z), and Q(R′|Z) in Fig. 2–4, steps (4)–(10),

is arbitrary; theoretically, other orderings are equally valid.

2.5 Learning Parameters of the Irregular Tree with Random Node Positions

Variational inference presumes that model parameters: Θ={γij ,dij ,Σij , P
kl
ij , θ}, ∀i, j∈V ,

∀k, l∈M , and V , L, M , are available. These parameters can be learned off-line through

standard Maximum Likelihood (ML) optimization. Usually, for the ML optimization, it is

assumed that N , independently generated, training images, with observables {Y n}N
n=1 and

latent variables {(Zn,Xn, R′n)}N
n=1, are given. However, for multiscale generative models,

in general, neither the true image-class labels for nodes at higher levels nor their dynamic

connections are given. Therefore, configurations {(Ẑn, X̂n, R̂′
n
)} must be estimated from

the training images.

To this end, we propose an iterative learning procedure. In initialization, we first set

L= log2(|V 0|), where |V 0| is equal to the size of a given image. The number of image

classes |M | is also assumed known. Next, due to a huge diversity of possible configurations

of objects in images, for each node i∈V ℓ, we initialize γij to be uniform over i’s candidate

parents ∀j∈{0, V ℓ+1}. Then, for all pairs (i, j)∈V ℓ×V ℓ+1 at level ℓ, we set dij=ρ(i)−ρ(j);

namely, the dij are initialized to the relative displacement of the centers of mass of the i-th

and j-th dyadic squares in the corresponding quad-tree with L levels, specified in Eq. (2.5).

For roots i, we have di=ρ(i). Also, we set diagonal elements of Σij to the diagonal elements
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Inference Algorithm

Assume that V , L, M , Θ, Nε, ε, and εµ are given.
(1) Initialization: t=0; tin=0; (∀i, j∈V ) (∀k, l∈M) ξij(0)=γij; Qkl

ij (0)=P kl
ij ; µij(0) =”node

locations in the corresponding quad-tree”; diagonal elements of Ωij(0) are set to the area
of dyadic squares in the corresponding quad-tree;
(2) repeat Outer Loop

(3) t = t + 1;
(4) Compute in bottom-up pass for ℓ=0, 1, ..., L−1, ∀i∈V ℓ, ∀k∈M ,

λk
i (t) given by Eq. (2.14); Qkl

ij (t) given by Eq. (2.13);

(5) Compute in top-down pass for ℓ=L−1, L−2, ..., 0, ∀i∈V ℓ, ∀k∈M ,
mk

i (t) given by Eq. (2.15);
(6) repeat Inner Loop

(7) tin = tin + 1;
(8) Compute ∀i, j∈V ′,

µij(tin) given by Eq. (2.16); Ωij(tin) given by Eq. (2.17);
(9) until |µij(tin)−µij(tin−1)|/µij(tin−1) < εµ;
(10) Compute ∀i, j∈V ′,

ξij(t) given by Eq. (2.18);
(11) until |Q(Z,X,R′; t)−Q(Z,X,R′; t−1)|/Q(Z,X,R′; t−1)<ε, for Nε consecutive itera-
tion steps ;
(12) Estimation of Ẑ: compute in bottom-up pass for ℓ=0, 1, ..., L−1,

for ITV 0 : (∀i∈V ℓ)(Ẑ·i 6=0) ĵ= arg maxj∈{0,V ℓ+1} ξij(t),

for ITV : (∀i∈V ℓ) ĵ= arg maxj∈{0,V ℓ+1} ξij(t);

(13) Estimation of X̂: compute (∀i∈V ) x̂i = arg maxk∈M mk
i (t);

(14) Estimation of R̂′: compute (∀ℓ>0)(∀i∈V ℓ) r̂i =
∑

j∈{0,V ℓ+1} µij(t)ξij(t);

Figure 2–4: Inference of the irregular tree given Y , R0, and Θ; t and tin are counters in the
outer and inner loops, respectively; Nε, ε, and εµ control the convergence criteria for the
two loops.

of a matrix dijd
T
ij . The number of components Gk in a Gaussian mixture for each class k

is set to Gk=3, which is empirically validated to be appropriate. Other parameters of the

Gaussian mixture, θ, are estimated by using the EM algorithm [52,56] on the hand-labeled

training images. Finally, conditional probability tables, P kl
ij , are initialized to be uniform

over possible image classes.

After initialization of Θ, we run an iterative learning procedure, where in step t we

conduct SVA inference of the irregular tree on the training images, as explained in the

previous section. After inference of the posterior probability that class k is assigned to node

i, mk
i , given by Eq. (2.15), and posterior connectivity probability, ξij, given by Eq. (2.18),



25

on all training images, n = 1, ...,N , we update only P kl
ij and γij as

P kl
ij (t+1) =

1

N

N
∑

n=1

mk;n
i (t) , (2.28)

γij(t+1) =
1

N

N
∑

n=1

ξn
ij(t) . (2.29)

Other parameters in Θ(t+1)={γij(t+1),dij ,Σij, P
kl
ij (t+1), θ}, are fixed to their initial val-

ues. In the next iteration step, we use Θ(t+1) for SVA inference of the irregular tree on

the training images. We assume that the learning algorithm converged when

|P kl
ij (t+1) − P kl

ij (t)|
P kl

ij (t)
< ε ,

where ε > 0 is a pre-specified parameter.

2.6 Implementation Issues

In this section, we list algorithm-related details that are necessary for the experimental

results, presented in Chapter 6, to be reproducible.

First, direct implementation of Eq. (2.13) would result in numerical underflow. There-

fore, we introduce the following scaling procedure:

λ̃k
i ,

λk
i

Si

, ∀i∈V, ∀k∈M , (2.30)

Si ,
∑

k∈M

λk
i . (2.31)

Substituting the scaled λ̃’s into Eq. (2.13), we obtain

Qkl
ij =

P kl
ij λk

i
∑

a∈M P al
ij λa

i

=
P kl

ij λ̃k
i

∑

a∈M P al
ij λ̃a

i

. (2.32)

In other words, computation of Qkl
ij does not change when the scaled λ̃′s are used.

Second, to reduce computational complexity, we consider, for each node i, only the 7×7

box encompassing parent nodes j that neighbor the parent of the corresponding quad-tree.

Consequently, the number of possible children nodes c of i is also limited. Our experiments

show that the omitted nodes, either children or parents, contribute negligibly to the update

equations. Thus, we limit overall computational cost as the number of nodes increases.
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Finally, the convergence criterion of the inner loop, where µij and Ωij are computed,

is controlled by parameter εµ. When εµ=0.01, the average number of iteration steps, tin, in

the inner loop, is from 3 to 5, depending on the image size, where the latter is obtained for

128×128 images. The convergence criterion of the outer loop is controlled by parameters

Nε and ε. Simplifications that we use in practice may lead to sub-optimal solutions of SVA.

From our experience, though, the algorithm recovers from unstable stationary points for

sufficiently large N . In our experiments, we set Nε=10 and ε=0.01.

After the inference algorithm (Fig. 2–4) converged, we then estimate the values of

hidden variables (Ẑ, X̂, R̂′) for a given image, thereby conducting image interpretation.



CHAPTER 3
IRREGULAR TREES WITH FIXED NODE POSITIONS

In the previous chapter, two architectures of the irregular tree are presented, which are

fully characterized by the following joint prior:

P (Z,X,R′, Y |R0=ρ0) = P (Y |X,ρ)P (X|Z)P (Z,R′|R0=ρ0) .

As discussed in Section 2.2, the inference of the posterior distribution P (Z,X,R′|Y,R0)

is intractable, due to the complexity of the model. The node-position variables, R′, are

the main culprit for conducting approximate inference. On the other hand, the R′ are

very useful, because they constrain possible network configurations. In order to avoid

approximate inference, in this chapter, we introduce yet another architecture of the irregular

tree, where the R′ are eliminated, and where the constraints on the tree structure are directly

modeled in the distribution of connectivity Z.

3.1 Model Specification

Similar to the model specification in the previous chapter, we introduce two architec-

tures: one with observables only at the leaf level, and the other with observables propagated

to higher levels. The main difference from the architectures ITV and ITV 0 is that node po-

sitions are identical to those of the quad-tree. Therefore, we refer to the architectures

presented in this chapter as irregular quad trees IQTV and IQTV 0 .

The irregular quad tree is a directed acyclic graph with nodes in set V , organized

in hierarchical levels, V ℓ, ℓ={0, 1, ..., L}, where V 0 denotes the leaf level. The layout

of nodes is identical to that of the quad-tree, modeling for example the dyadic pyramid

of wavelet coefficients, such that the number of nodes at level ℓ can be computed as

|V ℓ|=|V ℓ−1|/4=...=|V 0|/4ℓ. Unlike for position-encoding dynamic trees [48], we assume

that nodes are fixed at locations of the corresponding quad-tree. Consequently, irregular

model structure is achieved only through establishing arbitrary connections between nodes.

Connections are established under the constraint that a node at level ℓ can become a root

27
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or it can connect only to the nodes at the next ℓ+1 level. The network connectivity is rep-

resented by a random matrix, Z, where entry zij is an indicator random variable, such that

zij=1 if i∈V ℓ and j∈V ℓ+1 are connected. Z contains an additional zero (“root”) column,

where entries zi0=1 if i is a root node. Each node can have only one parent, or can be a

root. Note that due to the distribution over connections, after estimation of Z, for a given

image, in IQTV , some nodes may remain without children.

Each node i is characterized by an image-class random variable, xi, which can take

values in a finite class set C. Given Z, the label xi of node i is conditioned on xj of its

parent j as P (xi|xj , zij=1). The joint probability of image-class variables X={xi}, ∀i∈V ,

is given by

P (X|Z)=
∏L

ℓ=0

∏

i∈V ℓ P (xi|xj , zij=1), (3.1)

where for roots we use priors P (xi). We assume that the conditional probability tables

P (xi|xj , zij=1) are equal for all the nodes at all levels, as in [33]. Such a unique conditional

probability table is denoted as Φ.

Next, we assume that observables yi are conditionally independent given the corre-

sponding xi:

P (Y |X) =
∏

i∈V P (yi|xi) , (3.2)

P (yi|xi=k) =
∑G

g=1 πk(g)N(yi;νk(g),Ξk(g)) , (3.3)

where for IQTV 0 instead of V we write V 0 in Eq. (3.2). P (yi|xi=k), k∈M , is mod-

eled as a mixture of Gaussians. The Gaussian-mixture parameters can be grouped in

θ={πk(g),νk(g),Ξk(g), Gk}, ∀k∈M .

Finally, we specify the connectivity distribution. In the previous chapter, it is de-

fIQTined as the prior P (Z)=
∏

i,j∈V P (zij=1), and then the constraint on possible tree

structures is imposed through introducing an additional set of random variables – namely,

random node positions R. The main purpose of the R’s is to provide for the mechanism

that the connections between close nodes are favored. That approach has two major dis-

advantages. First, the additional R variables render the exact inference of the dynamic
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tree intractable, enforcing the use of approximate inference methods (variational approxi-

mation). Second, the decision if nodes i and j should be connected is not informed on the

actual values of xi and xj. To improve upon the model formulation of the previous chap-

ter, we seek to eliminate the R’s, and to incorporate the information on image-class labels

and node positions in the connectivity distribution. We reason that connections between

parents and children, whose relative distance is small, should be favored over those that are

far apart. At the same time, we seek to establish a mechanism that groups nodes belonging

to the same image class, and separates those assigned to different classes.

Let us first examine relative distances between nodes. Due to symmetry of the node

layout (equal to that of the quad-tree), we divide the set of all candidate parents j into

classes of equidistance from child i, as depicted in Fig. 3–1. We specify that relative

distances can take integer values dij={0, 1, 2, ..., dmax
i }, where if i is a root ni0,0. Note

that dmax
i values vary for different positions of i at one level, as well as for different levels

to which i belongs.

Given X, we specify the conditional connectivity distribution as

P (Z|X) =
L
∏

ℓ=0

∏

(i,j)∈V ℓ×{0,V ℓ+1}

P (zij=1|xi, xj), (3.4)

P (zij=1|xi, xj) = κ























pi , i is a root,

pi(1 − pi)
dij , if xi=xj ,

pi(1 − pi)
dmax

i −dij , if xi 6=xj ,

(3.5)

subject to
∑

j∈{0,V ℓ+1}

P (zij=1|xi, xj) = 1, (3.6)

where κ is a normalizing constant, and pi is the parameter of the geometric distribution.

From Eq. (3.5), we observe that when xi=xj , P (zij=1|xi, xj) decreases as dij becomes

larger, while when xi 6=xj , P (zij=1|xi, xj) increases for greater distances dij . Hence, the

form of P (zij=1|xi, xj), given by Eq. (3.5), satisfies the aforementioned desirable properties.

To avoid overfitting, we assume that pi is equal for all nodes i at the same level. The

parameters of P (Z|X) can be grouped in the parameter set Ψ={pi}, ∀i∈V .
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Figure 3–1: Classes of candidate parents j that are characterized by a unique relative
distance dij from child i.

The introduced parameters of the model can be grouped in the parameter set Θ={Φ, θ,Ψ}.

In the next section we explain how to infer the “best” configuration of Z and X from the

observed image data Y , provided that Θ is known.

3.2 Inference of the Irregular Tree with Fixed Node Positions

The standard Bayesian formulation of the inference problem consists in minimizing the

expectation of some cost function C, given the data

(Ẑ, X̂)= arg minZ,X E{C((Z,X), (Z ′,X ′))|Y,Θ} , (3.7)

where C penalizes the discrepancy between the estimated configuration (Z,X) and the true

one (Z ′,X ′). We propose the following cost function:

C((Z,X), (Z ′,X ′)) = C(X,X ′) + C(Z,Z ′) , (3.8)

=
L−1
∑

ℓ=0

∑

i∈V ℓ

[1−δ(xi−x′
i)] +

L−1
∑

ℓ=0

∑

(i,j)∈V ℓ×{0,V ℓ+1}

[1−δ(zij−z′ij)], (3.9)

where ′ stands for true values, and δ(·) is the Kronecker delta function. From Eq. (3.9), the

resulting Bayesian estimator of X is

∀i∈V, x̂i= arg maxxi∈C P (xi|Z, Y ). (3.10)

Next, given the constraints on connections in the irregular tree, we derive that mini-

mizing E{C(Z,Z ′)|Y,Θ} is equivalent to finding a set of optimal parents ĵ such that

(∀ℓ)(∀i∈V ℓ)(Z·i 6=0) ĵ= arg maxj∈{0,V ℓ+1} P (zij |xi, xj) , for IQTV 0 , (3.11a)

(∀ℓ)(∀i∈V ℓ) ĵ= arg maxj∈{0,V ℓ+1} P (zij |xi, xj) , for IQTV , (3.11b)
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where Z·i is the i-th column of Z, and Z·i 6=0 represents the event “node i has children”, that

is, “node i is included in the irregular-tree structure.” The global solution to Eq. (3.11a) is

an open problem in many research areas. We propose a stage-wise optimization, where, as

we move upwards, starting from the leaf level ℓ={0, 1, ..., L}, we include in the tree structure

optimal parents at V ℓ+1 according to

(∀i∈V ℓ)(Ẑ·i 6=0) ĵ= arg maxj∈{0,V ℓ+1} P (zij=1|xi, xj), (3.12)

where Ẑ·i 6=0 denotes an estimate that i has already been included in the tree structure

when optimizing the previous level V ℓ.

By using the results in Eqs. (3.10) and (3.12), we specify the inference algorithm for

the irregular quad tree, which is summarized in Fig. 3–2. In a recursive step t, we first

assume that estimate Z(t−1) of the previous step t−1 is known and then derive estimate

X(t) using Eq. (3.10); then, substituting X(t) in Eq. (3.12) we derive estimate Z(t). We

consider the algorithm converged if P (Y,X|Z) does not vary more than some threshold ε

for Nε consecutive iteration steps t. In our experiments, we set ε = 0.01 and Nε = 10.

Steps 2 and 6 in the algorithm can be interpreted as inference of X̂ given Y for a fixed-

structure tree. In particular, for Step 2, where the initial structure is the quad-tree, we can

use the standard inference on quad-trees, where, essentially, belief messages are propagated

in only two sweeps up and down the tree [29,31,33]. For Step 6, the irregular tree represents

a forest of subtrees, which also have fixed, though irregular, structure; therefore, we can

use the very same tree-inference algorithm for each of the subtrees. For completeness,

in Appendix B, we present the two-pass maximum posterior marginal estimation of X

proposed by Laferte et al. [33].

3.3 Learning Parameters of the Irregular Tree with Fixed Node Positions

Analogous to the learning algorithm discussed in the previous chapter, the parameters

of the irregular tree with fixed node positions can be learned by using the standard ML

optimization. Here, we assume that N , independently generated, training images, with ob-

servables {Y n}, n=1, ..., N , are given. As explained before, configurations of latent variables

{(Zn,Xn)} must be estimated.
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Inference Algorithm

(1) t = 0; initialize irregular-tree structure Z(0) to quad-tree;
(2) Compute ∀i∈V, xi(0)= arg maxxi∈C P (xi|Z(0), Y );
(3) repeat

(4) t = t + 1;
(5) Compute in bottom-up pass for ℓ=0, 1, ..., L

for IQTV 0: (∀i∈V ℓ)(Ẑ·i 6=0) ĵ= arg maxj∈{0,V ℓ+1} P (zij=1|xi, xj);

for IQTV : (∀i∈V ℓ) ĵ= arg maxj∈{0,V ℓ+1} P (zij=1|xi, xj);
(6) Compute ∀i∈V, xi(t)= arg maxxi∈C P (xi|Z(t), Y );
(7) X̂=X(t); Ẑ=Z(t);

(8) until |P (Y,X̂|Ẑ)−P (Y,X(t−1)|Z(t−1))
P (Y,X(t−1)|Z(t−1)) |<ε for Nε consecutive iteration steps.

Figure 3–2: Inference of the irregular tree with fixed node positions, given observables Y
and the model parameters Θ.

To this end, we propose an iterative learning procedure, where in step t we first assume

that Θ(t)={Φ(t), θ(t),Ψ(t)} is given and then conduct inference for each training image,

n=1, ..., N ,

(Ẑn, X̂n)= arg min
Z,X

E{C((Z,X), (Z ′,X ′))|Y n,Θ(t)},

as explained in Section 3.2. Once the estimates {(Ẑn, X̂n)} are found, we apply standard

ML optimization to compute Θ(t+1).

More specifically, suppose, in the learning step t, realizations of random variables

(Y n, X̂n, Ẑn) are given for n=1, ...,N . Then the parameters of Gaussian-mixture distribu-

tions, in step t + 1, can be computed using the standard EM algorithm [56]:

P (ωc(g)|yi, xi=c) =
P (yi|xi=c)πc(g)

∑Gc

g=1 P (yi|xi=c)πc(g)
, (3.13)

π̂c(g) =
1

nc

nc
∑

i=1

P (ωc(g)|yi, x̂i=c), (3.14)

ν̂c(g) =

∑nc

i=1 yiP (ωc(g)|yi, x̂i=c)
∑nc

i=1 P (ωc(g)|yi, x̂i=c)
, (3.15)

Ξ̂c(g) =

∑nc

i=1(yi − ν̂c(g))(yi − ν̂c(g))TP (ωc(g)|yi, x̂i=c)
∑nc

i=1 P (ωc(g)|yi, x̂i=c)
, (3.16)

where nc is the total number of all the nodes over N training images that are classified as

class c. To compute P (ωc(g)|yi, xi=c) in Eq. (3.13), we use Gaussian-mixture parameters

from the previous learning step t. For all classes we set Gc=3.
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Next, we explain how to learn the parameters of the connectivity distribution, Ψ(t+1) =

{pi(t+1)}i∈V , by using the ML principle:

Ψ(t+1) = arg max
Ψ

N
∏

n=1

P (Ẑn|X̂n,Ψ(t−1)). (3.17)

Here, we consider two cases for IQTV and IQTV 0 models. Recall that parameters pi are

equal for all nodes i at the same level ℓ. Given the estimates {(Ẑn, X̂n)}, for each training

image n=1, ..., N , from Eqs. (3.5) and (3.17), we derive for IQTV :

p̂(ℓ)=
N |V ℓ|

N
∑

n=1

∑

i∈V ℓ

[

1 + I(x̂n
i =x̂n

j )dn
ij + I(x̂n

i 6=x̂n
j )(dmax

i −dn
ij)
]

, (3.18)

where I(·) is an indicator function, j is an estimated parent of node i, dn
ij denotes the relative

distance assigned to the estimated connection ẑn
ij=1.

For IQTV 0 , given the estimates {(Ẑn, X̂n)}, for each training image n=1, ...,N , we

analyze the set of nodes i∈V ℓ included in the corresponding irregular tree, i.e., Ẑn
·i 6=0.

Thus, from Eqs. (3.5), and (3.17), we derive:

p̂i(ℓ)=

N
∑

n=1

∑

i∈V ℓ

I(Ẑn
·i 6= 0)

N
∑

n=1

∑

i∈V ℓ

I(Ẑn
·i 6= 0)

[

1 + I(x̂n
i =x̂n

j )dn
ij + I(x̂n

i 6=x̂n
j )(dmax

i −dn
ij)
]

, (3.19)

where I(·) is an indicator function, j is an estimated parent of node i, dn
ij denotes the relative

distance assigned to the estimated connection ẑn
ij=1.

Finally, to learn the conditional probability table Φ, we use the standard EM algorithm

on fixed-structure trees, thoroughly discussed in [33]. Note that to obtain the estimates

{(Ẑn, X̂n)}, for each training image n=1, ...,N , in the learning step t, we in fact have to

conduct the MPM estimation, given in in Appendix B in Fig. B. By using already available

P (xi, xj |Y n
d(i), ẑ

n
ij=1) and P (xi|Y n

d(i)), obtained for each image n as in Fig B, we derive

Φ̂ =
1

N

N
∑

n=1

∑

i∈V P (xi, xj |Y n
d(i), ẑ

n
ij=1)

∑

i∈V P (xj |Y n
d(i))

. (3.20)

The overall learning procedure is summarized in Fig. 3–3.
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Learning Algorithm

(1) t = 0; initialize Θ(0)={Φ(0), θ(0),Ψ(0)};
(2) Estimate for n = 1, ..., N

(Ẑn, X̂n)= arg minZ,X E{C((Z,X), (Z ′,X ′))|Y n,Θ(0)};
(3) repeat

(4) t = t + 1;
(5) Compute:

θ(t) as in Eqs. (3.13)–(3.16);
p(ℓ; t), for IQTV as in Eq. (3.18); for IQTV 0 as in Eq. (3.19);
Φ(t), as in Eq. (3.20);

(6) Estimate for n = 1, ..., N
(Ẑn, X̂n)= arg minZ,X E{C((Z,X), (Z ′ ,X ′))|Y n,Θ(t)},

using the inference algorithm in Fig. 3–2;
(7) Θ∗=Θ(t);

(8) until (∀n) |P (Y n,X̂n|Ẑn,Θ∗)−P (Y n,X̂n|Ẑn,Θ(t−1))

P (Y n,X̂n|Ẑn,Θ(t−1))
|<ε for Nε consecutive iteration steps.

Figure 3–3: Algorithm for learning the parameters of the irregular tree; for notational
simplicity, in Step (8) we do not indicate the different estimates of (Ẑn, X̂n) for Θ∗ and
Θ(t−1).

Once Θ∗ is learned, we can localize, detect and recognize objects in the image, by

conducting the inference algorithm, presented in Fig. 3–2.



CHAPTER 4
COGNITIVE ANALYSIS OF OBJECT PARTS

Inference of hidden variables (Ẑ, X̂), can be viewed as building a forest of subtrees, each

segmenting an image into arbitrary (not necessarily contiguous) regions, which we interpret

as objects. Since, each root determines a subtree, whose leaf nodes form a detected object,

we assign physical meaning to roots by assuming they represent whole objects. Moreover,

each descendant of the root can be viewed as the root of another subtree, whose leaf nodes

cover only a part of the object. Hence, we say that roots’ descendants represent object

parts at various scales.

Strategies for recognizing detected objects naturally arise from a particular interpreta-

tion of the tree/sub-tree structure. Below, we make a distinction between two such strate-

gies. The analysis of image regions under the roots leads to the whole-object recognition

strategy, while the analysis of image regions determined by roots’ descendants constitutes

the object-part recognition strategy. For both approaches, final recognition is conducted by

majority voting over MAP labels, x̂i, of leaf nodes.1

The reason for analyzing smaller image regions than those under the roots stems from

our hypothesis that the information of fine-scale object details may prove critical for the

recognition of an object as a whole in scenes with occlusions. To reduce the complexity of

interpreting all detected object sub-parts, we propose to analyze the significance of object

components (i.e., irregular-tree nodes) with respect to recognition of objects as a whole.

1 The literature offers various strategies that outperform majority-voting classification
(e.g., multiscale Bayesian classification [29], and multiscale Viterbi classification [32]); how-
ever, they do not account explicitly for occlusions, and, as such, do not significantly out-
perform majority voting for scenes with occluded objects.
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4.1 Measuring Significance of Object Parts

We hypothesize that the significance of object parts with respect to object recognition

depends on both local, innate object properties and global scene properties. While in-

nate properties represent characteristic object features, which differentiate one object from

another, global scene properties describe interdependencies of object parts in the overall

image composition. It is necessary to account for both local and global cues, as the most

conspicuous object component need not necessarily be the most significant for that object’s

recognition in the presence of alike objects.

The analysis of innate object properties is handled through inference of the irregular

tree, where, for a given image, we compute P (xi|Ẑ, Y ), ∀i∈V , as explained in Chapters 2

and 3. To account for the influence of global scene properties, for each node i, we compute

Shanon’s entropy over the set of image classes, M , as

(∀i∈ V )(ẑi 6=0) Hi=−
∑

xi∈M

P (xi|Ẑ, Y ) log P (xi|Ẑ, Y ) . (4.1)

Since node i represents an object part, we define Hi as a measure of significance of that

object part. Note that a node with small entropy is characterized by a “peaky” distribution

P (xi|Ẑ, Y ) with the maximum, say, at xi = k ∈ M . This indicates that the error of

classification will be small when i is labeled as class c. Recall that during inference, the

belief message of i is propagated down the subtree in belief propagation [33], which is likely

to render i’s descendants with small entropies, as well. Thus, the classification error of

the whole region of leaf nodes under i is likely to be small, when compared to some other

image region under, say, node j such that Hj>Hi. Consequently, i is more “significant”

for recognition of class k than node j. In brief, the most significant object part has the

smallest entropy over all nodes in a given sub-tree T :

i∗ = max
i∈T

Hi . (4.2)

In Figs. 4–1 and 4–2, we illustrate the most significant object part under each root,

where entropy is computed over seven and six image classes, shown in Figs. 4–1(top) and

4–2(top), respectively. The experiment is conducted as explained in Chapter 2, using the
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Figure 4–1: For each subtree of ITV , representing an object in the 128× 128 image, a node
i∗ is found with the highest entropy for |M | = 6 + 1 = 7 possible image classes (top row).
Bright pixels are descendants of i∗ at the leaf level and indicate the object part represented
by i∗.

irregular tree with random node positions, and observables at all levels (ITV ). Details on

computing observables Y in this experiment are explained in Chapter 5. Note that for

different scenes different object parts are established as the most significant with respect to

the entropy measure.

4.2 Combining Object-Part Recognition Results

Once nodes are ranked with respect to the entropy measure, we are in a position to

devise a criterion to optimally combine this information toward ultimate object recognition.

Herewith, we propose a simple greedy algorithm, which, nonetheless, shows remarkable

improvements in performance over the whole-object recognition approach.

Under each root, we first select the descendant node with the smallest entropy. Each

selected node determines a subtree, whose leaf nodes form an object part. Then, we conduct

majority voting over these selected image regions. In the second round, we select under

each root the descendant node with the smallest entropy, such that it does not belong to

any of the subtrees selected in the first round. Now, these nodes determine new subtrees,

whose leaf nodes form object parts that do not overlap with the selected image regions in
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Figure 4–2: For each subtree of ITV , representing an object in the 256× 256 image, a node
i∗ is found with the highest entropy for |M | = 5 + 1 = 6 possible image classes (top row).
Bright pixels are descendants of i∗ at the leaf level and indicate the object part represented
by i∗; the images represent the same scene viewed from three different angles; the most
significant object parts differ over various scenes.

the first round. Then, we conduct majority voting over the newly selected image regions.

This procedure is repeated until we exhaustively cover all the pixels in the image. This

stage-wise majority voting over non-overlapping image regions constitutes the final step in

the object-part recognition strategy (see Fig. 1–3).



CHAPTER 5
FEATURE EXTRACTION

In Chapters 2 and 3, we have introduced four architectures of the irregular tree, referred

to as ITV , ITV 0 , IQTV , and IQTV 0 . To compute the observable (feature) random vectors

Y ’s for these models, we account for both color and texture cues.

5.1 Texture

For the choice of texture-based features, we have considered several filtering, model-

based and statistical methods for texture feature extraction. Our conclusion complies with

the comparative study of Randen and Husoy [66] that for problems with many textures with

subtle spectral differences, as in the case of our complex classes, it is reasonable to assume

that the spectral decomposition by a filter bank yields consistently superior results over

other texture analysis methods. Our experimental results also suggest that it is crucial to

analyze both local as well as regional properties of texture. As such, we employ the wavelet

transform, due to its inherent representation of texture at different scales and locations.

5.1.1 Wavelet Transform

Wavelet atom functions, being well localized both in space and frequency, retrieve

texture information quite successfully [67]. The conventional discrete wavelet transform

(DWT) may be regarded as equivalent to filtering the input signal with a bank of bandpass

filters, whose impulse responses are all given by scaled versions of a mother wavelet. The

scaling factor between adjacent filters is 2:1, leading to octave bandwidths and center fre-

quencies that are one octave apart. The octave-band DWT is most efficiently implemented

by the dyadic wavelet decomposition tree of Mallat [68], where wavelet coefficients of an

image are obtained convolving every row and column with impulse responses of lowpass

and highpass filters, as shown in Figure 5–1. Practically, coefficients of one scale are ob-

tained convolving every second row and column from the previous finer scale. Thus, the

filter output is a wavelet subimage that has four times less coefficients than the one at the
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Figure 5–1: Two levels of the DWT of a two-dimensional signal.
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Figure 5–2: The original image (left) and its two-scale dyadic DWT (right).

previous scale. The lowpass filter is denoted with H0 and the highpass filter with H1. The

wavelet coefficients W have in index L denoting lowpass output and H for highpass output.

Separable filtering of rows and columns produces four subimages at each level, which

can be arranged as shown in Figure 5–2. The same figure also illustrates well the directional

selectivity of the DWT, because WLH , WHL , and WHH , bandpass subimages can select

horizontal, vertical and diagonal edges, respectively.
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5.1.2 Wavelet Properties

The following properties of the DWT have made wavelet-based image processing very

attractive in recent years [30,67,69]:

1. locality: each wavelet coefficient represents local image content in space and frequency,
because wavelets are well localized simultaneously in space and frequency

2. multi-resolution: DWT represents an image at different scales of resolution in space
domain (i.e., in frequency domain); regions of analysis at one scale are divided up into
four smaller regions at the next finer scale (Fig. 5–2)

3. edge detector: edges of an image are represented by large wavelet coefficients at the
corresponding locations

4. energy compression: wavelet coefficients are large only if edges are present within the
support of the wavelet, which means that the majority of wavelet coefficients have
small values

5. decorrelation: wavelet coefficients are approximately decorrelated, since the scaled
and shifted wavelets form orthonormal basis; dependencies among wavelet coefficients
are predominantly local

6. clustering: if a particular wavelet coefficient is large/small, then the adjacent coeffi-
cients are very likely to also be large/small

7. persistence: large/small values of wavelet coefficients tend to propagate through scales

8. non-Gaussian marginal: wavelet coefficients have peaky and long-tailed marginal dis-
tributions; due to the energy compression property only a few wavelet coefficients
have large values, therefore Gaussian distribution for an individual coefficient is a
poor statistical model

It is also important to introduce shortcomings of the DWT. Discrete wavelet decom-

positions suffer from two main problems, which hamper their use for many applications, as

follows [70]:

1. lack of shift invariance: small shifts in the input signal can cause major variations in
the energy distribution of wavelet coefficients

2. poor directional selectivity: for some applications horizontal, vertical and diagonal
selectivity is insufficient

When we analyze the Fourier spectrum of a signal, we expect the energy in each

frequency bin to be invariant to any shifts of the input. Unfortunately, the DWT has a

significant drawback that the energy distribution between various wavelet scales depends

critically on the position of key features of the input signal, whereas ideally dependence
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Figure 5–3: The Q-shift Dual-Tree CWT.

is on just the features themselves. Therefore, the real DWT is unlikely to give consistent

results when used in texture analysis.

In literature, there are several approaches proposed to overcome this problem (e.g.,

Discrete Wavelet Frames [67,71]), all increasing computational load with inevitable redun-

dancy in the wavelet domain. In our opinion, the Complex Wavelet Transform (CWT) offers

the best solution providing additional advantages, described in the following subsection.

5.1.3 Complex Wavelet Transform

The structure of the CWT is the same as in Figure 5–1, except that the CWT filters

have complex coefficients and generate complex output. The output sampling rates are

unchanged from the DWT, but each wavelet coefficient contains a real and imaginary part,

thus a redundancy of 2:1 for one-dimensional signals is introduced. In our case, for two-

dimensional signals, the redundancy becomes 4:1, because two adjacent quadrants of the

spectrum are required to represent fully a real two-dimensional signal, adding an extra 2:1

factor. This is achieved by additional filtering with complex conjugates of either the row or

column filters [70].

Despite its higher computational cost, we prefer the CWT over the DWT because of

the CWT’s following attractive properties. The CWT is shown to posses almost shift and

rotational invariance, given suitably designed biorthogonal or orthogonal wavelet filters. We
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Table 5–1: Coefficients of the filters used in the Q-shift DTCWT.

H13 (symmetric) H19 (symmetric) H6

-0.0017581 -0.0000706 0.03616384
0 0 0

0.0222656 0.0013419 -0.08832942
-0.0468750 -0.0018834 0.23389032
-0.0482422 -0.0071568 0.76027237
0.2968750 0.0238560 0.58751830
0.5554688 0.0556431 0
0.2968750 -0.0516881 -0.11430184
-0.0482422 -0.2997576 0

... 0.5594308 0
-0.2997576

...

Figure 5–4: The CWT is strongly oriented at angles ±15◦,±45◦,±75◦.

implement the Q-shift Dual-Tree CWT scheme, proposed by Kingsbury [72], as depicted in

Figure 5–3. The figure shows the CWT of only one-dimensional signal x, for clarity. The

output of the trees a and b can be viewed as real and imaginary parts of complex wavelet

coefficients, respectively. Thus, to compute the CWT, we implement two real DWT’s (see

Fig. 5–1), obtaining a wavelet frame with redundancy two. As for the DWT, here, lowpass

and highpass filters are denoted with 0 and 1 in index, respectively. The level 0 comprises

odd-length filters H0a(z) = H0b(z) = H13(z) (13 taps) and H1a(z) = H1b(z) = H19(z)

(19 taps). Levels above the level 0 consist of even-length filters H00a(z) = z−1H6(z
−1),

H01a(z) = H6(−z), H00b(z) = H6(z), H01b(z) = z−1H6(−z−1), where the impulse response

of the filters H13, H19 and H6 is given in the table 5–1.
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Aside from being shift invariant, the CWT is superior to the DWT in terms of direc-

tional selectivity, too. A two-dimensional CWT produces six bandpass subimages (analo-

gous to the three subimages in the DWT) of complex coefficients at each level, which are

strongly oriented at angles of ±15◦,±45◦,±75◦, as illustrated in Figure 5–4.

Another advantageous property of the CWT exerts in the presence of noise. The

phase and magnitude of the complex wavelet coefficients collaborate in a non trivial way

to describe data [70]. The phase encodes the coherent (in space and scale) structure of

an image, which is resilient to noise, and the magnitude captures the strength of local

information that could be very susceptible to noise corruption. Hence, the phase of complex

wavelet coefficients might be used as a principal clue for image denoising. However, our

experimental results have shown that phase is not a good feature choice for sky/ground

modeling. Therefore, we consider only magnitudes.

In summary, for texture analysis in ITV and IQTV , we choose the complex wavelet

transform (CWT) applied to the intensity (gray-scale) image, due to its shift-invariant

representation of texture at different scales, orientations and locations.

5.1.4 Difference-of-Gaussian Texture Extraction

In ITV 0 and IQTV 0 , observables are present only at the leaf level. Therefore, for these

models, multiscale texture extraction is superfluous. Here, we compute the difference-of-

Gaussian function convolved with the image as

D(x, y, k, σ)=(G(x, y, kσ)−G(x, y, σ))∗I(x, y), (5.1)

where x and y represent pixel coordinates, G(x, y, σ), exp(−(x2 + y2)/2σ2)/2πσ2, and

I(x, y) is the intensity image. In addition to reduced computational complexity, as com-

pared to the CWT, the function D provides a close approximation to the scale-normalized

Laplacian of Gaussian, σ2∇2G, which has been shown to produce the most stable image

features across scales when compared to a range of other possible image functions, such as

the gradient and the Hessian [73,74]. We compute D(x, y, k, σ) for three scales k=
√

2, 2,
√

8

and σ = 2.
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5.2 Color

The color information in a video signal is usually encoded in the RGB color space. For

color features, in all models, we choose the generalized RGB color space: r=R/(R+G+B),

and g=G/(R+G+B), which effectively normalizes variations in brightness. For ITV and

IQTV , the Y ’s of higher-level nodes are computed as the mean of the r’s and g’s of their

children nodes of the initial quad-tree structure. Each color observable is normalized to

have zero mean and unit variance over the dataset.

In summary, the y’s are 8 dimensional vectors for ITV and IQTV , and 5 dimensional

vectors for ITV 0 and IQTV 0 .



CHAPTER 6
EXPERIMENTS AND DISCUSSION

We report experiments on image segmentation and classification for six sets of images.

Dataset I comprises fifty, 64×64, simple-scene images with object appearances of 20 distinct

objects shown in Fig. 6–1. Samples of dataset I are given in Figs. 6–2, 6–3, and 6–4. Dataset

II contains 120, 128×128, complex-scene images with partially occluded object appearances

of the same 20 distinct objects as for dataset I images. Examples of dataset II are shown

in Figs. 6–11, 6–12, 6–15. Note that objects appearing in datasets I and II are carefully

chosen to test if irregular trees are expressive enough to capture very small variations in

appearances of some classes (e.g., two different types of cans in Fig. 6–1), as well as to

encode large differences among some other classes (e.g., wiry-featured robot and books in

Fig. 6–1).

Next, dataset III contains fifty, 128×128, natural-scene images, samples of which are

shown in Figs. 6–5 and 6–6.

For dataset IV we choose sixty, 128 × 128 images from a database that is publicly

available at the Computer Vision Home Page. Dataset IV contains a video sequence of

two people approaching each other, who wear alike shirts, but different pants, as illustrated

in Fig. 6–16. The sequence is interesting, because the most significant “object” parts for

differentiating between the two persons (i.e., pants) get occluded. Moreover, the images

represent scenes with clutter, where recognition of partially occluded, similar-in-appearance

people becomes harder. Together with the two persons, there are 12 possible image classes

appearing in dataset II, as depicted in Fig. 6–16a. Here, each image is treated separately,

without making use of the fact that the background scene does not change in the video

sequence.

Further, dataset V consists of sixty, 256 × 256 images, typical samples of which are

shown in Figs. 6–17b. The images in dataset V represent the video sequence of a com-

plex scene, which is observed from different view points by moving a camera horizontally

46
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clockwise. Together with the background, there are 6 possible image classes, as depicted in

Figs. 6–17a.

Finally, dataset VI consists of sixty, 256 × 256 natural-scene images, samples of which

are shown in Figs. 6–18. The images in dataset VI represent the video sequence of a row

of houses, which is observed from different view points. The houses are very similar in

appearance, so that the recognition task becomes very difficult, when details differentiating

one house from another are occluded. There are 8 possible image classes: 4 different houses,

sky, road, grass, and tree, as marked with different colors in Figs. 6–18.

All datasets are divided into training and test sets by random selection of images,

such that 2/3 are used for training and 1/3 for testing. Ground truth for each image is

determined through hand-labeling of pixels.

6.1 Unsupervised Image Segmentation Tests

We first report experiments on unsupervised image segmentation using ITV 0 and ITV .

Irregular-tree based image segmentation is tested on datasets I and III, and conducted by

the algorithm given in Fig. 2–4. Since in unsupervised settings the parameters of the model

are not known, we initialize them as discussed in the initialization step of the learning

algorithm in Section 2.5. After Bayesian estimation of the irregular tree, each node defines

one image region composed of those leaf nodes (pixels) that are that node’s descendants.

Results presented in Figs. 6–2, 6–3, 6–4, 6–5, and 6–6 suggest that irregular trees are able

to parse images into “meaningful” parts by assigning one subtree per “object” in the image.

Moreover, from Figs. 6–2 and 6–3, we also observe that irregular trees, inferred through SVA,

preserve structure for objects across images subject to translation, rotation and scaling. In

Fig. 6–2, note that the level-4 clustering for the larger-object scale in Fig. 6–2(top-right)

corresponds to the level-3 clustering for the smaller-object scale in Fig. 6–2(bottom-center).

In other words, as the object transitions through scales, the tree structure changes by

eliminating the lowest-level layer, while the higher-order structure remains intact.

We also note that the estimated positions of higher-level hidden variables in ITV 0 and

ITV are very close to the center of mass of object parts, as well as of whole objects. We

compute the error of estimated root-node positions r̂ as the distance from the actual center

of mass rCM of hand-labeled objects, derr=||r̂−rCM ||. Also, we compare our SVA inference
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Figure 6–1: 20 image classes in type I and II datasets.

Figure 6–2: Image segmentation using
ITV 0 : (left) dataset I images; (center)
pixel clusters with the same parent at
level ℓ=3; (right) pixel clusters with the
same parent at level ℓ=4; points mark the
position of parent nodes. Irregular-tree
structure is preserved through scales.

Figure 6–3: Image segmentation using
ITV 0 : (top) dataset I images; (bottom)
pixel clusters with the same parent at
level 3. Irregular-tree structure is pre-
served over rotations.

algorithm with variational approximation (VA)1 proposed by Storkey and Williams [48].

The averaged error values over the given test images for VA and SVA are reported in

Table 6–1. We observe that the error significantly decreases as the image size increases,

because in summing node positions over parent and children nodes, as in Eq. (2.16) and

Eq. (2.17), more statistically significant information contributes to the position estimates.

For example, dIII
err =6.18 for SVA is only 4.8% of the dataset-III image size, whereas dI

err=4.23

for SVA is 6.6% of the dataset-I image size.

In Table 6–2, we report the percentage of erroneously grouped pixels, and, in Table 6–

3, we report the object detection error, when compared to ground truth, averaged over

each dataset. For estimating the object detection error, the following instances are counted

1 Although the algorithm proposed by Storkey and Williams [48] is also structured varia-
tional approximation, to differentiate that method from ours, we slightly abuse the notation.



49

(a) (b) (c)

Figure 6–4: Image segmentation by irregular trees learned using SVA: (a)-(c) ITV 0 for
dataset I images; all pixels labeled with the same color are descendants of a unique root.

(a) (b) (c) (d)

Figure 6–5: Image segmentation by irregular trees learned using SVA: (a) ITV 0 for a dataset
III image; (b)-(d) ITV for dataset III images; all pixels labeled with the same color are
descendants of a unique root.

(a) (b) (c) (d)

Figure 6–6: Image segmentation using ITV : (a) a dataset III image; (b)-(d) pixel clusters
with the same parent at levels ℓ=3, 4, 5, respectively; white regions represent pixels already
grouped by roots at the previous scale; points mark the position of parent nodes.

Table 6–1: Root-node distance error

ITV 0 ITV

dataset VA SVA VA SVA

I 6.32 4.61 6.14 4.23

III 9.15 6.87 8.99 6.18
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Table 6–2: Pixel segmentation error

datasets
I III

ITV 0 VA 7% 10%
SVA 4% 9%

ITV VA 7% 11%
SVA 4% 7%

Table 6–3: Object detection error

datasets
I III

ITV 0 VA 4% 13%
SVA 3% 10%

ITV VA 4% 10%
SVA 2% 6%

as error: (1) merging two distinct objects into one (i.e., failure to detect an object), and

(2) segmenting an object into sub-regions that are not actual object parts. On the other

hand, if an object is segmented into several “meaningful” sub-regions, verified by visual

inspection, this type of error is not included. Overall, we observe that SVA outperforms

VA for image segmentation using ITV 0 and ITV . Interestingly, the segmentation results for

ITV models are only slightly better than for ITV 0 models.

It should be emphasized that our experiments are carried out in an unsupervised setting,

and, as such, cannot not be equitably evaluated against supervised object recognition results

reported in the literature. Take, for instance, the segmentation in Fig. 6–5d, where two

boys dressed in white clothes (i.e., two similar-looking objects) are merged into one subtree.

Given the absence of prior knowledge, the ground-truth segmentation for this image is

arbitrary, and the resulting segmentation ambiguous; nevertheless, we still count it towards

the object-detection error percentages in Table 6–3.

Our claim that nodes at different levels of irregular trees represent object-parts at

various scales is supported by experimental evidence that the nodes segment the image into

“meaningful” object sub-components and position themselves at the center of mass of these

sub-parts.

6.2 Tests of Convergence

In this section, we report on the convergence properties of the inference algorithms

for ITV 0 , ITV , IQTV 0 , and IQTV . First, we compare our SVA inference algorithm with

variational approximation (VA) [48]. In Fig. 6–7a-b, we illustrate the convergence rate

of computing P (Z,X,R′|Y,R0) ≈ Q(Z,X,R′) for SVA and VA, averaged over the given

datasets. Numbers above bars represent the mean number of iteration steps it takes for

the algorithm to converge. We consider the algorithm converged when |Q(Z,X,R′; t +
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(a) Average convergence rate for ITV 0 . (b) Average convergence rate for ITV .

(c) Increase of log Q(Z, X, R′) in SVA over
VA for ITV 0 .

(d) Increase of log Q(Z, X, R′) in SVA over
VA for ITV

Figure 6–7: Comparison of inference algorithms: (a)-(b) convergence rate averaged over
the given datasets; (c)-(d) percentage increase in log Q(Z,X,R′) computed in SVA over
log Q(Z,X,R′) computed in VA.

1)−Q(Z,X,R′; t)|/Q(Z,X,R′; t)<ε for Nε consecutive iteration steps t, where Nε=10 and

ε=0.01 (see Fig. 2–4, Step (11)). Overall, SVA converges in the fewest number of iterations.

For example, the average number of iterations for SVA on dataset III is 25 and 23 for ITV 0

and ITV , respectively, which takes approximately 6s and 5s on a Dual 2 GHz PowerPC G5.

Here, the processing time also includes image-feature extraction.

For the same experiments, in Fig. 6–7c-d, we report the percentage increase in log Q(Z,X,R′)

computed using our SVA over log Q(Z,X,R′) obtained by VA. We note that SVA results

in larger approximate posteriors than VA. The larger log Q(Z,X,R′) means that the as-

sumed form of the approximate posterior distribution Q(Z,X,R′)=Q(Z)Q(X|Z)Q(R′|Z)

more accurately represents underlying stochastic processes in the image than VA.

Now, we compare the convergence of the inference algorithm for IQTV 0 with SVA and

VA for ITV 0 . For simplicity, we refer to the inference algorithm for the model IQTV 0,

also, as IQTV 0 , slightly abusing the notation. The parameters that control the convergence
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Figure 6–8: Typical convergence rate of the inference algorithm for ITV 0 on the 128 × 128
dataset IV image in Fig. 6–16b; SVA and VA inference algorithms are conducted for ITV 0

model.

Figure 6–9: Typical convergence rate of the inference algorithm for ITV 0 on the 256 × 256
dataset V image in Fig. 6–17b; SVA and VA inference algorithms are conducted for ITV 0

model.

Figure 6–10: Percentage increase in log-likelihood log P (Y |X) of IQTV 0 over log P (Y |X)
of ITV 0, after 500 and 200 iteration steps for datasets IV and V, respectively.

criterion for the inference algorithms of the three models are N=10, and ε=0.01. Figs. 6–8

and 6–9 illustrate typical examples of the convergence rate. We observe that the inference

algorithm for IQTV 0 converges slightly slower than SVA and VA for ITV 0. The average

number of iteration steps for IQTV 0 is approximately 160 and 230, which takes 6s and 17s

on a Dual 2 GHz PowerPC G5, for datasets IV and V, respectively.
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The bar-chart in Fig. 6–10 shows the percentage log P1− log P2

| log P1|
, where P1=P (Y |X) is

the likelihood of ITV 0 , and P2=P (Y |X) of IQTV 0 . We observe that P (Y |X) of IQTV 0,

after the algorithm converged, is larger than P (Y |X) of ITV 0. The larger likelihood means

that the model structure and inferred distributions more accurately represent underlying

stochastic processes in the image.

6.3 Image Classification Tests

We compare classification performance of ITV 0 with that of the following statistical

models: (1) Markov Random Field (MRF) [6], (2) Discriminative Random Field (DRF) [25],

and (3) Tree-Structured Belief Network (TSBN) [29,33]. These models are representatives

of descriptive, discriminative and fixed-structure generative models, respectively. Below,

we briefly explain the models.

For MRFs, we assume that the label field P (X) is a homogeneous and isotropic MRF,

given by the generalized Ising model with only pairwise nonzero potentials [6]. The likeli-

hoods P (yi|xi) are assumed conditionally independent given the labels. Thus, the posterior

energy function is given by

U(X|Y )=
∑

i∈V 0

log P (yi|xi)+
∑

i∈V 0

∑

j∈Ni

V2(xi, xj),

V2(xi, xj)=











βMRF ,if xi = xj ,

−βMRF ,if xi 6= xj .

where Ni denotes the neighborhood of i, P (yi|xi) is a G-component mixture of Gaussians

given by Eq. (2.6), and V2 is the interaction parameter. Details on learning the model

parameters as well as on inference for a given image can be found in Stan Li’s book [6].

Next, the posterior energy function of the DRF is given by

U(X|Y )=
∑

i∈V 0

Ai(xi, Y )+
∑

i∈V 0

∑

j∈Ni

Iij(xi, xj , Y ),

where Ai= log σ(xiW
Tyi) and Iij=βDRF (Kxixj +(1−K)(2σ(xixjV

T yi)−1)) are the unary

and pairwise potentials, respectively. Since the above formulation deals only with binary

classification (i.e. xi ∈ {−1, 1}), when estimating parameters {W,V, βDRF ,K} for an ob-

ject, we treat that object as a positive example, and all other objects as negative examples
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(“one against all” strategy). For details on how to learn the model parameters, and how

to conduct inference for a given image, we refer the reader to the paper of Kumar and

Hebert [25].

Further, TSBNs or quad-trees are defined to have the same number of nodes V and

levels L as irregular trees. For both ITV 0 and TSBNs, we use the same image features.

When we operate on wavelets, which is a multiscale image feature, we in fact propagate

observables to higher levels. In this case, we refer to the counterpart of ITV as TSBN↑. To

learn the parameters of TSBN or TSBN↑, and to perform inference on a given image, we

use the algorithms thoroughly discussed by Laferte et al. [33].

Finally, irregular-tree based image classification is conducted by employing the infer-

ence algorithms in Fig. 2–4 for ITV 0 and ITV , and the inference algorithms in Fig. 3–2

for IQTV 0 and IQTV . Since image classification represents a supervised machine learning

problem, it is necessary to first learn model parameters on training images. For this pur-

pose, we employ the learning algorithms discussed in Section 2.5 for ITV 0 and ITV , and the

learning algorithms discussed in Section 3.3 for IQTV 0 and IQTV .

After inference of MRF, DRF, TSBN, and the irregular tree, on a given image, for each

model, we conduct pixel labeling by using the MAP classifier. In Fig. 6–11, we illustrate

an example of pixel labeling for a dataset-II image. Here, we say that an image region is

correctly recognized as an object if the majority of MAP-classified pixel labels in that region

are equal to the true labeling of the object. For estimating the object-recognition error, the

following instances are counted as error: (1) merging two distinct objects into one, and (2)

swapping the identity of objects. The object-recognition error over all objects in 40 test

images in dataset II is summarized in Table 6–4. In each cell of Table 6–4, the first number

indicates the overall recognition error, while the number in parentheses indicates the ratio

of swapped-identity errors. For instance, for ITV 0 the overall recognition error is 9.6%, of

which 37% of instances were caused by swapped-identity errors. Moreover, Table 6–5 shows

average pixel-labeling error.

Next, we examine the receiver operating characteristic (ROC) of MRF, DRF, TSBN

and ITV 0 for a two-class recognition problem. From the set of image classes given in Fig. 6–

1, we choose “toy-snail” and ”wavelets-book” as the two possible classes in the following
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Table 6–4: Object recognition error

image type MRF DRF TSBN ITV 0

dataset II 21.2% 12.5% 14.8% 9.6%
(67%) (83%) (72%) (37%)

Table 6–5: Pixel labeling error

image type MRF DRF TSBN ITV 0

dataset II 15.8% 12.3% 16.1% 9.9%

set of experiments. The task is to label two-class-problem images containing “toy-snail”

and ”wavelets-book” objects, a typical example of which is shown in Fig. 6–12. Here,

pixels labeled as “toy-snail” are considered true positives, while pixels labeled as “book”

are considered true negatives. In Fig. 6–13, we plot ROC curves for the two-class problem,

where we compare the performance of ITV 0 with those of MRF, DRF and TSBN . From

Fig. 6–13, we observe that image classification with ITV 0 is the most accurate, since its

ROC curve is the closest to the left-hand and top borders of the ROC space, as compared

to the ROC curves of the other models. Further, in Fig. 6–14, we plot ROC curves for the

same two-class problem, where we compare the performance of ITV , with those of ITV 0,

TSBN, and TSBN↑. From Fig. 6–14, we observe that image classification with ITV is the

most accurate, and that both ITV 0 and ITV outperform their fixed-structure counterparts

TSBN and TSBN↑.

From the results reported in Tables 6–4 and 6–5, as well as form Figs. 6–13 and 6–

14, we note that irregular trees outperform the other three models. However, recognition

performance of all the models suffers substantially when an image contains occlusions.

While for some applications the literature reports vision systems with impressively small

classification errors (e.g., 2.5% hand-written digit recognition error [75]), in the case of

(a) 256 × 256 (b) MRF (c) DRF (d) TSBN (e) ITV 0

Figure 6–11: Comparison of classification results for various statistical models; pixels are
labeled with a color specific for each object; non-colored pixels are classified as background.
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(a) 256 × 256 (b) MRF (c) DRF (d) TSBN (e) ITV 0

Figure 6–12: MAP pixel labeling using different statistical models.

Figure 6–13: ROC curves for the image in Fig. 6–12a with ITV 0 , TSBN, DRF and MRF.

complex scenes this error is much higher [4, 5, 11, 76, 77]. To some extent, our results

could have been improved had we employed more discriminative image features and/or

more sophisticated classification algorithms than majority rule. However, none of these

will alleviate the fundamental problem of “traditional” recognition approaches: the lack of

explicit analysis of visible object parts. Thus, the poor classification performance of MRF,

DRF, and TSBN, reported in Tables 6–4 and 6–5, can be interpreted as follows. Accounting

for only pairwise potentials between adjacent nodes in MRF and DRF is not sufficient to

analyze complex configurations of objects in the scene. Also, the analysis of fixed-size pixel

neighborhoods at various scales in TSBN leads to “blocky” estimates, and consequently

Figure 6–14: ROC curves for the image in Fig. 6–12a with ITV , ITV 0, TSBN, and TSBN↑.
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to poor classification performance. Therefore, we hypothesize that the main reason why

irregular trees outperform the other models is their capability to represent object details at

various scales, which in turn provides for explicit analysis of visible object parts. In other

words, we speculate that in the face of the occlusion-problem, recognition of object parts is

critical and should condition recognition of the object as a whole.

To support our hypothesis, instead of applying more sophisticated image-feature-

extraction tools and better classification procedures than majority vote, we introduce a

more radical change to our recognition strategy.

6.4 Object-Part Recognition Strategy

Recall from Section 6.1 that irregular trees are capable of capturing component sub-

component structures at various scales, such that root nodes represent the center of mass

of distinct objects, while children nodes down the subtrees represent object parts. As such,

irregular trees provide a natural and seamless framework for identifying candidate image

regions as object parts, requiring no additional training for such identification. To uti-

lize this convenient property, we conduct the object-part recognition strategy presented in

Section 4.2.

We compare the performance of the whole-object and part-object recognition strategies.

The whole-object approach can be viewed as a benchmark strategy, in the sense that a

majority of existing vision systems does not explicitly analyze visible object parts at various

scales. In these systems, once the object is detected, the whole image region is identified

through MAP classification, as is done in the previous section.

In Fig. 6–15, we present classification results for ITV 0 , using the whole-object and

object-part recognition strategies on dataset-II images. In Fig. 6–15a, both strategies suc-

ceed in recognizing two different “Fluke” voltage-measuring instruments (see Fig. 6–1).

However, in Fig. 6–15b, the whole-object recognition strategy fails to make a distinction

between the objects, since the part that differentiates most one object from another is oc-

cluded, making it a difficult case for recognition even for a human interpreter. In the other

two images, we observe that the object-part recognition strategy is more successful than

the whole-object approach.
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(a) (b) (c) (d)

Figure 6–15: Comparison of two recognition strategies on dataset II for ITV 0 : (top) 128 ×
128 challenging images containing objects that are very similar in appearance; (middle)
classification using the whole-object recognition strategy; (bottom) classification using the
part-object recognition strategy; each recognized object in the image is marked with a
different color.

For estimating the object-recognition error of ITV 0 on dataset-II images, the following

instances are counted as error: (1) merging two distinct objects into one (i.e., object not

detected), and (2) swapping the identity of objects (i.e., object correctly detected but

misclassified as one of the objects in the class of known objects). The recognition error

averaged over all objects in 40 test images in dataset II is only 5.8%, an improvement of

nearly 40% over the reported error of 9.6% in the previous section.

We also recorded the object-recognition error of IQTV 0 over all objects in 20 test

images of datasets IV, V, and VI, respectively. The results are summarized in Table 6–6.

In each cell of Table 6–6, the first number indicates the overall recognition error, while the

number in parentheses indicates the ratio of merged-object errors. For instance, for dataset

V and the whole-object strategy, the overall recognition error is 21.2%, of which slightly

more than half (56%) were caused by merged-object errors. The results in Table 6–6 clearly

demonstrate significantly improved recognition performance, as well as reduction in false
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Table 6–6: Object recognition error for IQTV 0

datasets

strategy IV V VI

whole-object 11.6% (85%) 21.2% (56%) 26.3% (44%)

object-part 3.3% (100%) 8.7% (92%) 12.5% (81%)

Table 6–7: Pixel labeling error for IQTV 0

datasets

strategy IV V V

whole-object 9.6% 17.9% 16.3%

object-part 4.3% 6.7% 8.3%

alarm and swapped-identity types of error for the object-part, as compared with the whole-

object approach. Also, Table 6–7 shows that the object-part strategy reduces pixel-labeling

error.

These results support our hypothesis that for successful recognition of partially oc-

cluded objects it is critical to analyze visible object details at various scales.
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(a) Cluttered scene containing 10 objects, each of which is marked with a different color; images of two
alike persons.

(b) Dataset II: video sequence of two alike people walking in a cluttered scene.

(c) Classification using the whole-object recognition strategy.

(d) Classification using the part-object recognition strategy.

Figure 6–16: Recognition results over dataset IV for IQTV 0.
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(a) 6 image classes: 5 similar objects and background.

(b) 4 images of the same scene viewed from 4 different angles with objects shown in (a).

(c) The most significant object parts differ over various scenes; the majority-voting classification result is
indicated by the colored regions.

(d) Classification using the whole-object recognition strategy.

(e) Classification using the object-part recognition strategy.

Figure 6–17: Recognition results over dataset V for IQTV 0 .
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Figure 6–18: Classification using the part-object recognition strategy; Recognition results
for dataset VI.



CHAPTER 7
CONCLUSION

7.1 Summary of Contributions

In this dissertation, we have addressed detection and recognition of partially occluded,

alike objects in complex scenes – the problem that has eluded, as of yet, a satisfactory

solution. The experiments reported herein show that “traditional” approaches to object

recognition, where objects are first detected and then identified as a whole, yield poor per-

formance in complex settings. Therefore, we speculate that a careful analysis of visible,

fine-scale object details may prove critical for recognition. However, in general, the analysis

of multiple sub-parts of multiple objects gives rise to prohibitive computational complexity.

To overcome this problem, we have proposed to model images with irregular trees, which

provide a suitable framework for developing novel object-recognition strategies – in particu-

lar, object-part recognition. Here, object details at various scales are first detected through

tree-structure estimation; then, these object parts are analyzed as to which component of

an object is the most significant for recognition of that object; finally, information on cog-

nitive significance of each object part is combined toward the ultimate image classification.

Empirical evidence demonstrates that this explicit treatment of object parts results in an

improved recognition performance, as compared to the strategies where object components

are not explicitly accounted for.

In Chapter 2, we have proposed two architectures within the irregular-tree framework,

referred to as ITV 0 and ITV . For each architecture, we have developed an inference al-

gorithm. Gibbs sampling has been shown to be successful at finding trees that have high

posterior probability; however, at a great computational price, which renders the algorithm

impractical. Therefore, we have proposed Structured Variational Approximation (SVA)

for inference of ITV 0 and ITV , which relaxes poorly justified independence assumptions in

prior work. We have shown that SVA converges to larger posterior distributions, an order

of magnitude faster than competing algorithms. We have also demonstrated that ITV 0 and
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ITV overcome the blocky segmentation problem of TSBNs, and that they possess certain

invariance to translation, rotation, and scaling transformations.

In Chapter 3, we have proposed another two architectures, referred to as IQTV 0 and

IQTV . In these models, we have constrained the node positions to be fixed, such that

only connections can control irregular tree structure. At the same time, we have made the

distribution of connections dependent on image classes. This formulation has allowed us to

avoid variational-approximation inference, and to develop the exact inference algorithm for

IQTV 0 and IQTV . We have shown that it converges slower than SVA; however, it yields

larger likelihoods, which in general means that IQTV 0 represents underlying stochastic

processes in the image more accurately than ITV 0 .

In experiments on unsupervised image segmentation, we have shown the capability of

irregular trees to capture important component-subcomponent structures in images. Empir-

ical evidence demonstrates that root nodes represent the center of mass of distinct objects,

while children nodes down the subtrees represent object parts. As such, irregular trees

provide a natural and seamless framework for identifying candidate image regions as ob-

ject parts, requiring no additional training for such identification. In Chapter 4, we have

proposed to explicitly analyze the significance of object parts (i.e., tree nodes) with respect

to recognition of an object as a whole. We have defined entropy as a measure of such cog-

nitive significance. To avoid the costly approach of analyzing every detected object part,

we have devised a greedy algorithm, referred to as object-part recognition. The compari-

son of whole-object and part-object approaches indicates that the latter method generates

significantly better recognition performance and reduced pixel-labeling error.

Ultimately, what allows us to overcome obstacles in analyzing scenes with occlusions

in a computationally efficient and intuitively appealing manner is the generative-model

framework we have proposed. This framework provides an explicit representation of objects

and their sub-parts at various scales, which, in turn, constitutes the key factor for improved

interpretation of scenes with partially occluded, alike objects.
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7.2 Opportunities for Future Work

The analysis in the previous chapters suggests the following opportunities for future

work. One promising thrust of research would be to investigate relationships among descrip-

tive, generative and discriminative statistical models. We anticipate that these studies will

lead to a greater integration of the modeling paradigms, yielding richer and more advanced

classes of models. Here, the most critical issue is that of computationally manageable in-

ference. With recent advances in the area of belief propagation (e.g., Generalized Belief

Propagation [78]), the new algorithms may make it possible to solve real-world problems

that were previously computationally intractable.

Within the irregular-tree framework, it is possible to continue further investigation

toward replacing the current discrete-valued node variables with real-valued ones. Thereby,

a real-valued version of the irregular tree can be specified. Gaussians could be used as

a probability distribution to govern continuous random variables, represented by nodes,

due to their tractable properties. Such a model could then operate directly on real-valued

pixel data, improving the state-of-the-art techniques for solving various image-processing

problems, including super resolution, image enhancement, and compression.

Further, with respect to the measure of significance of irregular-tree nodes, one can

pursue investigation of more complex information-theoretic concepts than Shanon’s entropy.

For example, we anticipate that joint entropy and mutual information may yield a more

efficient cognitive analysis, which in turn could eliminate the need for the greedy algorithm

discussed in Section 4.2.

The analysis of object parts can be interpreted as integration of information from

multiple complementary and/or competitive sensors, each of which has only limited accu-

racy. As such, further research could be conducted on formulating the optimal strategy

for combining the pieces of information of object parts toward ultimate object recognition.

We anticipate that algorithms such as the adaptive boosting (AdaBoost) [79] and Support

Vector Machine [80] may prove useful for this purpose.

Another promising research topic is to incorporate available prior knowledge into the

proposed Bayesian estimation framework, where we have assumed that all classification
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errors are equally costly. However, in many applications, some errors are more serious than

others. Cost-sensitive learning methods are needed to address this problem [81].

On a broader scale, the research reported in this dissertation can be viewed as solving

a more general machine learning problem, with experimental validation on images as data.

This problem concerns supervised learning from examples, where the goal is to learn a

function X = f(Y ) from N training examples of the form {(Yn, f(Yn))}N
n=1. Here, Xn

and Yn contain sub-components, the meaning of which differs for various applications. For

example, in computer vision, each Yn might be a vector of image pixel values, and each

Xn might be a partition of that image into segments and an assignment of labels to each

segment. Most importantly, the components of Yn form a sequence (e.g., a sequence on

the 2D image lattice). Therefore, learning a classifier function X = f(Y ) represents the

sequential supervised learning problem [82]. Thus, in this dissertation, we have addressed

sequential supervised learning, the solutions of which can be readily applied to a wide range

of problems beyond computer vision, such as, for example, speech processing, where the

components of Y form a sequence in time.



APPENDIX A
DERIVATION OF VARIATIONAL APPROXIMATION

Preliminaries. Computation of KL(Q‖P ), given by Eq. (2.12), is intractable, be-

cause it depends on P (Z,X,R′|Y,R0). Note, though, that Q(Z,X,R′) does not depend

on P (Y |R0) and P (R0). Consequently, by subtracting log P (Y |R0) and log P (R0) from

KL(Q‖P ), we obtain a tractable criterion J(Q,P ), whose minimization with respect to

Q(Z,X,R′) yields the same solution as minimization of KL(Q‖P ):

J(Q,P ),KL(Q‖P )− log P (Y |R0)− log P (R0)=

∫

R′

dR′
∑

Z,X

Q(Z,X,R′) log
Q(Z,X,R′)

P (Z,X,R, Y )
.

(A.1)

J(Q,P ) is known alternatively as Helmholtz free energy, Gibbs free energy, or free energy

[59]. By minimizing J(Q,P ), we seek to compute parameters of approximate distributions

Q(Z), Q(X|Z) and Q(R′|Z). It is convenient, first, to reformulate Eq. (A.1) as J(Q,P ) =

LZ + LX + LR. We define auxiliary LZ , LX , and LR as LZ ,
∑

Z Q(Z) log Q(Z)
P (Z) , LX ,

∑

Z,X Q(Z)Q(X|Z) log Q(X|Z)
P (X|Z)P (Y |X,ρ) , and LR ,

∫

R′ dR′
∑

Z Q(Z)Q(R′|Z) log Q(R′|Z)
P (R|Z) . To

derive expressions for LZ , LX , LR, we first observe:

〈zij〉=ξij,
〈

xk
i

〉

=mk
i ,
〈

xk
i x

l
j

〉

=Qkl
ijm

l
j ⇒ mk

i =
∑

j∈V ξij

∑

l∈M Qkl
ijm

l
j, ∀i∈V,∀k∈M,

(A.2)

where 〈·〉 denotes expectation with respect to Q(Z,X,R′). Consequently, from Eqs. (2.1),

(2.9) and (A.2), we have

LZ =
∑

ij∈V ξij log[ξij/γij ] . (A.3)

Next, from Eqs. (2.4), (2.10) and (A.2), we derive

LX =
∑

i,j∈V

∑

k,l∈M ξijQ
kl
ijm

l
j log[Qkl

ij/P
kl
ij ]−∑i∈V

∑

k∈M mk
i log P (yρ(i)|xk

i ,ρ(i)) . (A.4)
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Note that for DTV 0 , V in the second term is substituted with V 0. Finally, from Eqs. (2.3),

(2.11) and (A.2), we get

LR =
1

2

∑

i,j∈V ′ξij

(

log
|Σij|
|Ωij|

− Tr
{

Ω−1
ij Ωij

}

+ Tr
{

Σ−1
ij 〈(ri−rj−dij)(ri−rj−dij)

T 〉
}

)

.

(A.5)

Let us now consider the expectation in the last term:

〈(ri−rj−dij)(ri−rj−dij)
T 〉 = 〈(ri−µij+µij−rj−dij)(ri−µij+µij−rj−dij)

T 〉 =

= Ωij + 2〈(ri−µij)(µjp−rj−dij−µjp+µij)
T 〉 +

+ 〈(rj−µjp+dij+µjp−µij)(rj−µjp+dij+µjp−µij)〉 =

= Ωij+2〈(ri−µij)(µjp−rj)
T 〉+〈(rj−µjp)(rj−µjp)

T +(µij−µjp−dij)(µij−µjp−dij)
T 〉=

= Ωij +
∑

p∈V ′ ξjp (2Ψijp + Ωjp + Mijp) ,

(A.6)

where the definitions of auxiliary matrices Ψijp and Mijp are given in the second to the

last derivation step above, and i-j-p is a child-parent-grandparent triad. It follows from

Eqs. (A.5) and (A.6) that

LR =
1

2

∑

i,j∈V ′

ξij



log
|Σij |
|Ωij |

− 2 + Tr{Σ−1
ij Ωij} +

∑

p∈V ′

ξjpTr{Σ−1
ij (2Ψijp+Ωjp+Mijp)}



 .

(A.7)

In Eq. (A.7), the last expression left to compute is Tr{Σ−1
ij Ψijp}. For this purpose, we apply

the Cauchy-Schwartz inequality as follows:

Tr{Σ−1
ij Ψijp} = Tr{Σ− 1

2

ij Σ
− 1

2

ij 〈(ri−µij)(µjp−rj)
T 〉} = Tr{〈Σ− 1

2

ij (ri−µij)(µjp−rj)
T Σ

− 1

2

ij 〉} ,

≤ Tr{Σ−1
ij Ωij}

1

2 Tr{Σ−1
ij Ωjp}

1

2 , (A.8)

where we used the fact that the Σ’s and Ω’s are diagonal matrices. Although the Cauchy-

Schwartz inequality in general does not yield a tight upper bound, in our case it appears

reasonable to assume that variables ri and rj (i.e., positions of object parts at different

scales) are uncorrelated. Substituting Eq. (A.8) into Eq. (A.7), we finally derive the upper
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bound for LR as

LR ≤ 1

2

∑

i,j∈V ′ ξij

(

log
|Σij |
|Ωij |

− 2 + Tr{Σ−1
ij Ωij} +

∑

p∈V ′ ξjpTr{Σ−1
ij (Ωjp + Mijp)}+

+ 2
∑

p∈V ′ ξjpTr{Σ−1
ij Ωij}

1

2 Tr{Σ−1
ij Ωjp}

1

2

)

. (A.9)

Optimization of Q(X|Z). Q(X|Z) is fully characterized by parameters Qkl
ij . From

the definition of LX , we have ∂J(Q,P )/∂Qkl
ij =∂LX/∂Qkl

ij . Due to parent-child dependencies

in Eq. (A.2), it is necessary to iteratively differentiate LX with respect to Qkl
ij down the

subtree of node i. For this purpose, we introduce three auxiliary terms Fij , Gi, and λk
i ,

which facilitate computation, as shown below:

Fij ,
∑

k,l∈M ξijQ
kl
ijm

l
j log[Qkl

ij/P
kl
ij ] ,

Gi ,
∑

d,c∈d(i) Fdc −
{
∑

k∈M mk
i log P (yρ(i)|xk

i ,ρ(i))
}

V 0 ,

λk
i , exp(−∂Gi/∂mk

i ),

⇒ ∂LX

∂Qkl
ij

=
∂Fij

∂Qkl
ij

+
∂Gi

∂mk
i

∂mk
i

∂Qkl
ij

,

(A.10)

where {·}V 0 denotes that the term is included in the expression for Gi if i is a leaf

node for DTV 0. For DTV , the term in braces {·} is always included. This allows us

to derive update equations for both models simultaneously. After finding the derivatives

∂Fij/∂Qkl
ij = ξijm

l
j(log[Qkl

ij/P
kl
ij ]+1) and ∂mk

i /∂Qkl
ij=ξijm

l
j , and substituting these expres-

sions in Eq. (A.10), we arrive at

∂LX/∂Qkl
ij = ξijm

l
j(log[Qkl

ij/P
kl
ij ] + 1 − log λk

i ) . (A.11)

Finally, optimizing Eq. (A.11) with the Lagrange multiplier that accounts for the constraint

∑

k∈M Qkl
ij=1 yields the desired update equation: Qkl

ij = κP kl
ij λk

i , introduced in Eq. (2.13).

To compute λk
i , we first find

∂Gi/∂mk
i =

∑

c∈c(i)

(

∂Fci/∂mk
i +

∑

a∈M (∂Gc/∂ma
c )(∂ma

c/∂mk
i )
)

− {log P (yρ(i)|xk
i ,ρ(i))}V 0 ,

=
∑

c∈c(i)

∑

a∈M ξciQ
ak
ci

(

log[Qak
ci /P ak

ci ] + ∂Gc/∂ma
c

)

− {log P (yρ(i)|xk
i ,ρ(i))}V 0 ,(A.12)

and then substitute Qkl
ij , given by Eq. (2.13), into Eq. (A.12), which results in

λk
i = {P (yρ(i)|xk

i ,ρ(i))}V 0

∏

c∈V

[
∑

a∈M P ak
ci λa

c

]ξci , as introduced in Eq. (2.14).
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Optimization of Q(R′|Z). Q(R′|Z) is fully characterized by parameters µij and Ωij.

From the definition of LR, we observe that ∂J(Q)/∂Ωij=∂LR/∂Ωij and ∂J(Q)/∂µij=∂LR/∂µi.

Since the Ω’s are positive definite, from Eq. (A.9), it follows that

∂LR/∂Ωij = 0.5 ξij

(

−Tr{Ω−1
ij }+Tr{Σ−1

ij }+∑c∈V ′ ξciTr{Σ−1
ci }+

+
∑

p∈V ′ ξjpTr{Σ−1
ij }Tr{Σ−1

ij Ωij}−
1

2 Tr{Σ−1
ij Ωjp}

1

2 +

+
∑

c∈V ′ ξciTr{Σ−1
ci }Tr{Σ−1

ci Ωij}−
1

2 Tr{Σ−1
ci Ωci}

1

2

)

. (A.13)

From ∂LR/∂Ωij=0, it is straightforward to derive the update equation for Ωij given by

Eq. (2.17).

Next, to optimize the µij parameters, from (A.9), we compute

∂LR

∂µij

=
∂

∂µij

[

1

2

∑

i,j,p∈V ′ ξijξjp(µij − µjp − djp)
T Σ−1

ij (µij − µjp − djp)

]

,

=
∑

c,p∈V ′

(

ξijξjpΣ
−1
ij (µij−µjp−djp) − ξciξijΣ

−1
ci (µci−µij−dij)

)

. (A.14)

Then, from ∂LR/∂µij=0, it is straightforward to compute the update equation for µij given

by Eq. (2.16).

Optimization of Q(Z). Q(Z) is fully characterized by the parameters ξij. From the

definitions of LZ , LX , and LR we see that ∂J(Q)/∂ξij = ∂(LX+LR+LZ)/∂ξij . Similar to

the optimization of Qkl
ij , we need to iteratively differentiate LX as follows:

∂LX/∂ξij = ∂Fij/∂ξij +
∑

k∈M (∂Gi/∂mk
i )(∂mk

i /∂ξij) (A.15)

where Fij and Gi are defined as in Eq. (A.10). Substituting the derivatives ∂Gi/∂mk
i =− log λk

i ,

and ∂Fij/∂ξij=
∑

k,l∈M Qkl
ijm

l
j log[Qkl

ij/P
kl
ij ], and ∂mk

i /∂ξij=
∑

l∈M Qkl
ijm

l
j into Eq. (A.15)

we obtain

∂LX

∂ξij
=
∑

k,l∈M Qkl
ijm

l
j

(

log
Qkl

ij

P kl
ij

− log λk
i

)

= −∑k,l∈M Qkl
ijm

l
j log

(

∑

a∈M P al
ij λa

i

)

= − Aij ,

(A.16)

Next, we differentiate LR, given by Eq. (A.9), with respect to ξij as

∂LR/∂ξij =
1

2
log |Σij |/|Ωij | − 1 +

1

2
Tr{Σ−1

ij Ωij} +

+
1

2

∑

p∈V ′ ξjp

(

Tr{Σ−1
ij (Ωjp+Mijp)}+2Tr{Σ−1

ij Ωij}
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2 Tr{Σ−1
ij Ωtu}

1

2
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+
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+
1

2

∑

c∈V ′ ξci

(

Tr{Σ−1
ci (Ωij+Mcij)}+2Tr{Σ−1

ci Ωci}
1

2 Tr{Σ−1
ci Ωij}

1

2

)

,(A.17)

= Bij − 1 , (A.18)

where indexes c, j and p denote children, parents and grandparents of node i, respectively.

Further, from Eq. (A.3), we get

∂LZ/∂ξij = 1 + log ξij/γij . (A.19)

Finally, substituting Eqs. (A.16), (A.18) and (A.19) into ∂J(Q)/∂ξij=0 and adding the

Lagrange multiplier to account for the constraint
∑

j∈V ′ ξij=1, we solve for the update

equation of ξij given by Eq. (2.18).



APPENDIX B
INFERENCE ON THE FIXED-STRUCTURE TREE

The inference algorithm for Maximum Posterior Marginal (MPM) estimation on the

quad-tree is known to alleviate implementation issues related to underflow numerical er-

ror [33]. The whole procedure is summarized in Fig. B–1. The algorithm assumes that

the tree structure is fixed and known. Therefore, in Fig. B–1, we simplify notation as

P (xi|Z, Y )→P (xi|Y ) and P (xi|xj , Z)→P (xi|xj). Also, we denote with c(i) children of i,

and with d(i) the set of all the descendants down the tree of node i including i itself. Thus,

Yd(i) denotes a set of all observables down the subtree whose root is i. Also, for comput-

ing P (xi|Yd(i)), in the bottom-up pass, ∝ means that equality holds up to a multiplicative

constant that does not depend on xi.
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Two-pass MPM estimation on the tree

↓ Preliminary downward pass: ∀i ∈ V L−1, V L−2, ..., V 0,
• P (xi)=

∑

xj
P (xi|xj)P (xj),

↑ Bottom-up pass:

� Initialize leaf nodes: ∀i ∈ V 0,
• P (xi|yi) ∝ P (yi|xi)P (xi),

• P (xi, xj |yi) = P (xi|xj)P (xj)P (xi|yi)/P (xi),
N compute upward ∀i ∈ V 1, V 2..., V L,

• P (xi|Yd(i))∝P (xi)
∏

c∈c(i)

∑

xc

P (xc|Yd(c))P (xc|xi)

P (xc)
,

• P (xi, xj |Yd(i))=P (xi|xj)P (xj)P (xi|Yd(i))/P (xi),
↓ Top-down pass:

� Initialize root: i ∈ V L,
• P (xi|Y )=P (xi|Yd(i)),
• x̂i= arg maxxi

P (xi|Y ),
H compute downward ∀i ∈ V L−1, V L−2..., V 0,

• P (xi|Y )=
∑

xj

P (xi, xj |Yd(i))
∑

xi
P (xi, xj |Yd(i))

P (xj|Y ),

• x̂i= arg maxxi
P (xi|Y )

Figure B–1: Steps 2 and 5 in Fig. 3–2: MPM estimation on the fixed-structure tree. Dis-
tributions P (yi|xi) and P (xi|xj) are assumed known.
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Recognition of partially occluded, alike objects in a cluttered scene is to date an open

problem in computer vision. In this dissertation, we propose to explicitly analyze detected,

visible object parts, and then to incorporate this information toward recognition of an object

as a whole. Since analysis of object components, in general, is computationally expensive,

we propose to model images with multiscale graphical models known as irregular trees.

The irregular tree can be viewed as an image representation, where nodes represent image

details at various scales. We propose several architectures of irregular-tree models, as well as

inference algorithms for estimating their structure (topology) and probability distributions.

By analyzing the significance of each node in the model with respect to object recognition,

we notably improve recognition performance, as compared to the strategies where object

components are not explicitly accounted for. The techniques developed in this dissertation

advance currently available methods for machine video analysis, which are widely used in

security systems for surveillance and tracking people/objects of interest.


