
Homework 2CS 3211. Give a DFA for the following problems. Assume the alphabet is fa; bg.(a) All strings over with at least one a and exa
tly two b's.
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a,b(b) L = fw : na(w) + 2nb(w) mod 3 < 2g.(qx represents the state where (na(w) + 2nb(w))mod3 = x)
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) All strings of length 4 or greater in whi
h the leftmost 3 symbols are the same, butdi�erent from the rightmost symbol.
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b2. Let L be the language a

epted by the automaton of Figure 2.2. Find a DFA that a

eptsL2.
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a,b3. Design an NFA with no more than 5 states for the set fababn : n � 0gSfaban : n � 0g.
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b4. Use De�nition 2.5 to show that for any NFA,Æ�(q; wv) = [p2Æ�(q;w) Æ�(p; v); (1)1



for all q 2 Q and all w; v 2 ��.We have to show that Æ�(q; wv) = [p2Æ�(q;w) Æ�(p; v)From hint: You have to argue that any state r you 
an rea
h by reading wv from q will havea state p su
h that (a) you 
an rea
h p from q by reading w and (b) you 
an rea
h r from pby reading v.We will use indu
tion on the length of v. We will show both sides of the argument at thesame time.Base 
ase: Suppose v = �. Let Æ�(q; wv) 
ontain a state r. Sin
e v = �, this means thatÆ�(q; w) 
ontains state r. Set p = r. Sin
e Æ�(r; �) 
ontains r, r is in the right hand side set.Conversely, let r be a state in the right hand side when v = �. Then there is a walk labeledw from q to p and then from p to r labeled �. So r is in the left hand side set.Indu
tive hypothesis. Suppose that the 
laim is true for q and wv.Indu
tive step. We need to show the 
laim for q and wva. Let Æ�(q; wva) 
ontain state r,whi
h means that there is a walk labeled wv from q to some state x and a walk labeled a fromx to r. By indu
tive hypothesis, there is a walk labeled w from q to p and a walk labeled vfrom p to x. Con
atenating this latter walk with a, there is a walk labeled va from p to r.Hen
e r is in the right hand side set.Conversely, let r be a state in the right hand side set for w and va. This means that thereis a state p whi
h is rea
hed by a walk labeled w from q, and from p there is a walk labeledva that rea
hes r. Con
atenating these two walks, there is a walk labeled wva from q to r,whi
h means that r 2 Æ�(q; wva).5. If we 
onstru
t the DFA a

ording to the assumption of q1 being the only �nal state:
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1but as the �gure doesn't 
ontain any information on �nal states, these solutions, and theirmodi�
ations are also true.
q0 a,b q1 a,b6. We 
an do this by showing how to 
onstru
t an NFA for any �nite language. First we showhow to 
onstru
t an NFA for a single string. Let the string be a1a2..an. Then we 
an buildan NFA for it as follows.
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qn-1 qn
a nqn is the �nal state and q0 is the initial state. Suppose the �nite set 
ontains m strings, w1,... wm. For ea
h string wi, we 
onstru
t an NFA Ni. To a

ept all the strings w1...wm, webuild a �nite union of all the NFA's. We introdu
e a new initial state q and a new �nal stateqf. From the initial state q, we have lambda transitions to the initial states of all m NFAs.From the �nal states of all the NFAs we have lambda transitions to the �nal state qf. This isrepresented s
hemati
ally by the following diagram.2
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lear that this union ma
hine a

epts a string i� one of the NFA's a

epts it, whi
hhappens if and only if it is in the �nite set of strings from whi
h it is built.7. Suppose that N is an NFA that has some � transitions and has possibly many �nal states.Build another NFA N1 by adding a new �nal state f to N with � transitions from ea
h ofthe �nal states in N to f . Now make all the �nal states in N non-�nal. It is 
lear that N1a

epts if and only if N a

epts. Besides N1 has a single �nal state.Now 
onstru
t another NFA N2 over the same states in N1 as follows. They have the sameinitial and �nal states.For every state p, if there is a walk labeled a 6= � and some � transitions to state q in N1,then put an ar
 from p to q labeled a in N2.We will show by indu
tion on w that there is a walk labeled w 6= � from the initial state toany state in N1 if and only if it is also true in N2.Basis: w = a. If there is a walk labeled w from the initail state to any state in N1, there isan edge labeled a from the initial state to that state in N2 by 
onstru
tion.Indu
tive step: Suppose the 
laim is true for w. So there is a walk from the initial state toany state q in N1 i� it is also true in N2.Let there be a walk labeled wa from the initial state q0 to some state r in N1. Hen
e theremust be a walk from q0 to some state q in N1, and hen
e in N2 by indu
tive hypothesis.There must be an edge labeled a from q to r by 
onstru
tion. Hen
e there must be a walklabeled wa in N2.Similarly if there is a walk labeled wa in N2 from q0 to r where q o

urs just before r inthat walk, there must be a walk labeled w from q0 to q (by indu
tive hypothesis) and a walklabeled a from q to r (by 
onstru
tion). Hen
e there is a walk labeled wa from q0 to r, provingthe indu
tion.Sin
e there is no � in the original language, L(N) = L(N1) = L(N2).
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