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Abstract

R einfor c ement L e arning (RL) is the study of programs that impro v e their p erfor-

mance b y receiving rew ards and punishmen ts from the en vironmen t. Most RL metho ds

optimize the discoun ted total rew ard receiv ed b y an agen t, while, in man y domains,

the natural criterion is to optimize the a v erage rew ard p er time step. In this pap er,

w e in tro duce a mo del-based Av erage-rew ard Reinforcemen t Learning metho d called

H-learning and sho w that it con v erges more quic kly and robustly than its discoun ted

coun terpart in the domain of sc heduling a sim ulated Automatic Guided V ehicle (A GV).

W e also in tro duce a v ersion of H-learning that automatically explores the unexplored

parts of the state space, while alw a ys c ho osing greedy actions with resp ect to the

curren t v alue function. W e sho w that this \Auto-exploratory H-Learning" p erforms

b etter than the previously studied exploration strategies. T o scale H-learning to larger

state spaces, w e extend it to learn action mo dels and rew ard functions in the form

of dynamic Ba y esian net w orks, and appro ximate its v alue function using lo cal linear

regression. W e sho w that b oth of these extensions are e�ectiv e in signi�can tly reduc-

ing the space requiremen t of H-learning and making it con v erge faster in some A GV

sc heduling tasks.
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1 In tro duction

R einfor c ement L e arning (RL) is the study of programs that impro v e their p erformance at

some task b y receiving rew ards and punishmen ts from the en vironmen t. RL has b een quite

successful in automatic learning of go o d pro cedures for man y tasks, including some real-w orld

tasks suc h as job-shop sc heduling and elev ator sc heduling [44, 11, 47]. Most approac hes to

reinforcemen t learning, including Q-learning [46] and Adaptiv e Real-Time Dynamic Pro-

gramming (AR TDP) [3 ], optimize the total disc ounte d rew ard the learner receiv es [18]. In

other w ords, a rew ard that is receiv ed after one time step is considered equiv alen t to a

fraction of the same rew ard receiv ed immediately . Discoun ted optimization criterion is mo-

tiv ated b y domains in whic h rew ard can b e in terpreted as money that can earn in terest in

eac h time step. Another situation that it is w ell-suited to mo del is when there is a �xed

probabilit y that the run will b e terminated at an y giv en time for whatev er reason. Ho w ev er,

man y domains in whic h w e w ould lik e to use reinforcemen t learning do not ha v e either the

monetary asp ect or the probabilit y of immediate termination, at least in the time scales in

whic h w e are in terested in. The natural criterion to optimize in suc h domains is the a v erage

rew ard receiv ed p er time step. Ev en so, man y p eople ha v e used discoun ted reinforcemen t

learning algorithms in suc h domains, while aiming to optimize the a v erage rew ard [21 , 26].

One reason to do this is that the discoun ted total rew ard is �nite ev en for an in�nite sequence

of actions and rew ards. Hence, t w o suc h action sequences from a state can b e compared b y

this criterion to c ho ose the b etter one.

While mathematically con v enien t, in domains where these isn't a natural in terpretation

for the discoun t factor, discoun ting encourages the learner to sacri�ce long-term b ene�ts

for short-term gains, since the impact of an action c hoice on long-term rew ard decreases

exp onen tially with time. Hence, using discoun ted optimization when a v erage-rew ard opti-

mization is what is required could lead to sub optimal p olicies. Nev ertheless, it can b e argued

that it is appropriate to optimize discoun ted total rew ard if that also nearly optimizes the

a v erage rew ard b y using a discoun t factor whic h is su�cien tly close to 1 [21, 26]. This raises

the question whether and when discoun ted RL metho ds are appropriate to use to optimize

the a v erage rew ard.

In this pap er, w e describ e an Av erage-rew ard RL (ARL) metho d called H-learning, whic h
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is an undiscoun ted v ersion of Adaptiv e Real-Time Dynamic Programming (AR TDP) [3]. W e

compare H-learning with its discoun ted coun terpart, AR TDP , in the task of sc heduling a

sim ulated Automatic Guided V ehicle (A GV), a material handling rob ot used in man ufac-

turing. Our results sho w that H-learning is comp etitiv e with AR TDP when the short-term

(discoun ted with a small discoun t factor) optimal p olicy also optimizes the a v erage rew ard.

When short-term and long-term optimal p olicies are di�eren t, AR TDP either fails to con-

v erge to the optimal a v erage-rew ard p olicy or con v erges to o slo wly if the discoun t factor is

high.

Lik e AR TDP , and unlik e Sc h w artz's R-learning [37] and Singh's ARL algorithms [38],

H-learning is mo del-based, in that it learns and uses explicit action and rew ard mo dels. W e

sho w that in the A GV sc heduling domain H-learning con v erges in few er steps than R-learning

and is comp etitiv e with it in CPU time. This is consisten t with the previous results on the

comparisons b et w een mo del-based and mo del-free discoun ted RL [3, 28 ].

Lik e most other RL metho ds, H-learning needs exploration to �nd an optimal p olicy . A

n um b er of exploration strategies ha v e b een studied in RL, including o ccasionally executing

random actions, preferring to visit states that are least visited (coun ter-based) or executing

actions that are least recen tly executed (recency-based) [45 ]. Other metho ds suc h as the

In terv al Estimation (IE) metho d of Kaelbling and the action-p enalt y represen tation of rew ard

functions used b y Ko enig and Simmons incorp orate the idea of \optimism under uncertain t y"

[17, 20]. By initializing the v alue function of states with high v alues, and gradually decreasing

them, these metho ds encourage the learner to explore automatically , while alw a ys executing

greedy actions. W e in tro duce a v ersion of H-learning that uses optimism under uncertain t y ,

and has the prop ert y of automatically exploring the unexplored parts of the state space

while alw a ys taking a greedy action with resp ect to the curren t v alue function. W e sho w

that this \Auto-exploratory H-learning" con v erges more quic kly to a b etter a v erage rew ard

when compared to H-learning under random, coun ter-based, recency-based, and Boltzmann

exploration strategies.

ARL metho ds in whic h the v alue function is stored as a table require to o m uc h space and

training time to scale to large state spaces. Mo del-based metho ds lik e H-learning also ha v e

the additional problem of ha ving to explicitly store their action mo dels and the rew ard func-

tions, whic h is space-in tensiv e. T o scale ARL to suc h domains, it is essen tial to appro ximate

its action mo dels and v alue function in a more compact form.

Dynamic Ba y esian net w orks ha v e b een successfully used in the past to represen t the

action mo dels [12, 35]. In man y cases, it is p ossible to design these net w orks in suc h a w a y

that a small n um b er of parameters are su�cien t to fully sp ecify the domain mo dels. W e
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extended H-learning so that it tak es the net w ork structure as input and learns the conditional

probabilities in the net w ork. This not only reduces the space requiremen ts for our metho d

but also increases the sp eed of con v ergence in domains where learning the action mo dels

dominates the learning time.

Man y reinforcemen t learning tasks, esp ecially those with action mo dels and rew ard func-

tions that can b e describ ed b y small Ba y esian net w orks, ha v e a uniform rew ard structure o v er

large regions of the state space. In suc h domains, the optimal v alue function of H-learning is

piecewise linear. T o tak e adv an tage of this, w e implemen ted a v alue function appro ximation

metho d based on lo cal linear regression. Lo cal linear regression synergistically com bines

with learning of Ba y esian net w ork-based action mo dels and impro v es the p erformance of

H-learning in man y A GV sc heduling tasks. Com bining Auto-exploratory H-learning with

action mo del and v alue function appro ximation leads to ev en faster con v ergence in some

domains, pro ducing a v ery e�ectiv e learning metho d.

The rest of the pap er is organized as follo ws: Section 2 in tro duces Mark o v Decision

Problems that form the basis for RL, and motiv ates Av erage-rew ard RL. Section 3 in tro duces

H-learning and compares it with AR TDP and R-learning in an A GV sc heduling task. Section

4 in tro duces Auto-exploratory H-learning, and compares it with some previously studied

exploration sc hemes. Section 5 demonstrates the use of dynamic Ba y esian net w orks and

lo cal linear regression to appro ximate the action mo dels and the v alue function resp ectiv ely .

Section 6 is a discussion of related w ork and future researc h issues, and Section 7 is a

summary .

2 Bac kground

W e assume that the learner's en vironmen t is mo deled b y a Mark o v Decision Pro cess (MDP).

An MDP is describ ed b y a discrete set S of n states, and a discrete set of actions, A . The

set of actions that are applicable in a state i are denoted b y U ( i ) and are called admissible .

The Mark o vian assumption means that an action u in a giv en state i 2 S results in state j

with some �xed probabilit y P

i;j

( u ). There is a �nite immediate rew ard r

i;j

( u ) for executing

an action u in state i resulting in state j . Time is treated as a sequence of discrete steps.

A p olicy � is a mapping from states to actions, suc h that � ( i ) 2 U ( i ). W e only consider

p olicies that do not c hange o v er time, whic h are called \stationary p olicies."
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2.1 Discoun ted Reinforcemen t Learning

Supp ose that an agen t using a p olicy � go es through states s

0

; : : : ; s

t

in time 0 thru t ,

with some probabilit y , accum ulating a total rew ard r

�

( s

0

; t ) =

P

t � 1

k =0

r

s

k

;s

k +1

( � ( s

k

)). If the

en vironmen t is sto c hastic, r

�

( s

0

; t ) is a random v ariable. Hence, one candidate to optimize is

the exp ected v alue of this v ariable, i.e., the exp ected total rew ard receiv ed in time t starting

from s

0

, E ( r

�

( s

0

; t )). Unfortunately , ho w ev er, o v er an in�nite time horizon, i.e., as t tends to

1 , this sum can b e un b ounded. The discoun ted RL metho ds mak e it �nite b y m ultiplying

eac h successiv e rew ard b y a discoun t factor 
 , where 0 < 
 < 1. In other w ords, they

optimize the exp ected discoun ted total rew ard giv en b y:

f

�

( s

0

) = lim

t !1

E (

t � 1

X

k =0




k

r

s

k

;s

k +1

( � ( s

k

))) (1)

It is kno wn that there exists an optimal disc ounte d p olicy �

�

that maximizes the ab o v e

v alue function o v er all starting states s

0

and p olicies � . It can b e sho wn to satisfy the

follo wing recurrence relation [3, 6 ]:

f

�

�

( i ) = max

u 2 U ( i )

f r

i

( u ) + 


X

j 2 S

p

i;j

( u ) f

�

�

( j ) g (2)

Real-Time Dynamic Programming (R TDP) solv es the ab o v e recurrence relation b y up-

dating the v alue of the curren t state i in eac h step b y the righ t hand side of the ab o v e

equation. R TDP assumes that the action mo dels p

� ; �

( � ) and the rew ard functions r

�

( � ), are

giv en. Adaptiv e Real-time Dynamic Programming (AR TDP) estimates the action mo del

probabilities and rew ard functions through on-line exp erience, and uses these estimates as

real v alues while up dating the v alue function of the curren t state b y the righ t hand side of

the recurrence relation ab o v e [3 ]. In dynamic programming literature, this metho d is called

the certain t y equiv alence con trol [6]. It is a mo del-based metho d b ecause it learns the action

and rew ard mo dels explicitly , and uses them to sim ultaneously learn the v alue function.

The mo del-free RL metho ds, suc h as Q-learning, com bine the mo del learning and the

v alue function learning in to one step b y learning a v alue function o v er state-action pairs. The

v alue of Q ( i; u ) for state i and action u represen ts the discoun ted total rew ard of executing

action u in state i and from then on follo wing the optimal p olicy . Hence, the correct Q

v alues m ust satisfy the follo wing relationship with f

� �

.

Q ( i; u ) = r

i

( u ) + 


X

j 2 S

p

i;j

( u ) f

�

�

( j ) (3)
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In Q-learning, Q ( i; u ) is up dated ev ery time an action u is executed in state i . If this

execution results in an immediate rew ard r

imm

and a transition in to state j , then Q ( i; u ) is

up dated using the follo wing rule:

Q ( i; u )  Q ( i; u ) + � ( r

imm

+ 
 U

Q

( j ) � Q ( i; u )) (4)

where 0 < 
 < 1 is the discoun t factor, 0 < � < 1 is the learning rate, and U

Q

( j ) is the

v alue of state j , de�ned as max

a 2 U ( j )

Q ( j; a ). If the learning algorithm uses an exploration

strategy that ensures that it executes eac h admissible action in eac h state in�nitely often,

and the learning rate � is appropriately deca y ed, Q-learning is guaran teed to con v erge to an

optimal p olicy [46].

2.2 The problems of discoun ting

Discoun ted reinforcemen t learning is w ell-studied, and metho ds suc h as Q-learning and

AR TDP are sho wn to con v erge under suitable conditions b oth in theory and in practice.

Discoun ted optimization is motiv ated b y domains where rew ard can b e in terpreted as money

that can earn in terest, or where there is a �xed probabilit y that a run will b e terminated

at an y giv en time. Ho w ev er, man y domains in whic h w e w ould lik e to use reinforcemen t

learning do not ha v e either of these prop erties. As Sc h w artz p oin ted out, ev en researc hers

who use learning metho ds that optimize discoun ted totals in suc h domains ev aluate their

systems using a di�eren t, but more natural, measure { a v erage exp ected rew ard p er time

step [37]. Discoun ting in suc h domains tends to sacri�ce bigger long-term rew ards in fa v or

of smaller short-term rew ards, whic h is undesirable in man y cases. The follo wing example

illustrates this.

In the Multi-lo op domain sho wn in Figure 1, there are four lo ops of di�eren t lengths. The

agen t has to c ho ose one of the four lo ops in state S . The a v erage rew ard p er step is 3/3=1

in lo op 1, 6/5=1.2 in lo op 2, 9/7=1.29 in lo op 3, and 12/9=1.33 in lo op 4. According to

the a v erage-rew ard optimalit y criterion, the b est p olicy is to tak e lo op 4, getting the highest

a v erage rew ard of 1.33.

But the discoun ted optimal p olicy is di�eren t based on the v alue of the discoun t factor


 . Let R ew ar d

i

b e the rew ard at the end of lo op i and Leng th

i

b e the total n um b er of steps

in lo op i . Then, the discoun ted total rew ard for the p olicy �

i

of follo wing lo op i is

0 + : : : + 


Leng th

i

� 1

R ew ar d

i

+ 0 + : : : + 


2 Leng th

i

� 1

R ew ar d

i

+ 0 + : : : + 


3 Leng th

i

� 1

R ew ar d

i

+ : : :

and can b e simpli�ed to: f

�

i

( S ) =

Rew ar d

i

� 


Leng th

i

� 1

1 � 


Leng th

i
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S
loop 1
loop 2
loop 3
loop 4

Figure 1: The Multi-lo op domain. Discoun ted learning metho ds ma y con v erge to a sub op-

timal p olicy .

In particular, the rew ards in eac h lo op are suc h that the optimal discoun ted p olicy is to

follo w lo op 1 when 
 < 0 : 85, lo op 2 when 0 : 85 � 
 < 0 : 94, lo op 3 when 0 : 94 � 
 < 0 : 97,

and lo op 4 when 
 � 0 : 97. Hence when 
 is greater than 0.97, the p olicy for optimizing

discoun ting total rew ard also optimizes the a v erage rew ard.
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ARTDP w/ gamma=0.95
ARTDP w/ gamma=0.9
ARTDP w/ gamma=0.8

Figure 2: On-line a v erage rew ard p er step with 10% random exploration in the Multi-lo op

domain. Eac h p oin t is the mean of 30 trials o v er the last 8000 steps.

Figure 2 sho ws the results of running AR TDP in this domain with di�eren t v alues of 
 .

On the X-axis is the n um b er of steps tak en, and on the Y-axis is the on-line a v erage rew ard

for the previous 8000 steps a v eraged o v er 30 trials. F or comparison, the a v erage rew ard of

our mo del-based ARL metho d called H-learning (describ ed in the next section) is computed
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in the same w a y and is sho wn as the solid line. F or exploration, random actions w ere tak en

with 0.1 probabilit y in state S . AR TDP con v erged to lo op 1 when 
 =0.8, lo op 2 when


 =0.9, lo op 3 when 
 =0.95, and lo op 4 when 
 =0.98. The H-learning algorithm selected

lo op 4 in the few est n um b er of steps (sho wn with a solid line in Figure 2). This exp erimen tal

result con�rms that the optimal p olicy for maximizing discoun ted total rew ard is di�eren t

dep ending on the v alue of the discoun ting factor. When the discoun t factor is to o small, the

optimal discoun ted p olicy ma y yield a sub optimal a v erage rew ard.

As w e see in this domain, discoun ted learning metho ds can optimize the a v erage rew ard

with a high v alue of 
 ( � 0 : 97). But a high v alue of 
 causes the con v ergence to b e to o

slo w as can b e seen in Figure 2. Since discoun ted learning metho ds with a lo w v alue of 


need few er steps to con v erge than that with a high v alue of 
 , w e ma y exp ect that they

can con v erge to a optimal a v erage-rew ard p olicy faster b y starting with a lo w v alue of 


and slo wly increasing it. T o see whether this approac h w orks, the v alue of 
 w as gradually

increased from 0.8 to 0.98, while running AR TDP . 
 w as started with 0.8 and w as increased

to 0.9 when AR TDP con v erged to lo op 1, to 0.95 when it con v erged to lo op 2, and to 0.98

when it con v erged to lo op 3. It w as assumed that AR TDP con v erged to a lo op if it selected

that lo op for a thousand consecutiv e steps. The result of Figure 2 sho ws that c hanging 


mak es AR TDP ev en slo w er than when 
 is �xed at the highest v alue, 0.98.

In summary , using discoun ted learning when the actual optimization criterion is to max-

imize the gain or a v erage rew ard leads to short-sigh ted p olicies, and to p o or p erformance

if the discoun t factor is lo w. If the discoun t factor is high enough, the discoun ted learning

metho ds can �nd the optimal a v erage-rew ard p olicy; but then they con v erge to o slo wly .

Moreo v er, starting from a small 
 and slo wly increasing it slo ws do wn the con v ergence ev en

further. W e will later sho w that these problems due to discoun ting naturally arise in real

w orld domains and lead to p o or p erformance of AR TDP and Q-learning in some cases.

3 Av erage-rew ard Reinforcemen t Learning

W e start with the standard Mark o v Decision Problems (MDP) in tro duced in Section 2.

Recall that r

�

( s

0

; t ) is a random v ariable that denotes the total rew ard receiv ed in time

t when the agen t uses the p olicy � starting from s

0

. In Av erage-rew ard Reinforcemen t

Learning (ARL), w e seek to optimize the a v erage exp ected rew ard p er step o v er time t as

t ! 1 . F or a giv en starting state s

0

, and p olicy � , this is denoted b y �

�

( s

0

) and is de�ned

as:
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�

�

( s

0

) = lim

t !1

1

t

E ( r

�

( s

0

; t )) (5)

W e sa y that t w o states c ommunic ate under a p olicy if there is a p ositiv e probabilit y of

reac hing eac h state from the other using that p olicy . A r e curr ent set of states is a set of

states that comm unicate with eac h other and do not comm unicate with states not in that

set. Non-recurren t states are called tr ansient . An MDP is er go dic if its states form a single

recurren t set under eac h stationary p olicy . It is a unichain if ev ery stationary p olicy giv es

rise to a single recurren t set of states and p ossibly some transien t states [34 ].

F or unic hain MDPs the exp ected long-term a v erage rew ard p er time step for an y p olicy

� is indep enden t of the starting state s

0

. W e call it the \gain" of the p olicy � , denoted b y

� ( � ), and consider the problem of �nding a \gain-optimal p olicy ," �

�

, that maximizes � ( � ).

F rom no w on, unless otherwise sp eci�ed, whenev er w e use the term \the optimal p olicy ," w e

mean the gain-optimal p olicy .

3.1 Deriv ation of H-learning

Ev en though the gain of a p olicy , � ( � ), is indep enden t of the starting state, the total exp ected

rew ard in time t ma y not b e so. The total rew ard for a starting state s in time t for a p olicy

� can b e con v enien tly denoted b y � ( � ) t + �

t

( s ), where �

t

( s ) is a time-dep enden t o�set.

Although lim

t !1

�

t

( s ) ma y not exist for p erio dic p olicies, the Cesaro-limit of �

t

( s ), de�ned

as lim

l !1

1

l

P

l

t =1

�

t

( s ), alw a ys exists, and is denoted b y h ( s ) [6]. It is called the bias of state

s and can b e in terpreted as the exp ected long-term adv an tage in total rew ard for starting in

state s o v er and ab o v e � ( � ) t , the exp ected total rew ard in time t on the a v erage.

Supp ose the system go es from state i to j using a p olicy � . In so doing, it used up a

time step that is w orth a rew ard of � ( � ) on the a v erage, but gained an immediate rew ard of

r

i

( � ( i )). Hence, the bias v alues of state i and j for the p olicy � m ust satisfy the follo wing

equation.

� ( � ) + h ( i ) = r

i

( � ( i )) +

n

X

j =1

p

i;j

( � ( i )) h ( j ) (6)

The gain-optimal p olicy �

�

maximizes b oth sides of the ab o v e equation for eac h state i

[6].

Theorem 1 (Ho w ard) F or any MDP, ther e exist a sc alar � and a r e al-value d function h

over S that satisfy the r e curr enc e r elation

8 i 2 S; h ( i ) = max

u 2 U ( i )

f r

i

( u ) +

n

X

j =1

p

i;j

( u ) h ( j ) g � � (7)
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F urther, the optimal p olicy �

�

attains the ab ove maximum for e ach state i , and � is its

gain.

Equation (7) is the Bellman equation for Av erage-rew ard RL problem. In tuitiv ely , this

can b e explained as follo ws. In going from a state i to the b est next state j , the system

gained an immediate rew ard r

i

( u ) instead of the a v erage rew ard � . After con v ergence, if u

is the optimal action, the exp ected long-term adv an tage for b eing in state i as opp osed to

state j m ust equal the di�erence b et w een r

i

( u ) and � . Hence the di�erence b et w een the bias

v alue of state i and the exp ected bias v alue of the next state j m ust equal r

i

( u ) � � .

Notice that an y one solution to Equation (7) yields an in�nite n um b er of solutions b y

adding the same constan t to all h -v alues. Ho w ev er, all these sets of h -v alues will result in

the same set of optimal p olicies �

�

, since the optimal action in a state is determined only b y

the relativ e di�erences b et w een the v alues of h . Setting the h -v alue of an arbitrary recurren t

\reference" state to 0, guaran tees a unique solution for unic hain MDPs.

0

1

2

3

h(3)=2

h(0)=0

h(1)=0

h(2)=1

3 bad-move

good-move

0

0

0

0

Figure 3: A simple MDP that illustrates the Bellman equation.

F or example, in Figure 3, the agen t has to select b et w een the actions go o d-move and

bad-move in state 0. F or this domain, � = 1 for the optimal p olicy of c ho osing go o d-move

in state 0. If w e arbitrarily set h (0) to 0, then h (1) = 0, h (2) = 1, and h (3) = 2 satisfy the

recurrence relations in Equation (7). F or example, the di�erence b et w een h (3) and h (1) is

2, whic h equals the di�erence b et w een the immediate rew ard for the optimal action in state

3 and the optimal a v erage rew ard 1.

In White's relativ e v alue iteration metho d, the h -v alue of an arbitrarily c hosen reference

state is set to 0 and the resulting equations are solv ed b y sync hronous successiv e appro xi-

mation [6]. Unfortunately , the async hronous v ersion of this algorithm that up dates � using
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Equation (7) do es not alw a ys con v erge [5]. Hence, instead of using Equation (7) to solv e for

� , H-learning estimates it from on-line rew ards (see Figure 4).

'

&

$

%

1. T ak e an exploratory action or a greedy action in the curren t state

i . Let a b e the action tak en, k b e the resulting state, and r

imm

b e the immediate rew ard receiv ed.

2. N ( i; a )  N ( i; a ) + 1; N ( i; a; k )  N ( i; a; k ) + 1

3. p

i;k

( a )  N ( i; a; k ) = N ( i; a )

4. r

i

( a )  r

i

( a ) + ( r

imm

� r

i

( a )) = N ( i; a )

5. Gr eedy Actions ( i )  All actions u 2 U ( i ) that maximize

f r

i

( u ) +

P

n

j =1

p

i;j

( u ) h ( j ) g

6. If a 2 Gr eedy Actions ( i ), then

(a) �  (1 � � ) � + � ( r

i

( a ) � h ( i ) + h ( k ))

(b) �  

�

� +1

7. h ( i )  max

u 2 U ( i )

f r

i

( u ) +

P

n

j =1

p

i;j

( u ) h ( j ) g � �

8. i  k

Figure 4: The H-learning algorithm. The agen t executes steps 1 - 8 when in state i .

The algorithm in Figure 4 is executed in eac h step, where i is the curren t state, N ( i; u )

denotes the n um b er of times u w as executed in i , and N ( i; u; j ) is the n um b er of times it

resulted in state j . Our implemen tation explicitly stores the curren t greedy p olicy in the

arra y Gr eedy Actions . Before starting, the algorithm initializes � to 1, and all other v ariables

to 0. Gr eedy Actions in eac h state are initialized to the set of admissible actions in that state.

H-learning can b e seen as a cross b et w een Sc h w artz's R-learning [37], whic h is a mo del-free

a v erage-rew ard learning metho d, and Adaptiv e R TDP (AR TDP) [3 ], whic h is a mo del-based

discoun ted learning metho d. Lik e AR TDP , H-learning computes the probabilities p

i;j

( a ) and

rew ards r

i

( a ) b y straigh tforw ard maxim um lik eliho o d estimates. It then emplo ys the \cer-
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tain t y equiv alence principle" b y using the curren t estimates as the true v alues while up dating

the h -v alue of the curren t state i according to the equation:

h ( i )  max

u 2 U ( i )

f r

i

( u ) +

n

X

j =1

p

i;j

( u ) h ( j ) g � � (8)

One of the nice prop erties of H-learning, that is shared b y Q-learning and AR TDP , is

that it learns the optimal p olicy no matter what exploration strategy is used during learning,

as long as ev ery action of ev ery state is executed su�cien tly often. The exploration strategy

only e�ects the sp eed with whic h the optimal p olicy is learned, not the optimalit y of the

learned p olicy . This is unlik e some temp oral di�erence metho ds suc h as TD- � whic h are

designed to learn the v alue function for the p olicy that is executed during learning [39 ].

Just as in Q-learning, in the mo del-free R-learning Equation (7) is split in to t w o parts

b y de�ning

R ( i; u ) = r

i

( u ) +

n

X

j =1

p

i;j

( u ) h ( j ) � � (9)

where

h ( j ) = max

u

R ( j; u ) (10)

R ( i; u ) represen ts the exp ected bias v alue when action u is executed in state i and the gain-

optimal p olicy is follo w ed from then on. Initially all the R -v alues are set to 0. When action

u is executed in state i , the v alue of R ( i; u ) is up dated using the up date equation:

R ( i; u )  (1 � � ) R ( i; u ) + � ( r

imm

+ h ( j ) � � ) (11)

where � is the learning rate, r

imm

is the immediate rew ard obtained, j is the next state,

and � is the estimate of the a v erage rew ard of the curren t greedy p olicy . In an y state i , the

greedy action u maximizes the v alue R ( i; u ); so R-learning do es not need to explicitly learn

the immediate rew ard functions r

i

( u ) or the action mo dels p

i;j

( u ), since it do es not need

them either for the action selection or for up dating the R -v alues.

As in most RL metho ds, while using H-learning, the agen t mak es some exploratory

mo v es { mo v es that do not necessarily maximize the righ t hand side of Equation (7) and

are in tended to ensure that ev ery state is visited in�nitely often during training. Without

exploratory mo v es, H-learning could con v erge to a sub optimal p olicy . Ho w ev er, these mo v es

mak e the estimation of � sligh tly complicated. Simply a v eraging the immediate rew ards o v er

non-exploratory (greedy) mo v es w ould not do, b ecause the exploratory mo v es could mak e the

system accum ulate rew ards from states that it nev er visits if it w ere alw a ys making greedy

mo v es. Instead, w e use a metho d similar to that of R-learning to estimate the a v erage rew ard

12



[37]. F rom Equation (7), in an y state i , for an y greedy action u that maximizes the righ t

hand side, � = r

i

( u ) � h ( i ) +

P

n

j =1

p

i;j

( u ) h ( j ). Hence, � can b e estimated b y cum ulativ ely

a v eraging r

i

( u ) � h ( i ) + h ( j ), whenev er a greedy action u is executed in state i resulting in

state j . Th us, � is up dated using the follo wing equation, where � is the learning rate.

�  � + � ( r

i

( u ) � h ( i ) + h ( j ) � � ) (12)

H-learning is v ery similar to Jalali and F erguson's Algorithm B [16]. This algorithm w as

pro v ed to con v erge to the gain-optimal p olicy for ergo dic MDPs. Since most domains that

w e are in terested in are non-ergo dic, to apply this algorithm to suc h domains, w e need to

add exploration. Indeed, the role of exploration in H-learning is to transform the original

MDP in to an ergo dic one b y making sure that ev ery state is visited in�nitely often. Another

di�erence b et w een the t w o algorithms is that the B-algorithm up dates � b y a v eraging the

immediate rew ard r

i

( u ) for eac h action o v er the action sequence, rather than a v eraging the

\adjusted immediate rew ard" r

i;j

� h ( i ) + h ( j ), as w e do. Later, w e presen t exp erimen tal

evidence that sho ws that this is the crucial reason for the signi�can t di�erence b et w een the

p erformances of the t w o algorithms. Thirdly , to mak e the h -v alues b ounded, Algorithm B

c ho oses an arbitrary recurren t reference state and p ermanen tly grounds its h -v alue to 0.

W e found that this c hange slo ws do wn H-learning in man y cases. T o extend the pro of of

con v ergence of Algorithm B to our case, w e ha v e to sho w that the ab o v e c hanges preserv e

its correctness under suitable conditions of exploration. Unfortunately , the original pro of of

con v ergence is quite in v olv ed and its correctness is disputed.

1

In an y case, it ma y b e easier

to giv e an indep enden t pro of based on sto c hastic con v ergence theories.

3.2 A GV Sc heduling

Automatic Guided v ehicles(A GVs) are used in mo dern man ufacturing plan ts to transp ort

materials from one lo cation to another [27 ]. T o compare the p erformance of v arious learning

algorithms, a small A GV domain called the \Deliv ery domain" sho wn in Figure 5 w as used.

There are t w o job generators on the left, one A GV, and t w o destination con v ey or b elts on

the righ t. Eac h job generator pro duces jobs and puts them on its queue as so on as it is

empt y . The A GV loads and carries a single job at a time to its destination con v ey or b elt.

Eac h job generator can generate either a t yp e 1 job with K units of rew ard when deliv ered

to b elt 1, or a t yp e 2 job with 1 unit of rew ard when deliv ered to b elt 2. The probabilit y of

generating job 1 is p for generator 1, and q for generator 2.

1

D. Bertsek as, priv ate comm unication.
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Job generator 1

Job generator 2

Queue 1
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Conveyor-belt 2

1

1

2

Figure 5: The Deliv ery domain.

The A GV mo v es on t w o lanes of 5 p ositions eac h, and can tak e one of six actions at

a time: do-nothing, load, move-up, move-do wn, change-lane , and unload . T o load a job, the

A GV m ust b e in the p osition next to the queue. T o unload a job, it m ust b e next to the

prop er con v ey or b elt. T o mak e this domain more in teresting, a mo ving obstacle is added. It

randomly mo v es up or do wn in eac h instan t, but can only sta y in the righ t lane and cannot

stand still. The A GV and the obstacle can b oth mo v e in a single time step. If the obstacle

collides with the A GV when the A GV is deliv ering a job or is standing still, the state remains

unc hanged. There is a p enalt y of -5 for all collisions with the obstacle.

A state is sp eci�ed b y the t w o job n um b ers in the queues, the lo cations (X-Y co ordinates)

of the A GV and the obstacle, and the job n um b er on the A GV. W e assume that eac h queue

can hold a single job and the complete state is observ able to the learning system. There

are a total of 540 di�eren t states in this domain. The goal of the A GV is to maximize the

a v erage rew ard receiv ed p er unit time, i.e., �nd the gain-optimal p olicy .

By v arying the rew ard ratio of the jobs and/or the job mixes pro duced b y the job gener-

ators, the optimal p olicy is c hanged. F or example, when K =1, and b oth the job generators

pro duce t yp e 1 jobs with v ery lo w rates p and q , the A GV should unload jobs from queue

2 m uc h more frequen tly than from queue 1 b ecause the n um b er of time steps needed to

transp ort t yp e 2 jobs from queue 2 to b elt 2 is m uc h smaller than that needed to mo v e them

from queue 1 to b elt 2. But, when b oth the job generators pro duce jobs of t yp e 1 with a

high rate, and K = 5, the A GV should unload jobs from queue 1 m uc h more frequen tly

than from queue 2, b ecause the increased v alue of job 1 more than comp ensates for the extra

distance. It is, in general, hard to predict the b est p olicy giv en di�eren t v alues of p , q , and

K .
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3.3 Exp erimen tal Results

Our exp erimen ts are based on comparing H-learning with AR TDP , Q-learning, R-learning,

and the B-algorithm of Jalali and F erguson in the Deliv ery domain.

F or these exp erimen ts, the Deliv ery domain is used with p = 0 : 5, and q = 0 : 0. In other

w ords, generator 1 pro duces b oth t yp es of jobs with equal probabilit y , while generator 2

alw a ys pro duces t yp e 2 jobs. W e presen t the result of comparing H-learning with AR TDP ,

Q-learning, and R-learning in t w o situations of the A GV domain: K =1 and K =5. W e

c hose these t w o sets of domain parameters b ecause they illustrate t w o qualitativ ely di�eren t

situations. Exp erimen ts on a wider range of domain parameters are rep orted elsewhere [31].

Eac h exp erimen t w as rep eated for 30 trials for eac h algorithm. Ev ery trial started from

a random initial state. In all our exp erimen ts, a random exploration strategy w as used,

in whic h with a probabilit y 1 � � , a greedy action is c hosen, and with a probabilit y � =

0 : 1, an action is c hosen uniformly randomly o v er all a v ailable actions. While training, the

a v erage rew ard p er step is computed o v er the last 10,000 steps for K =1, and o v er the last

40,000 steps for K =5. H-learning and the B-algorithm do not ha v e an y parameters to

tune. The parameters for the other learning metho ds are tuned b y trial and error to get

the b est p erformance. Strictly sp eaking, 
 is part of the problem de�nition of discoun ted

optimization, and not a parameter of the learning algorithm. Ho w ev er, since our goal in

this domain is to see ho w w ell the discoun ted metho ds can approac h learning a gain-optimal

p olicy , w e treated it as an adjustable parameter. F or K =1 case, the only parameter for

AR TDP is 
 =0.9, the parameters for Q-learning are � =0.05 and 
 =0.9, and for R-learning,

� =0.01, � =0.05. F or K =5 case, for AR TDP 
 =0.99, for Q-learning � =0.05 and 
 =0.99,

and for R-learning, � =0.01, � =0.005. The results are sho wn in Figure 6.

When K = 1, since b oth jobs ha v e the same rew ard, the gain-optimal p olicy is to alw a ys

serv e generator 2 that pro duces only t yp e 2 jobs. Since the destination of these jobs is closer

to their generator than t yp e 1 jobs, it is also a discoun ted optimal p olicy . W e call this t yp e

of domains \short-range domains" where the discoun ted optimal p olicy for a small v alue of


 coincides with the gain-optimal p olicy . F or this parameter setting of the deliv ery domain,

serving queue 2 is the short-term optimal p olicy as w ell as the long-term optimal p olicy .

In this case, the mo del-based discoun ted metho d, AR TDP , con v erges to the gain-optimal

p olicy sligh tly faster than H-learning, although the di�erence is negligible. All metho ds

except R-learning sho w almost the same p erformance.

When K is set to 5, the A GV receiv es �v e times more rew ard b y unloading the jobs of

t yp e 1 than the jobs of t yp e 2. The gain-optimal p olicy here is to serv e the jobs from queue

1 all of the time except when b oth of the queues ha v e t yp e 2 jobs and the obstacle is lo cated
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Figure 6: Av erage rew ard p er step for H-learning, B-algorithm, AR TDP , Q-learning, and

R-learning in the Deliv ery domain estimated o v er 30 trials with random exploration with

� = 0 : 1. Left: p =0.5, q =0.0, and K =1. Av erage rew ard is estimated o v er the last 10,000

steps. Righ t: p =0.5, q =0.0, and K =5. Av erage rew ard is estimated o v er the last 40,000

steps.

near con v ey or-b elt 1. This p olicy con
icts with the discoun ted optimal p olicy when 
 = 0.9.

Ev en when the A GV serv es the generator 1, b ecause it also generates jobs for b elt 2, it often

has to go there. Whenev er it is close to b elt 2, AR TDP sees a short-term opp ortunit y in

serving generator 2 and do es not return to generator 1, th us failing to transp ort high rew ard

jobs. Hence it cannot �nd the gain-optimal p olicy when 
 = 0 : 9. T o o v ercome this di�cult y ,


 is set to 0.99. With this v alue of 
 , the discoun ted optimal p olicy is the same as the

gain-optimal p olicy . Ev en so, the discoun ted learning metho ds, AR TDP and Q-learning, as

w ell as the undiscoun ted B-algorithm of Jalali and F erguson could not �nd the gain-optimal

p olicy in 2 million steps. Since the discoun t factor 
 =0.99 is high, the discoun ted metho ds

need longer training time or higher exploration rate to learn the optimal p olicy . As w e can

infer from Figure 6, in this \long-range" domain, AR TDP , Q-learning, and the B-algorithm

serv ed queue 2 exclusiv ely for all trials getting a gain less than 0.1, while H-learning and

R-learning w ere able to �nd a p olicy of gain higher than 0.18.

Th us the a v erage-rew ard learning metho ds, H-learning and R-learning, signi�can tly out-

p erformed the discoun ted learning metho ds, AR TDP and Q-learning, in �nding the gain-

optimal p olicy . H-learning and R-learning serv ed b oth queues for all 30 trials. But, R-

learning to ok more training steps to con v erge than H-learning and learned a p olicy of less

gain than H-learning did. Somewhat surprisingly , the B-algorithm, whic h is designed to opti-

mize the a v erage rew ard, is also unable to �nd the gain-optimal p olicy . Since w e also allo w ed

the B-algorithm to do random exploration and prev en ted it from grounding the h -v alue of
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a reference state to 0, the only di�erence b et w een this v ersion of the B-algorithm and the

H-learning is the w a y � is up dated. The p o or p erformance of the B-algorithm suggests that

it is crucial to adjust the immediate rew ards using the Equation 12 while up dating � .

The main reason that AR TDP could not �nd the gain-optimal p olicy when K = 5,

ev en though it is also the discoun ted optimal p olicy when 
 = 0 : 99, is that a high v alue

of 
 reduces the e�ect of discoun ting and mak es the temp orally far o� rew ards relev an t for

optimal action selection. Since it tak es a long time to propagate these rew ards bac k to the

initial steps, it tak es a long time for the discoun ted metho ds to con v erge to the true optim um.

Mean while the short-term rew ards still dominate in selecting the action and result in lo w

a v erage rew ard.

The reason that mo del-based learning metho ds con v erge in few er steps than mo del-free

learning metho ds is that they propagate more information in eac h step b y taking the exp ec-

tation o v er all the p ossible next states for a giv en action in eac h up date. This also requires

the mo del-based learning metho ds to learn and store the action mo dels explicitly , and in-

creases the CPU-time for eac h up date. So, w e compared the p erformance of H-learning with

that of AR TDP , Q-learning, and R-learning as a function of CPU time. Figure 7 sho ws these

results. Eac h p oin t is the on-line a v erage rew ard of 30 trials o v er the last 40,000 steps with

random exploration with � = 0 : 1. All parameters for learning metho ds are the same as those

in Figure 6.
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Figure 7: Av erage rew ards p er step plotted against CPU time for H-learning, AR TDP ,

Q-learning, and R-learning in the Deliv ery domain estimated o v er 30 trials with random

exploration with � = 0 : 1. Left: p =0.5, q =0.0, and K =1. Av erage rew ard is estimated

o v er the last 10 seconds of CPU time. Righ t: p =0.5, q =0.0, and K =5. Av erage rew ard is

estimated o v er the last 40 seconds of CPU time.

When K = 1, Q-learning con v erged to the gain-optimal p olicy in the shortest time. But

R-learning w as the slo w est. H-learning and AR TDP sho w ed almost the same p erformance.
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When K = 5, the discoun ted learning metho ds, AR TDP and Q-learning, could not con v erge

to the gain-optimal p olicy , whereas the t w o a v erage-rew ard learning metho ds, H-learning and

R-learning, did. Ev en though H-learning had go o d p erformance in the b eginning, R-learning

con v erged to the gain-optimal p olicy sligh tly faster than H-learning.

The results of this exp erimen t sho w that in short-range domains where discoun ted optimal

p olicy coincides with the gain-optimal p olicy , H-learning p erforms as w ell as AR TDP and

Q-learning, and b etter than R-learning with resp ect to n um b er of steps. Ho w ev er, the mo del-

free metho ds sho w sligh tly b etter p erformance with resp ect to CPU time. But in long-range

domains where discoun ted optimal p olicy con
icts with the gain-optimal p olicy , discoun ted

metho ds suc h as AR TDP and Q-learning either tak e to o long to con v erge to the gain-optimal

p olicy or, if 
 is lo w, con v erge to a p olicy with less gain. H-learning ac hiev es higher a v erage

rew ard in few er steps than the other metho ds in suc h cases with no parameter tuning.

In a di�eren t exp erimen t, w e tested the robustness of H-learning with resp ect to c hanges

in the domain parameters p , q , and K in the Deliv ery domain. W e exp erimen ted with a total

of 75 di�eren t domain parameter settings, b y v arying p , q , and K . H-learning w as compared

to AR TDP with 
 =0.9 (AR TDP

0 : 9

), 0.99 (AR TDP

0 : 99

), and 0.999 (AR TDP

0 : 999

).

H-learning w as able to �nd the optimal p olicy in all 75 cases, whereas AR TDP with

the b est 
 v alue (0.99) w as able to �nd the optimal p olicy in 61 cases. W e found that

these 75 di�eren t con�gurations of the domain can b e roughly divided in to t w o groups {

50 con�gurations can b e considered \short-range." In these con�gurations, AR TDP with


 = 0 : 9 and H-learning w ere comparable. They b oth found the gain-optimal p olicy , and

AR TDP sometimes found it in sligh tly few er steps than H-learning. In the remaining 25

\long-range" con�gurations, ho w ev er, AR TDP with 
 = 0 : 9 could not �nd the gain-optimal

p olicy . Increasing 
 to 0.99 help ed AR TDP �nd the gain-optimal p olicy , but m uc h more

slo wly than H-learning. Increasing 
 to 0 : 999, ho w ev er, decreased the success rate of AR TDP

(in 300,000 steps), b ecause it slo w ed do wn the con v ergence to o drastically [31].

In summary , our exp erimen ts indicate that H-learning is more robust with resp ect to

c hanges in the domain parameters, and in man y cases, con v erges in few er steps to the

gain-optimal p olicy than its discoun ted coun terpart. Th us our exp erimen ts suggest that if

our goal is to �nd the gain-optimal p olicies, then Av erage-rew ard Reinforcemen t Learning

metho ds are preferable to the discoun ted metho ds. Our results are consisten t with those

of Mahadev an who compared Q-learning and R-learning in a rob ot sim ulator domain and a

maze domain and found that R-learning can b e tuned to p erform b etter [24 ].
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4 Exploration

Recall that H-learning needs exploratory actions to ensure that ev ery state is visited in�nitely

often during training in order to a v oid con v erging to sub optimal p olicies. Unfortunately ,

actions executed exclusiv ely for exploratory purp ose could lead to decreased rew ard, b ecause

they do not fully exploit the agen t's curren t kno wledge of ho w to maximize its rew ard.

In this section, w e will describ e a v ersion of H-learning called Auto-exploratory H-learning

(AH), whic h automatically explores the promising parts of the state space while alw a ys

executing curren t greedy actions. Our approac h is based on the idea of \optimism under

uncertain t y ," and is similar to Kaelbling's In terv al Estimation (IE) algorithm, and Ko enig

and Simmons's metho d of represen ting the rew ard functions using action-p enalt y sc heme

[17, 20].

4.1 Auto-exploratory H-Learning

Recall that in ergo dic MDPs, ev ery stationary p olicy is guaran teed to visit all states. In these

MDPs, it can b e sho wn that alw a ys c ho osing a greedy action with resp ect to the curren t v alue

function ensures su�cien t exploration, although a b etter exploration strategy migh t sp eed

up con v ergence ev en further. Hence, w e are primarily in terested in non-ergo dic domains in

this section. Unfortunately , the gain of a stationary p olicy for a general m ultic hain (non-

unic hain) MDP is not constan t but dep ends on the initial state [34 ]. Hence w e consider some

restricted classes of MDPs. An MDP is c ommunic ating if for ev ery pair of states i; j , there

is a stationary p olicy under whic h they comm unicate. Con trast this with ergo dic MDPs,

where ev ery pair of states comm unicate under every stationary p olicy . F or example, our

Deliv ery domain is comm unicating, but not ergo dic. Serving only one of the generators all

the time prev en ts the A GV from visiting some states. A we akly c ommunic ating MDP is

more general than a comm unicating MDP and also allo ws a set of states whic h are transien t

under ev ery stationary p olicy [34 ]. Although the gain of a stationary p olicy for a w eakly

comm unicating MDP also dep ends on the initial state, the gain of an optimal p olicy do es

not. AH-learning exploits this fact, and w orks b y using � as an upp er b ound on the optimal

gain. It do es this b y initializing � to a high v alue and b y slo wly reducing it to the gain of

the optimal p olicy . Instead of as an estimate of a v erage rew ard of the curren t greedy p olicy ,

w e no w in terpret � as the aspired a v erage rew ard of the learner. The aspired a v erage rew ard

decreases slo wly , while the actual a v erage rew ard of the curren t greedy p olicy increases, and

the di�erence b et w een them decreases with time. When the aspired v alue is the same as

the a v erage rew ard of the curren t greedy p olicy , AH-learning con v erges. T o ensure that
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AH-learning con v erges to a globally optimal p olicy , w e ha v e to adjust the initial v alue of the

aspired a v erage rew ard and its learning rate so that it nev er falls b elo w the a v erage rew ard

of an y sub optimal greedy p olicy . AH-learning is applicable to �nd gain-optimal p olicies for

w eakly comm unicating MDPs, a strict sup erset of unic hains.

There are t w o reasons wh y H-learning needs exploration: to learn accurate action and

rew ard mo dels, and to learn correct h v alues. Inadequate exploration could adv ersely a�ect

the accuracy of either of these, making the system con v erge to a sub optimal p olicy .

The k ey observ ation in the design of AH-learning is that the curren t v alue of � a�ects

ho w the h -v alues are up dated for the states in the curren t greedy p olicy . Let � b e the curren t

sub optimal greedy p olicy , and � ( � ) b e its gain. Consider what happ ens if the curren t v alue of

� is less than � ( � ). Recall that h ( i ) is up dated to b e max

u 2 U ( i )

f r

i

( u ) +

P

n

j =1

p

i;j

( u ) h ( j ) g � � .

Ignoring the c hanges to � itself, the h -v alues for states in the curren t greedy p olicy tend to

increase on the a v erage, b ecause the sum of immediate rew ards for this p olicy in an y n steps

is lik ely to b e higher than n� (since � < � ( � )). It is p ossible, under these circumstances, that

the h -v alues of al l states in the curren t p olicy increase or sta y the same. Since the h -v alues

of states not visited b y this p olicy do not c hange, this implies that b y executing the greedy

p olicy , the system ma y nev er b e able to get out of the set of states in the curren t greedy

p olicy . If the optimal p olicy in v olv es going through states not visited b y the greedy p olicy ,

it will nev er b e learned.

1 2
move(0,0.5)

move(0,0.5)

stay(1,1) stay(2,1)

move(0,0.5)

Figure 8: The Tw o-state domain. The notation action ( r ; p ) on the arc from a no de 1 to 2

indicates that, when action is executed from 1, p is the probabilit y of the next state b eing 2

and r is the immediate rew ard.

This is illustrated clearly in the Tw o-state MDP in Figure 8, whic h is a comm unicating

m ultic hain. In eac h of the t w o states, there are t w o actions a v ailable: sta y and move . sta y

alw a ys k eeps the system in the same state as it is curren tly in; but move c hanges it with

50% probabilit y . There is no immediate rew ard for the move action in either state. There is
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a rew ard of 1 for the sta y action in state 1 and a rew ard of 2 for the sta y action in state 2.

In this domain, the optimal p olicy �

�

is taking the action move in state 1 and sta y in state

2 with � ( �

�

) = 2.

When actions are alw a ys c hosen greedily , H-learning �nds the gain-optimal p olicy in

appro ximately half of the trials for this domain { those trials in whic h the sta y action in

state 2 is executed b efore the sta y action in state 1. If the sta y action in state 1 is executed

b efore that in state 2, it receiv es a rew ard of +1 and up dates h (1) to 1 + h (1) � � . The

greedy p olicy � is to con tin ue to execute sta y in state 1. If � < � ( � ) = 1, this increases the

v alue of h (1) in ev ery up date un til �nally � con v erges to 1. Since greedy action c hoice alw a ys

results in the sta y action in state 1, H-learning nev er visits state 2 and therefore con v erges

to a sub optimal p olicy .

No w consider what happ ens if � > � ( � ), where � is a curren t greedy p olicy . In this case,

b y the same argumen t as b efore, the h -v alues of the states in the curren t greedy p olicy m ust

de cr e ase on the a v erage. This means that ev en tually the states outside the set of states

visited b y the greedy p olicy will ha v e their h -v alues higher than some of those visited b y the

greedy p olicy . Since the MDP is assumed to b e w eakly comm unicating, the recurren t states

with higher h -v alues are reac hable from the states with decreasing h -v alues, and ev en tually

will b e visited. Th us, ignoring the transien t states that do not a�ect the gain, as long as �

> � ( � ), there is no danger of getting stuc k in a sub optimal p olicy � . This suggests c hanging

H-learning so that it starts with a high initial � -v alue, �

0

, whic h is high enough so that it

nev er gets b elo w the gain of an y sub optimal p olicy .

In the preceding discussion, w e ignored the c hanges to the � -v alue itself. In fact, � is

constan tly c hanging at a rate determined b y � . Hence, ev en though � w as initially higher

than � ( � ), b ecause it decreases con tin uously , it can b ecome smaller than � ( � ) after a while.

T o mak e the previous argumen t w ork, w e ha v e to adjust � so that � c hanges slo wly compared

to the h -v alues. This can b e done b y starting with a su�cien tly lo w initial � -v alue, �

0

, and

deca ying it gradually . W e denote H-learning with the initial v alues �

0

and �

0

b y H

�

0

;�

0

.

Hence, the H-learning w e used un til no w is H

0 ; 1

.

So far, w e ha v e considered the e�ect of lac k of exploration on the h -v alues. W e no w turn

to its e�ect on the accuracy of action mo dels. F or the rest of the discussion, it is useful to

de�ne the utilit y R ( i; u ) of a state action pair ( i; u ) to b e

R ( i; u ) = r

i

( u ) +

n

X

j =1

p

i;j

( u ) h ( j ) � �: (13)

Hence, the greedy actions in state i are actions that maximize the R -v alue in state i .
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Consider the follo wing run of H

6 ; 0 : 2

in the Tw o-state domain, where, in step 1, the agen t

executes the action sta y in state 1. It reduces h (1) = R (1 ; sta y ) to 1 � � and tak es the action

move in the next step. Assume that move tak es it to state 1 b ecause it has 50% failure rate.

With this limited exp erience, the system assumes that b oth the actions ha v e the same next

state in state 1, and sta y has a rew ard of 1 while move has 0. Hence, it determines that

R (1 ; sta y ) = 1 + h (1) � � > 0 + h (1) � � = R (1 ; move ) and con tin ues to execute sta y , and

k eeps decreasing the v alue of h (1). Ev en though h (2) > h (1), the agen t cannot get to state

2 b ecause it do es not ha v e the correct action mo del for move . Therefore, it k eeps executing

sta y , whic h in turn mak es it imp ossible to learn the correct mo del of move . Unfortunately ,

this problem cannot b e �xed b y c hanging �

0

or �

0

.

The solution w e ha v e implemen ted, called \Auto-exploratory H-Learning" (AH-learning),

starts with a high �

0

and lo w �

0

(AH

�

0

;�

0

), and stores the R -v alues explicitly . In H-learning,

all R -v alues of the same state are e�ectiv ely up dated at the same time b y up dating the

h -v alue, whic h sometimes mak es it con v erge to incorrect action mo dels. In AH-learning,

R ( i; u ) is up dated b y the follo wing up date equation (cf. Equation (13)) only when action u

is tak en in state i .

R ( i; u )  r

i

( u ) +

n

X

j =1

p

i;j

( u ) h ( j ) � �: (14)

In AH-learning, when � is higher than the gain of the curren t greedy p olicy , the R -v alue

of the executed action is decreased, while the R -v alues of the other actions remain the same.

Therefore, ev en tually , the un-executed actions app ear to b e the b est in the curren t state,

forcing the system to explore suc h actions. Th us, AH-learning is forced to execute all actions,

learn correct mo dels and �nd the optimal p olicy b y executing only greedy actions.

The algorithm for AH-learning is sho wn in Figure 9. � and � are initially set to user-

de�ned parameters �

0

and �

0

. Unlik e H-learning, our implemen tation of AH-learning do es

not explicitly store the curren t greedy p olicy . There is also no need to c hec k if an executed

action is greedy b efore up dating � , since all executed actions are greedy . � can b e up dated

simply b y taking the a v erage with the immediate rew ard, since there are no non-greedy

actions that distort this estimate. The R -v alues are stored explicitly rather than the h -

v alues, and are up dated b y Equation (14).

Figure 10(a) sho ws the plot of R -v alues from a single run of AH

6 ; 0 : 2

in the Tw o-state

domain. All initial R -v alues are 0. Because the immediate rew ard of an y action is m uc h

lo w er than the initial v alue of � , up dating of R -v alues rapidly reduces them in the b eginning.

Th us, the action just executed is rarely c hosen as the b est action the next time. Therefore,
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1. T ak e a greedy action, i.e., an action a 2 U ( i ) that maximizes R ( i; a )

in the curren t state i . Let k b e the resulting state, and r

imm

b e the

immediate rew ard receiv ed.

2. N ( i; a )  N ( i; a ) + 1; N ( i; a; k )  N ( i; a; k ) + 1

3. p

i;k

( a )  N ( i; a; k ) = N ( i; a )

4. r

i

( a )  r

i

( a ) + ( r

imm

� r

i

( a )) = N ( i; a )

5. �  (1 � � ) � + � r

i

( a )

6. �  

�

� +1

7. R ( i; a )  r

i

( a ) +

P

n

j =1

f p

i;j

( a ) h ( j ) g � � , where h ( j ) = max

u

R ( j; u ).

8. i  k

Figure 9: The AH-learning algorithm. The agen t executes steps 1 - 8 when in state i .

AH

6 ; 0 : 2

can learn accurate action mo dels b y executing eac h action in eac h state man y times.

As � gets close to 2, R (2 ; sta y ) reduces v ery little, b ecause the \error measure," r (2 ; sta y ) � �

is almost 0. But the R -v alues for other actions will b e decreased signi�can tly whenev er

they are executed, b ecause � is signi�can tly higher than their immediate rew ard. Th us, the

system �nds the gain-optimal p olicy in the Tw o-state domain.

Figure 10(b) sho ws the on-line a v erage rew ard for 100 trials of AH

6 ; 0 : 2

, H

6 ; 0 : 2

, and H

0 ; 1

in

the Tw o-state domain sho wn in Figure 8. When actions are c hosen greedily , AH

6 ; 0 : 2

found

the optimal p olicy in all 100 trials tested, whereas H

0 ; 1

, and H

6 ; 0 : 2

found the optimal p olicy

in 57 and 69 trials resp ectiv ely . This con�rms our h yp othesis that AH-learning explores the

searc h space e�ectiv ely while alw a ys executing greedy actions. On this v ery simple Tw o-state

domain, all previously discussed learning metho ds except AH-learning, including H-learning,

AR TDP , Q-learning, and R-learning need to o ccasionally execute non-greedy actions to �nd

the gain-optimal p olicy .

F rom our empirical results and informal reasoning, w e conjecture that if � is main tained

higher than the gain of an y sub optimal p olicy during learning, b y initializing it to a suf-

�cien tly high v alue and � to a su�cien tly small v alue, then AH-learning con v erges to the

gain-optimal p olicy . Ho w ev er, if � b ecomes lo w er than the gain of some sub optimal p olicy
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Figure 10: (a) The R v alues and � v alues of AH

6 ; 0 : 2

in a single trial (left), and (b) the on-line

mean rew ards of last 20 steps of AH

6 ; 0 : 2

, H

6 ; 0 : 2

, and H

0 ; 1

mean-a v eraged o v er 100 trials (righ t)

in the Tw o-State domain.

an y time during learning, AH-learning migh t con v erge to that p olicy .

4.2 Exp erimen tal Results on AH-learning

In this section, w e presen t more empirical evidence to illustrate the e�ectiv eness of AH-

learning in �nding a p olicy with a higher a v erage rew ard, and in con v erging quic kly when

compared to other previously studied exploration metho ds. W e use the Deliv ery domain of

Figure 5 to do this.

W e compared AH-learning to four other exploration metho ds: random exploration,

coun ter-based exploration, Boltzmann exploration, and recency-based exploration [45 ]. In

random exploration, a random action is selected uniformly from among the admissible ac-

tions with a small probabilit y � . With a high probabilit y 1 � � , in an y state i , a greedy

action, i.e., one that maximizes R ( i; a ) o v er all a , is c hosen. In coun ter-based exploration,

an action a is c hosen that maximizes R ( i; a ) + �

c ( i )

P

n

j =1

P

i;j

( u ) c ( j )

, where c ( i ) is the n um b er of

times state i is visited, and � is a small p ositiv e constan t. In Boltzmann exploration, an

action a is selected in state i with probabilit y

e

R ( i;a )

�

P

u

e

R ( i;u )

�

, where � is the temp erature or ran-

domness parameter. In recency-based exploration, an action a is selected that maximizes

R ( i; a ) + �

q

n ( i; a ) , where n ( i; a ) is the n um b er of steps since the action a is executed in state

i last, and � is a small p ositiv e constan t. In all the four cases, the parameters � ; � ; � , and �

w ere deca y ed at a constan t rate. Their initial v alues and the rates of deca y w ere tuned b y

trial and error to giv e the b est p erformance.

The parameters for the Deliv ery domain, p , q and K , w ere set to 0.5, 0.0 and 5 as in
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Figure 11: The on-line mean rew ards of last 10K steps a v eraged o v er 30 trials for AH

2 ; 0 : 0002

,

H

1 ; 0 : 001

, and H

0 ; 1

with only greedy action-selection, and for H

0 ; 1

with recency-based, coun ter-

based, random, and Boltzman exploration strategies in the Deliv ery domain with p =0.5,

q =0.0, and K =5.

Figure 6(b). Prop er exploration is particularly imp ortan t in this domain for the follo wing

reasons: �rst, the domain is sto c hastic; second, it tak es man y steps to propagate high

rew ards; and third, there are man y sub optimal p olicies with gain close to the optimal gain.

F or all these reasons, it is di�cult to main tain � consisten tly higher than the gain of an y

sub optimal p olicy , whic h is imp ortan t for AH-learning to �nd the gain-optimal p olicy . It

ga v e the b est p erformance with �

0

= 2 and �

0

= 0 : 0002.

Figure 11 sho ws the on-line a v erage rew ards o v er 30 trials of AH

2 ; 0 : 0002

, H

1 ; 0 : 001

, and

H

0 ; 1

, with only greedy actions, and of H

0 ; 1

with 4 di�eren t exploration metho ds: random

exploration with an initial � = 0 : 14 that is deca y ed b y 0.00031 ev ery 1000 steps; coun ter-

based exploration with an initial � = 0 : 07 that is deca y ed at the rate of 0.00021 ev ery 1000

steps; Boltzmann exploration with an initial � = 0 : 3 that is decreased b y 0.0003 ev ery 1000

steps; and recency-based exploration with an initial � = 0 : 05 that is reduced b y 0.0004 ev ery

1000 steps.

When actions are alw a ys greedily c hosen, H

0 ; 1

could not �nd the optimal p olicy ev en once.

By prop er tuning of �

0

and �

0

, it impro v ed signi�can tly , and w as only sligh tly w orse than AH
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and recency-based metho ds. Recency-based exploration app ears m uc h b etter than random

exploration for this domain, while coun ter-based and Boltzmann explorations seem w orse.

AH-learning is faster than other exploration metho ds, although it div es do wn to a v ery lo w

v alue in the v ery b eginning, whic h can b e attributed to its optimism under uncertain t y .

It is in teresting to compare AH-learning with other RL metho ds with resp ect to CPU

time. The p erformance curv es of all metho ds other than AH-learning in Figure 12 w ere

copied from Figure 7. W e tested AH-learning with K =1 and 5, and added these results to

Figure 12. Since all metho ds other than AH-learning used un-deca y ed random exploration

with � = 0 : 1, their �nal on-line a v erage rew ards w ere signi�can tly lo w er than that of AH-

learning. P erhaps more imp ortan tly , AH-learning con v erged to the optimal p olicy in m uc h

less CPU time than the other metho ds in the long-range domain. In particular, unlik e

H-learning, AH-learning w as signi�can tly faster than R-learning.
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Figure 12: (a) Av erage rew ards vs. training time for AH

1 ; 0 : 0005

, H

0 ; 1

, AR TDP , Q-learning,

and R-learning with K =1 (left), and (b) a v erage rew ards vs. training time for AH

2 ; 0 : 0002

,

H

0 ; 1

, AR TDP , Q-learning, and R-learning with K =5 (righ t). Eac h p oin t is the mean of the

a v erage rew ard o v er the last 40,000 steps for 30 trials with p =0.5 and q =0.0. All metho ds

except AH-learning use random exploration with � = 0 : 1.

These results suggest that with prop er initialization of � and � , AH-learning explores the

state space m uc h more e�ectiv ely than the other exploration sc hemes. Although AH-learning

do es in v olv e tuning t w o parameters � and � , it app ears that at least � can b e automatically

adjusted. One w a y to do this is to k eep trac k of the curren tly kno wn maxim um immediate

rew ard o v er all state-action pairs, i.e., max

i;u

R

i

( u ), and reinitialize � to something higher

than this v alue whenev er it c hanges.
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5 Scaling-up Av erage-rew ard Reinforcemen t Learning

All table-based RL metho ds including H-learning and AH-learning are based on dynamic

programming and need space prop ortional to the n um b er of states to store the v alue func-

tion. F or in teresting real-w orld domains, the n um b er of states can b e enormous, causing a

com binatorial explosion in the time and space requiremen ts for these algorithms. In fact, all

table-based RL metho ds need space exp onen tial in the n um b er of state v ariables (n um b er

of mac hines, jobs to b e transp orted, n um b er of A GVs etc.) just to store the v alue function.

In addition, table-based algorithms completely compartmen talize the information ab out in-

dividual states. If they learn to p erform a particular action in a particular state, that has

no in
uence whatso ev er on what they will do in similar states. In realistic en vironmen ts, an

agen t cannot ev er exp ect to encoun ter all of the states, let alone ha v e enough exp erience with

eac h one to learn the appropriate resp onse. Th us, it is imp ortan t to generalize to states that

ha v e not b een exp erienced b y the system, from similar states that ha v e b een exp erienced.

This is usually done b y �nding an appro ximation for the v alue function from a h yp othesized

function space.

There ha v e b een sev eral function appro ximation metho ds studied in the discoun ted RL

literature, including neural net w ork learning [21, 8 ], clustering [26 ], memory-based metho ds

[28], and lo cally w eigh ted regression [36, 29]. Tw o c haracteristics of the A GV sc heduling

domain attracted us to lo cal linear regression as the metho d of c hoice. First, the lo cation

of the A GV is one of the most imp ortan t features of the state in this domain. An y function

appro ximation sc heme m ust b e able to generalize sp eci�c lo cations of the A GV to large

regions. Second, the v alue function for H-learning v aries linearly o v er a region of state space,

when the optimal action and its e�ects, i.e., the immediate rew ard and the c hanges in the

feature v alues of the curren t state, are constan t throughout this region. In the A GV domain,

this implies that the v alue function is piecewise linear in the X- and Y- co ordinates of the

A GV. This is true b ecause the optimal action is the same in large geometrically con tiguous

regions, it c hanges only the co ordinates of the A GV and b y a constan t amoun t, and it giv es

a constan t immediate rew ard (usually 0).

While mo del-free learning metho ds need only to store the v alue function for eac h state-

action pair, mo del-based learning metho ds suc h as H-learning also need space to store the

domain mo del, whic h is the com bination of the action mo dels and rew ard mo dels as de�ned

in Section 2. The space requiremen t for storing the domain mo del is also exp onen tial in the

n um b er of state v ariables. Dynamic Ba y esian net w orks ha v e b een successfully used in the

past to represen t the domain mo dels [12, 35]. In man y cases, it is p ossible to design these
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net w orks in suc h a w a y that a small n um b er of parameters are su�cien t to fully sp ecify the

domain mo dels.

5.1 Mo del Generalization using Ba y esian Net w orks

One of the disadv an tages of mo del-based metho ds lik e H-learning is that explicitly storing

its action and rew ard mo dels consumes a lot of space. The space requiremen t for storing

the mo dels can b e an ywhere from O ( nm ) to O ( n

2

m ) dep ending on the sto c hasticit y of the

domain, where n is the n um b er of states and m is the n um b er of actions. T o scale the mo del-

based learning metho ds to large domains, w e represen t the domain mo dels using dynamic

Ba y esian net w orks. In this section, w e describ e ho w w e can adapt H-learning to learn the

parameters for them, assuming that the net w ork structure is giv en.

W e assume that a state is describ ed b y a set of discrete v alued features. A dynamic

Ba y esian net w ork (DBN) represen ts the relationships b et w een the feature v alues and the

action at time t , and the feature v alues at time t + 1. A Ba y esian net w ork is a directed

acyclic graph whose no des represen t random v ariables, along with a conditional probabilit y

table (CPT) asso ciated with ev ery no de. The CPT at eac h no de describ es the probabilities

of di�eren t v alues for a no de conditioned on the v alues of its paren ts. The probabilit y of

an y ev en t giv en some evidence is determined b y the net w ork and the asso ciated CPTs, and

there are man y algorithms to compute this [35]. Since the net w ork structure is giv en as prior

kno wledge, learning action mo dels reduces to learning the CPTs.

Job generator

Zone
Loading Unloading

Conveyor-belt

 Job  Package

AGV

Zone
AGV
Lane

AGV-Loc Exp-Reward

Job-on-AGV AGV-Loc Action

  Job-on-AGV

Figure 13: (a) the Slipp ery-Lane domain (left) and (b) its Ba y esian net w ork (righ t).

W e illustrate the dynamic Ba y esian net w ork represen tation using the Slipp ery-lane do-

main in Figure 13(a). There is a job generator on the left and a con v ey or-b elt on the righ t.

The job generator generates a new job immediately after the A GV loads a job. The goal of

the A GV is to rep eatedly load a job in the loading zone and unload it in the unloading zone.

A state of this domain can b e describ ed b y the job on A GV ( Job-on-A GV (whic h is 0 or 1)

and the A GV lo cation ( A GV-Lo c ).

There are six actions: sta y , load , unload , fo rw a rd , backw a rd , and move . The action fo rw a rd

is for en tering the lane from the loading zone, and backw a rd is for en tering the lane from the
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unloading zone. If move is executed, it mo v es to w ards its correct destination with probabilit y

P

mov e

and in the incorrect direction with probabilit y 1 � P

mov e

(since the lane is slipp ery).

The other actions ha v e the ob vious meanings. The A GV gets a p ositiv e rew ard of 5 when it

unloads a job, and gets a p enalt y of -0.005 whenev er it mo v es with a job. In all other cases,

the rew ard is 0.

Figure 13(b) sho ws a DBN for this domain. T ypically , a DBN consists of t w o sets of

no des, where the �rst set corresp onds to the features of a state and the second set to the

features of the next state under a giv en action. Instead, w e used a simpli�ed represen tation

in whic h only the di�erences b et w een the features in the t w o states are explicitly sho wn.

The features of the next state can b e easily computed b y adding these di�erences to the

corresp onding features of the curren t state.

In Figure 13, � Job-on-A GV and � A GV-Lo c represen t the c hanges to the v alues of Job-

on-A GV and A GV-Lo c , resp ectiv ely . In this domain, � Job-on-A GV is either +1 for loading,

-1 for unloading, and 0 for other actions, and � A GV-Lo c is either +1 for mo ving righ t, 0

for sta ying where it is, and -1 for mo ving left. Because the load and unload actions are

admissible only when Job-on-A GV has the appropriate v alue, � Job-on-A GV is indep enden t

of Job-on-A GV or A GV-Lo c , giv en the Action . But Job-on-A GV and Action are b oth paren ts

of � A GV-Lo c b ecause the direction of mo v e is dep enden t on Job-on-A GV as w ell as Action .

Since the action move receiv es a negativ e rew ard only when the A GV has a job, the no de

Exp-Rew a rd that denotes the exp ected immediate rew ard has b oth Job-on-A GV and Action

as its paren ts.

Learning the CPTs of the dynamic Ba y esian net w ork from examples is straigh tforw ard

b ecause all the features in the net w ork are directly observ able and the net w ork structure is

kno wn. Consider a no de f that has paren ts f

1

; : : : ; f

k

. The conditional probabilit y P ( f =

v j f

1

= v

1

; : : : ; f

k

= v

k

) is appro ximated b y the fraction of state-action pairs in whic h f has

the v alue v out of all cases in whic h the paren ts ha v e the desired v alues. F or example, the

probabilit y of � A GV-Lo c = +1 giv en Job-on-A GV = 1 and Action = move is the fraction of

the cases in whic h the A GV mo v ed righ t when it had a job and move w as executed.

If n is the n um b er of di�eren t A GV lo cations, the ab o v e Ba y esian net w ork represen tation

reduces the space requiremen t of the domain mo dels from 10 n � 4 to 32. An imp ortan t

consequence of this reduction is that learning of domain mo dels can no w b e m uc h faster.

Unfortunately , this is not alw a ys easy to see b ecause the learning time is often dominated b y

the time it tak es to learn the v alue function, and not b y the time it tak es to learn the domain

mo dels. This is true in our Deliv ery domain. But in domains suc h as the Slipp ery-lane, where

accurate domain mo del learning is crucial for p erformance, Ba y esian net w ork-based mo dels
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can demonstrably exp edite p olicy learning. This will b e sho wn in Section 5.3.1.

5.2 V alue F unction Appro ximation

In this section, w e describ e our v alue function appro ximation metho d that is based on lo cal

linear regression.

W e c hose lo cal linear regression (LLR) as an appro ximation metho d for t w o reasons.

First, in an A GV sc heduling task suc h as the Slipp ery-lane domain of the last section, one

of the imp ortan t features of the state is the lo cation of the A GV. Since the A GV is t ypically

in one of a large set of lo cations, it is imp ortan t to b e able to generalize the lo cations

to large regions to e�ectiv ely appro ximate the h function. Second, in A GV domains the

immediate rew ard is usually indep enden t of the exact lo cation of the A GV giv en some other

features of the state and the action. Under these conditions, the h function is piecewise

linear with resp ect to the A GV lo cation when the other features of the state are constan t.

In what follo ws, w e assume that the v alue function is piecewise linear with resp ect to a small

n um b er of suc h \linear" features and can c hange arbitrarily with resp ect to other \nonlinear"

features. Ho w ev er, the v alue function of discoun ted learning metho ds lik e AR TDP is not

piecewise linear. Hence using a piecewise linear appro ximation with discoun ted learning

could in tro duce larger errors and could require more memory to store the v alue function.

In linear regression, w e �t a linear surface in k dimensions to a set of m data p oin ts so

that the sum of the squares of the errors of these p oin ts with resp ect to the output surface is

minimized [10 ]. In lo cal linear regression, the data p oin ts are c hosen in the neigh b orho o d of

the p oin t where a prediction is needed. Let us assume that the state is represen ted b y a set

of k \linear" features and n � k \nonlinear" features. Our v alue function appro ximation is

limited to generalizing the v alues of the k linear features. This is similar to Lo cally W eigh ted

Regression (L WR) where the nonlinear features are giv en in�nitely large w eigh ts [36, 2, 29].

Instead of represen ting the h function with a set of piecewise linear functions, w e represen t

the v alue function using a set of \exemplars," whic h are a select set of states and their

h -v alues, pic k ed b y the learning algorithm. The v alue function is in terp olated for the p oin ts

b et w een the stored exemplars.

Supp ose w e need an estimate of h ( p ), where the state p has v alues x

p 1

; : : : ; x

pn

for its n

features, where the �rst k are the linear features. If p is one of the exemplars, its stored

v alue is its estimate. Otherwise, the system �rst selects the exemplars that ha v e the same

v alues as p for all its nonlinear features. In other w ords, these exemplars only di�er in

the k linear features. Out of these, it pic ks one nearest exemplar of p in eac h of the 2

k

orthan ts (subspaces) of the k -dimensional space cen tered at p . If k = 1, for example, the
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nearest neigh b or on eac h side of p in its �rst dimension is selected. W e found that selecting

neigh b ors this w a y reduces the p oten tially large errors due to extrap olating the h -v alue from

states that are far o� from p but are close to eac h other. The distance b et w een states that

di�er in their linear features is measured b y the Euclidean distance. After selecting the 2

k

neigh b ors, the system uses linear regression on the v alues of the �rst k features of these

exemplars to �nd a least squares �t and uses it to predict its h -v alue. If the predicted v alue

is greater than the maxim um of the v alues of all its selected neigh b ors, or is less than the

minim um of their v alues, it is set to the maxim um or minim um of their v alues, resp ectiv ely .

This step is useful in reducing the errors due to large di�erences in the distances of di�eren t

neigh b ors from p .

If p do es not ha v e neigh b ors in all the 2

k

orthan ts that share its v alues for all their non-

linear features, then the n um b er of dimensions k is reduced b y 1, and the nearest neigh b ors

in 2

k � 1

orthan ts are selected suc h that the ab o v e condition holds. This is con tin ued un til

k = 1. If this also fails to �nd suc h neigh b ors, then the h -v alue is estimated to b e 0.

A t an y time, an exemplar is stored if its h -v alue cannot b e estimated within a giv en

tolerance from the curren tly stored exemplars. Since the h -v alues of adjacen t states in the

state space di�er b y � when there is no immediate rew ard, the tolerance is normalized b y

m ultiplying a constan t parameter � with � . An exemplar is also stored if its up dated h -v alue

is greater or less than the estimated h -v alues of all its selected nearest neigh b ors. Whenev er

a new exemplar ( i; v ) is stored, the system c hec ks to see if an y of its nearest neigh b ors

(selected as describ ed ab o v e), sa y j , can b e safely deleted from the exemplar set, b ecause it

ma y no w b e p ossible to appro ximate the stored h ( j )-v alue from j 's nearest neigh b ors, whic h

ma y include i . Without this heuristic, a large n um b er of exemplars will b e stored in the

b eginning, and they are nev er deleted afterw ards.

W e call the v ersion of H-learning that learns Ba y esian net w ork action mo dels and ap-

pro ximates the v alue function using lo cal linear regression, \LBH-learning".

Figure 14 sho ws the algorithm of LBH-learning. It initializes the exemplar set to empt y ,

� to a v alue higher than the exp ected optim um gain, and � to a lo w v alue. The explicitly

stored h -v alues of the exemplars are denoted b y h ( : ), and the v alues estimated b y LLR are

denoted b y

^

h ( : ). The immediate rew ards r

i

( u ) and the transition probabilities p

i;j

( u ) can b e

inferred from Ba y esian net w orks using the standard Ba y esian net w ork inference algorithms.

The parameters of the Ba y esian net w orks are up dated incremen tally b y Up date-BN-mo del as

describ ed in Section 5.1. The exemplars are up dated and used in the prediction of h -v alues

of other states as describ ed in the previous paragraphs.

Our algorithm is similar to the edited nearest neigh b or algorithms, whic h collect exem-
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1. T ak e an exploratory action a or a greedy action a that maximizes

r

i

( a )+

P

n

j =1

p

i;j

( a )

^

h ( j ). Let l b e the resulting state, and r

imm

b e

the immediate rew ard receiv ed.

2. Up date-BN-mo del ( i; a; l ; r

imm

)

3. If a is a greedy action, then

(a) �  (1 � � ) � + � ( r

i

( a ) +

^

h ( l ) �

^

h ( i ))

(b) �  

�

� +1

4. v  max

u

f r

i

( u ) + (

P

n

j =1

p

i;j

( u )

^

h ( j )) � �

5. If ( i; h ( i )) 2 Exempla rs , delete it. Let Neighb o rs b e the nearest

neigh b ors of i in the 2

k

orthan ts surrounding i that di�er from it

only in the v alues of k linear features.

6. If j v �

^

h ( i ) j > �� or v > max

j 2 Neighb o rs

^

h ( j ) or v < min

j 2 Neighb o rs

^

h ( j )

(a) Add ( i; v ) to Exempla rs .

(b) F or an y j 2 Neighb o rs , if j h ( j ) �

^

h ( j ) j� �� then delete

( j; h ( j )) from Exempla rs .

7. i  l

Figure 14: LBH-learning, whic h uses Ba y esian net w orks for represen ting the action mo dels

and lo cal linear regression for appro ximating the v alue function. Steps 1 - 7 are executed

when the agen t is in state i .

plars that impro v e their predictiv e accuracy and prune the unnecessary ones to k eep the

size of the represen tation small [1, 14 , 13]. One problem with the edited nearest neigh b or

approac hes is that they are highly sensitiv e to noise, since they tend to store all the noise

p oin ts, whic h cannot b e in terp olated from the remaining p oin ts [1]. Our algorithm do es

not seem to su�er from this problem, since the target v alue function is in fact piecewise

linear and has no noise. Ev en though the in termediate examples that the learner sees are

indeed noisy , the v alue function still app ears to b e piecewise linear (with a small n um b er of

\pieces") ev en in the in termediate stages of learning. This is b ecause the v alue function is
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up dated b y bac king up the v alues one step at a time from the adjacen t states, whic h k eeps

it lo cally consisten t and hence lo cally linear in almost all places.

2

Lik e H-learning, LBH-learning can b e extended to \Auto-exploratory LBH-learning"

(ALBH-learning) b y initializing � to a high v alue and explicitly storing R -v alues instead

of h -v alues. Th us ALBH-learning uses Ba y esian net w orks and lo cal linear regression for

appro ximation and con v erges to the gain-optimal p olicy b y taking only greedy actions. It

main tains a separate set of exemplars for eac h action a to store the tuples h i; R ( i; a ) i . In

the next section, w e ev aluate di�eren t v ersions of H-learning including LBH-learning and

ALBH-learning in sev eral domains.

5.3 Exp erimen tal Results

In this section, w e sho w exp erimen tal results in three di�eren t A GV-sc heduling domains.

W e compare the p erformance of six v ersions of H-learning. Eac h v ersion is named b y its

extensions: A for using auto-exploration, B for learning Ba y esian net w ork action mo dels,

and L for appro ximating the v alue function using lo cal linear regression.

W e also compare the p erformance of AR TDP with Ba y esian net w ork action mo dels and

lo cal linear regression (LBAR TDP), and without these t w o extensions (AR TDP). Since

LBAR TDP do es not ha v e the parameter � , its tolerance w as normalized to b e ��

i

, where �

i

is the smallest lo cal slop e of the v alue function in state i among all its linear dimensions.

This ga v e b etter p erformance than using a constan t tolerance.

Because H-learning with a high v alue of � giv es go o d p erformance, all algorithms based

on H-learning start with a high v alue of � . In all these exp erimen ts, the algorithms that do

not ha v e the auto-exploratory comp onen t tak e random actions with � = 0 : 1 probabilit y while

the auto-exploratory algorithms alw a ys tak e greedy actions. The exp erimen ts demonstrate

the synergy b et w een Ba y esian net w ork mo dels and lo cal linear regression, the scalabilit y

of the learning metho ds in b oth space and time, and their applicabilit y to domains with

m ultiple linear features.

5.3.1 Impro ving the P erformance of H-learning

The goal of the �rst exp erimen t is to demonstrate the synergy b et w een lo cal linear regression

and the Ba y esian net w ork learning in scaling H-learning.

2

There are, in fact, t w o kinds of lo calit y: lo calit y in the state space and lo calit y in the Cartesian space

inhabited b y the A GV. The fact that these t w o notions coincide in our domain is an imp ortan t premise

b ehind the ab o v e argumen t.
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W e use the Slipp ery-lane domain sho wn in Figure 13(a). The dynamic Ba y esian net w orks

in Figure 13(b) are used for represen ting the domain mo dels. The n um b er of lo cations for

the A GV w as set to 30. T o mak e the mo del learning signi�can tly imp ortan t, P

mov e

w as set

to 0.6, i.e., with 60% probabilit y , the A GV mo v es to the unloading zone if it has a job and

to the loading zone if it has no job.

The parameters of eac h metho d w ere tuned b y trial and error. The � -v alues w ere initial-

ized to 0.1, 0.05, 0.02, 0.01, 0.01, and 0.01 resp ectiv ely for ALBH-learning, LBH-learning,

LH-learning, BH-learning, AH-learning, and H-learning. The � -v alues w ere initialized to

0.001, 0.005, 0.0001, 0.001, 0.001, and 0.001 resp ectiv ely . F or LBH-learning, LH-learning

and LBAR TDP , � w as set to 1, 1, and 2 resp ectiv ely . The discoun t factor for LBAR TDP

w as set to 0.95. The exp erimen ts w ere rep eated for 30 trials for eac h metho d, starting from

a random initial state. In Figure 15, w e plotted the o�-line a v erage rew ard o v er 30 trials,

eac h estimate b eing based on 3 runs of 100K steps from 3 random start states. W e c hose

o�-line estimation b ecause the con v ergence is to o fast to reliably measure the on-line a v erage

rew ard in this domain.
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Figure 15: O�-line a v erage rew ard of ALBH

0 : 1 ; 0 : 001

, BAH

0 : 02 ; 0 : 001

, and AH

0 : 01 ; 0 : 001

without

random exploration and LBH

0 : 1 ; 0 : 002

, BH

0 : 01 ; 0 : 001

, LH

0 : 1 ; 0 : 0005

, H

0 : 01 ; 0 : 001

, and LBAR TDP with

random exploration with � = 0 : 1, a v eraged o v er 30 trials. In eac h trial, ev aluation is o v er 3

o�-line runs of 100K steps eac h from 3 random start states at eac h p oin t.

Since P

mov e

is close to 0.5, mo del learning is v ery imp ortan t in this domain. Th us,

BH-learning, with its parameterized domain mo dels con v erged more quic kly than H-learning
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whic h stored its mo dels as tables. LH-learning also con v erged faster than H-learning, but due

to a di�eren t reason, namely v alue function appro ximation. Most in teresting w as the p er-

formance of LBH-learning whic h w as clearly sup erior to b oth BH-learning and LH-learning,

th us demonstrating the synergy b et w een the t w o kinds of appro ximations used. Also ALBH-

learning con v erged faster than b oth BAH-learning and AH-learning, and b oth BAH-learning

and AH-learning con v erged faster than H-learning. Since AH-learning explored the domain

e�ectiv ely and learned mo dels faster, BAH-learning con v erged only sligh tly faster than AH-

learning. Because ALBH-learning up dates one R -v alue of state-action pair at ev ery step

while LBH-learning up dates one h -v alue of state at ev ery step, ALBH-learning con v erged a

little slo w er than LBH-learning. LBAR TDP w as slo w er than LBH-learning, ALBH-learning,

BAH-learning, and AH-learning, although it w as faster than BH-learning and H-learning.
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Figure 16: Num b er of exemplars for (a) BH

0 : 01 ; 0 : 001

, H

0 : 01 ; 0 : 001

, LBH

0 : 05 ; 0 : 005

, LH

0 : 02 ; 0 : 0001

, and

LBAR TDP (left), and (b) AH

0 : 01 ; 0 : 001

, BAH

0 : 02 ; 0 : 001

, and ALBH

0 : 1 ; 0 : 001

(righ t). All metho ds

used random exploration with � = 0 : 1. Eac h p oin t is the mean of 30 trials.

Figure 16(a) sho ws the a v erage exemplar size of all metho ds that do not use auto-

exploration. In the end, LBH-learning stores only 4 states that corresp ond to the end

lo cations of the slipp ery-lane, while LBAR TDP stores 6 or 7 states b ecause the v alue func-

tion of AR TDP is not piecewise linear. LH-learning also stores 6 or 7 states b ecause its v alue

function cannot b e v ery smo oth without the Ba y esian net w ork mo dels. BH-learning and H-

learning, on the other hand, store v alues for all 60 states. Figure 16(b) sho ws the a v erage

exemplar size of all auto-exploratory metho ds. These metho ds store more exemplars than

the metho ds in Figure 16(a) b ecause they ha v e to appro ximate the R -v alue for eac h state

and eac h action. Ho w ev er, in the end, ALBH-learning stores only 17 exemplars of R -v alues

while BAH-learning and AH-learning store all 122 exemplars of R -v alues.

LBH-learning stores 6.7% of all exemplars of h -v alues and ALBH-learning stores 13.6% of
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all exemplars of R -v alues. Because the auto-exploratory metho ds tak e only greedy actions,

the sub optimal actions ma y not b e tak en frequen tly enough to mak e the v alue functions for

those actions smo oth. Therefore, ev en though ALBH-learning uses the same appro ximation

metho ds as LBH-learning, ALBH-learning stores a greater prop ortion of the total exemplars

than LBH-learning. All H-learning metho ds using lo cal linear regression store more exem-

plars in the b eginning than in the end b ecause the v alue function ma y not b e piecewise linear

when it is not fully con v erged, and hence they need more exemplars to store it accurately .

These results suggest that lo cal linear regression and Ba y esian net w ork mo dels impro v e

b oth the time and space requiremen ts of H-learning, and mak e it con v erge m uc h faster than

its discoun ted coun terpart.

5.3.2 Scaling of LBH-learning with Domain Size

The goal of the exp erimen t of this section is to demonstrate the scaling of LBH-learning and

ALBH-learning b y v arying the size of the domain. W e use the \Lo op domain" of Figure 17(a)

to do this.
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Figure 17: (a) The Lo op domain (top) and (b) its Ba y esian net w ork (b ottom).

There are one A GV, t w o job generators 1 and 2, and t w o con v ey or b elts 1 and 2. Eac h

generator generates jobs for eac h destination b elt with 0.5 probabilit y . A state is describ ed
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Figure 18: On-line a v erage rew ards p er step for H, AH, LBH, and ALBH in the Lo op

domain estimated o v er last 5000 steps. Eac h p oin t is the mean of 30 trials. (a)
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(25), H
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1 ; 0 : 002

(75), H

1 : 5 ; 0 : 003

(100), H

1 : 5 ; 0 : 002

(125) (top left) (b) LBH

1 ; 0 : 02

(25),

LBH

1 : 3 ; 0 : 007

(50), LBH

1 : 5 ; 0 : 004

(75), LBH

1 : 8 ; 0 : 004

(100), and LBH

2 ; 0 : 003

(125) (top righ t) (c)

AH

1 ; 0 : 002

(25), AH

1 ; 0 : 0008

(50), AH

1 : 5 ; 0 : 0004

(75), AH

1 : 5 ; 0 : 0002

(100), AH

1 : 2 ; 0 : 0001

(125) (b ottom

left), and (d) ALBH

1 ; 0 : 003

(25), ALBH

1 : 5 ; 0 : 003

(50), ALBH

1 : 7 ; 0 : 002

(75), ALBH

2 ; 0 : 002

(100), and

ALBH

2 ; 0 : 002

(125) (b ottom righ t). � for LBH-learning is set to 1.

b y 5 features { Lane , A GV-Lo c , Job-on-A GV , Job-at-Gen1 , and Job-at-Gen2 { with ob vious

meanings. The v ariable Lane tak es v alues from 1 to 4 and denotes the lane n um b er of the

A GV's lo cation as sho wn in Figure 17(a). The total n um b er of p ossible lo cations of the

A GV is denoted b y n . There are n /5 lo cations in eac h of the short lanes and 2 n /5 lo cations

in lane 1. A GV-Lo c tak es v alues from 1 ; : : : ; 2 n /5 for lane 1 but from 1 ; : : : ; n /5 for the

other three lanes. Job-on-A GV is 0 if the A GV has no job and indicates the destination of

the job (1 or 2) if it has a job. Job-at-Gen1 and Job-at-Gen2 are 1 or 2 dep ending on the

destination of the job w aiting at the generators. Therefore, the size of the state space is

n � 3 � 2 � 2 = 12 n . The A GV has 4 actions move-fo rw a rd , move-backw a rd , load and, unload .

The A GV can alw a ys tak e the move-fo rw a rd action or the move-backw a rd action. If the A GV

do es not ha v e a job it can tak e the action load at the loading zones, and if it has a job it
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can tak e the action unload at the unloading zones. T o mak e the optimal a v erage rew ards

the same for all n , the immediate rew ard for deliv ery is made prop ortional to n . If the A GV

deliv ers a job to its correct b elt, it receiv es a rew ard of +0.1 n . If it deliv ers it to the wrong

b elt, it gets a smaller rew ard of +0.02 n . The goal of the A GV is to mo v e jobs from job

generators to prop er con v ey or-b elts. Whenev er the A GV loads a job from job generator, a

new job is generated.

Figure 17(b) sho ws the Ba y esian net w ork for this domain. One new feature, Link , ab-

stracts the A GV-Lo c feature. Link tak es 3 v alues: end1 and end2 for the t w o end lo cations of

the lane, and midd le for the other lo cations b et w een the t w o ends. This feature distinguishes

the end lo cations of eac h lane from the rest, whic h is useful to succinctly mo del A GV's mo-

tion in the lo op. Since � A GV-Lo c is no w indep enden t of A GV-Lo c , giv en Link , Lane and

Action , this represen tation reduces the space requiremen ts to store the domain mo dels from

48 n + 52 to 1056.

W e used random exploration with � = 0 : 1 in this exp erimen t for H-learning and LBH-

learning. AH-learning and ALBH-learning use auto-exploration. W e set � to 1 and v aried n

from 25 to 125 in steps of 25. The parameters of eac h algorithm for eac h v alue of n are tuned

b y trial and error and are sho wn in the captions of Figure 18. The on-line a v erage rew ards

of H-learning and AH-learning are sho wn in the left half of Figure 18 and the on-line a v erage

rew ards of LBH-learning and ALBH-learning are sho wn in the righ t half. The v alues sho wn

are estimated on-line o v er the last 5000 steps and are a v eraged o v er 30 trials.
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Figure 19: Num b er of exemplars of (a) H-learning and LBH-learning (left) with random

exploration with � = 0 : 1, and (b) AH-learning and ALBH-learning (b ottom) with only

auto-exploration in the Lo op domain. The results are mean a v erages o v er 30 trials.

As w e can see, the con v ergence sp eeds of LBH-learning and ALBH-learning are consis-
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ten tly b etter than those of H-learning and AH-learning, and the di�erence increases with

n . The con v ergence tak es longer for larger v alues of n , b ecause the A GV has to tra v el o v er

longer distances to get new information. Ho w ev er, in LBH-learning and ALBH-learning, the

n um b er of steps for con v ergence gro ws m uc h more slo wly than in H and AH. Also the on-line

a v erage rew ards of AH-learning and ALBH-learning are higher than those of H-learning and

LBH-learning resp ectiv ely for eac h v alue of n . This di�erence is attributable to t w o factors.

First, the rates of exploration of H-learning and LBH-learning are not deca y ed in this ex-

p erimen t, whereas the auto-exploratory metho ds ha v e a built-in deca y mec hanism. P erhaps

more imp ortan tly , as the exp erimen ts in Section 4.2. illustrate, auto-exploratory metho ds

are more e�ectiv e in exploring only p oten tially useful parts of the state space.
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Figure 20: The maxim um and �nal ratios of stored exemplars to all p ossible exemplars for

LBH-learning and ALBH-learning as a function of the domain size n in the Lo op domain.

The results are mean a v erages o v er 30 trials.

The n um b ers of the stored exemplars of LBH-learning and ALBH-learning, a v eraged o v er

30 trials, are sho wn in Figure 19 in comparison to the exemplars stored b y H-learning and AH-

learning. The bigger the v alue of n , the larger the n um b er of exemplars stored b y H-learning

and AH-learning. F or LBH-learning, the absolute n um b er of exemplars almost remains

constan t with increasing n . ALBH-learning p erforms lik e LBH-learning but the absolute

n um b er of exemplars increases sligh tly more than LBH-learning b y increasing n . This is

b ecause its R -v alue function is less smo oth than the h function, esp ecially for sub optimal

actions.

Figure 20 sho ws the p ercen tage of the n um b er of stored exemplars out of the total exem-

plars as a function of the total n um b er of p ossible lo cations ( n ) of the A GV in this domain.

LBH.max.ratio and ALBH.max.ratio indicate the maxim um v alues of this ratio for LBH-

learning and ALBH-learning during learning (usually at the b eginning) and LBH.�nal.ratio
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and ALBH.�nal.ratio indicate the v alues of this ratio for LBH-learning and ALBH-learning

after the last step. The ratio is maxim um at 38.8% for LBH-learning and 44.3% for ALBH-

learning when the total n um b er of A GV lo cations n = 25, and gradually reduces to 9.4%

for LBH-learning and to 15.9% for ALBH-learning when n = 125. The �nal ratios are lo w er

than the maxim um ratios b ecause the v alue function at the end is a lot smo other than it is

in the b eginning. Because ALBH-learning alw a ys tak es greedy actions, its R -v alues for sub-

optimal actions are not fully con v erged. Hence it stores more exemplars than LBH-learning.

Figure 20 clearly sho ws that LBH-learning and ALBH-learning store far few er exemplars

than H-learning and AH-learning as n increases.

0

2

4

6

8

10

12

0 10 20 30 40 50 60 70 80 90

h-
va

lu
e

AGV location

H

LBH

Optimal Value Function

0

2

4

6

8

10

12

0 10 20 30 40 50 60 70 80 90

h-
va

lu
e

AGV location

ALBH

AH

Optimal Value Function

Figure 21: The h -v alues as a function of A GV lo cation when A GV do es not ha v e a job,

generator 1 has job 2 and generator 2 has job 1, and n =100. The A GV lo cation is as sho wn

in Figure 18(a). The optimal v alue functions are sho wn in solid lines in the t w o plots.

The v alue functions for H-learning, LBH-learning, AH-learning, and ALBH-learning at

the end of training are sho wn in Figure 21 in comparison to the optimal v alue function. The

v alue functions for H-learning and LBH-learning are smo other than those for AH-learning

and ALBH-learning b ecause H-learning and LBH-learning tak e random actions with 0.1

probabilit y and th us explore the state space more ev enly , while AH-learning and ALBH-

learning tak e only greedy actions and th us do not thoroughly explore the sub optimal regions

of the state space. A learning metho d based on H-learning usually has a smo oth piecewise

linear v alue function when using random exploration, whic h forces the agen t to visit all

states more or less uniformly . Due to lo cal linear regression, LBH-learning's v alue function

is smo other than H-learning's v alue function and ALBH-learning's v alue function is smo other

than AH-learning's v alue function. Th us, LBH-learning's v alue function is the closest to the

optimal v alue function, sho wn in solid lines in Figure 21.

The results in this domain sho w that LBH-learning and ALBH-learning scale b etter
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than H-learning and AH-learning with the domain size, b oth in terms of learning sp eed and

memory use.

5.3.3 Scaling to Multiple Linear F eatures

AGV

Job

Job generator 

Conveyor-belt 

obstacle

Exp-Reward

Job-on-AGV

X-Loc Y-Loc Job-on-AGV

ActionY-LocX-Loc

Figure 22: (a) The Grid domain (top) and (b) its Ba y esian net w ork (b ottom).

In this section, w e demonstrate LBH-learning and ALBH-learning in the \Grid" domain

sho wn in Figure 22(a), whic h has t w o linear dimensions.

A t one corner of the 15 � 15 grid, there is a job generator and at the opp osite corner,

there is a destination con v ey or-b elt. The A GV can tak e an y action among four admissible

actions { move-no rth, move-south, move-east , and move-w est { if there is no obstacle or w all

in the lo cation the A GV w an ts to mo v e to. The dark squares in the middle represen t the

obstacles. It also has the load or the unload action a v ailable at the appropriate corner. It

receiv es a rew ard of 58 when it deliv ers a job, so that the optimal a v erage rew ard p er step

is 1. Figure 22(b) sho ws the dynamic Ba y esian net w ork for the Grid domain, whic h is v ery

compact since the e�ect of an y a v ailable action dep ends only on the Action v ariable. In fact,

it reduces the space requiremen ts for storing the domain mo del from 3076 to 24.

Eac h p oin t in Figure 23 is the on-line a v erage rew ard for 30 trials calculated o v er the
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Figure 23: On-line a v erage rew ards p er step for (a) H

3 ; 0 : 003

and LBH

3 ; 0 : 002

(left) with random

exploration with � = 0 : 1, and (b) AH

8 ; 0 : 0003

and ALBH

5 ; 0 : 0007

(righ t) without exploration in

the Grid domain. Eac h p oin t is the mean of 30 trials o v er the last 5,000 steps.
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Figure 24: Av erage n um b er of exemplars of 30 trials of (a) H

3 ; 0 : 003

and LBH

3 ; 0 : 002

(left) with

random exploration ( � = 0 : 1) and (b) AH

8 ; 0 : 0003

and ALBH

5 ; 0 : 0007

(righ t) without exploration

in the Grid domain.

last 5000 steps. It sho ws the e�ect of setting � to 0.4, 0.7, 1.0, and 1.3 on the a v erage

rew ard of LBH-learning with random exploration with � = 0 : 1, and on the a v erage rew ard

of ALBH-learning. With � = 0.4, 0.7, and 1.0, LBH-learning �nds the gain-optimal p olicy

m uc h faster than H-learning do es. With � = 1.3, its sp eed decreases, b ecause to o high a

v alue of � sometimes mak es it con v erge to a sub optimal p olicy . Similarly , ALBH-learning

with � = 0.4, 0.7, and 1.0 �nds the gain-optimal p olicy m uc h faster than AH-learning do es.

Ho w ev er ALBH-learning with � = 1.3 con v erges to a sub optimal p olicy , as � is to o high and

it do es not tak e an y random exploratory actions. Th us its a v erage rew ard remains zero.

Figure 24 sho ws the n um b er of exemplars stored b y LBH-learning and ALBH -learning.

LBH-learning and ALBH-learning usually store few er exemplars with higher v alues of � ,
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except when � is to o high, i.e., 1.3 in this case. When � is to o high, learning metho ds

con v erge to a sub optimal p olicy and do not su�cien tly explore the state space. The v alue

functions of LBH-learning and ALBH-learning are not smo oth without su�cien t exploration

of the state space, whic h mak es them store a large n um b er of exemplars.

The �nal v alue functions of H-learning, AH-learning, LBH-learning, and ALBH-learning

are sho wn in Figure 26 in comparison to the optimal v alue function. F or this domain, the

true optimal v alue function of H-learning is piecewise linear with resp ect to A GV's lo cation.

LBH-learning and ALBH-learning appro ximate this v alue function for m ultiple linear features

successfully using lo cal linear regression.

Since the obstacles in the middle of the grid are not states, they do not ha v e h -v alues.

Some arbitrary v alues lo w er than the h -v alues of states surrounding them are assigned to

their lo cations in the plots of Figure 25. Lik e the exp erimen tal results in the Lo op domain

(Figure 21), the v alue functions for H and LBH (in the left half of Figure 25) are smo other

than the corresp onding auto-exploratory v ersions (in the righ t half ). The v alue functions

for LBH and ALBH learning are smo other than those without appro ximation (H and AH,

resp ectiv ely).

The results of this section demonstrate that lo cal linear regression and Ba y esian net w ork

mo del learning extend to t w o-dimensional spaces, and signi�can tly reduce the learning time

and memory requiremen ts.

6 Discussion and F uture W ork

The basic premise of this pap er is that man y real-w orld domains demand optimizing a v erage

rew ard p er time step, while most w ork in Reinforcemen t Learning is fo cused on optimizing

discoun ted total rew ard. Because discoun ting encourages the learner to sacri�ce long-term

b ene�ts for short-term gains, using discoun ted RL in these domains could lead to sub optimal

p olicies. W e presen ted a v ariet y of algorithms based on H-learning, a mo del-based metho d

designed to optimize the gain or a v erage rew ard p er time step, and demonstrated their

usefulness in A GV sc heduling tasks. Earlier presen tations of parts of this w ork include [41],

[32], and [42].

Figure 26 sho ws the family of algorithms obtained b y adding auto-exploration, Ba y esian

net w ork mo del learning, and lo cal linear regression to H-learning. W e can c ho ose an y com-

bination of these three extensions, dep ending on the domain, our needs, and the resources

and the prior kno wledge a v ailable. Based on our exp erimen ts, w e can mak e the follo wing

recommendations:
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Figure 25: The v alue functions of H-learning (top left), AH-learning (top righ t) LBH-learning

(middle left), and ALBH-learning (middle righ t), in comparison to the optimal v alue function

(b ottom) in the Grid domain. H-learning and LBH-learning use random exploration with

� = 0 : 1. � for LBH-learning and ALBH-learning is set to 1.
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Figure 26: The family of algorithms based on H-learning.

� when w e kno w an upp er b ound �

max

on the gain,

{ use auto-exploration with � initialized to something higher than �

max

� when w e cannot a�ord tuning the exploration parameters,

{ use H-learning with a small � > 0 and � = 1 with some exploration strategy .

� when w e ha v e only a limited amoun t of space and time,

{ use lo cal linear regression

� when the structures of the Ba y esian net w ork action mo dels are a v ailable,

{ use them to learn parameters for the Ba y esian net w ork action mo dels

There is an extensiv e b o dy of literature on a v erage-rew ard optimization using dynamic

programming approac hes [15 , 34, 6 ]. Mahadev an giv es a useful surv ey of this literature

from Reinforcemen t Learning p oin t of view [24 ]. Sc h w artz and Singh presen t mo del-free RL

algorithms for a v erage-rew ard optimization [37 , 38 ]. There are at least t w o a v erage-rew ard

reinforcemen t learning metho ds that ha v e b een pro v ed to con v erge under suitable conditions

[4, 16]. Bertsek as's algorithm is based on con v erting the Av erage-rew ard RL problem in to a

sto c hastic shortest path algorithm with slo wly c hanging edge costs [4, 6 ]. The edge costs are

essen tially the negated a v erage-adjusted immediate rew ards, i.e., � � R

i

( u ), where � is the

gain of the curren t greedy p olicy and R

i

( u ) is the immediate rew ard of executing action u

in state i . Hence, it uses a recurrence relation that is equiv alen t to Equation (7) in Section
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3 for up dating the h v alues. � is estimated b y on-line a v eraging of the h v alue of a reference

state rather than b y on-line a v eraging of adjusted immediate rew ards, as in H-learning. The

basic H-learning algorithm is v ery similar to the Algorithm B of Jalali and F erguson [16].

The main di�erence is due to exploration, whic h is ignored b y Jalali and F erguson.

In this pap er, w e ha v e b een mainly concerned with a v erage-rew ard optimalit y or gain-

optimalit y . Bias-optimalit y , or Sc h w artz's T-optimalit y , is a more re�ned notion than gain-

optimalit y [34 , 37]. It seeks to �nd a p olicy that maximizes the exp ected total rew ard

obtained b efore en tering a recurren t state, while also b eing gain-optimal. All gain-optimal

p olicies are not bias-optimal. H-learning and R-learning can �nd the bias-optimal p olicies

for unic hain MDPs only if all gain-optimal p olicies giv e rise to the same recurren t set of

states, and all states, including the non-recurren t states, are visited in�nitely often using

some exploration strategy . T o �nd the bias-optimal p olicies for more general unic hains, it

is necessary to select bias-optimal actions from among the gain-optimal ones in ev ery state

using more re�ned criteria. Mahadev an extends b oth H-learning and R-learning to �nd the

bias-optimal p olicies for general unic hains [23, 25]. His metho d is based on solving a set of

nested recurrence relations for t w o v alues h and W for eac h state, since the h v alues alone

are not su�cien t to determine a bias-optimal p olicy . Bias optimal p olicies app ear to ha v e a

signi�can t adv an tage in some domains suc h as the admission con trol queuing systems studied

in op erations researc h literature [23, 25].

Auto-exploratory H-learning b elongs to the set of exploration tec hniques that can b e

classi�ed as \optimism under uncertain t y ." The general idea here is to initialize the v alue

function and the rew ard functions so that a state (or state-action pair) that is not su�cien tly

explored app ears b etter than a w ell-explored state, ev en if the latter is kno wn to ha v e a

relativ ely high utilit y . Ko enig and Simmons ac hiev e this e�ect simply b y zero-initializing

the v alue function and b y giving a negativ e p enalt y for eac h action [20]. In deterministic

domains, or when the up dates are done using the minimax sc heme, this ensures that the

Q -v alues of state-action pairs are nev er less than their true optimal v alues. In analogy to the

A* algorithms, this is called the \admissibilit y" condition. The more frequen tly an action is

executed, the more closely its Q -v alue approac hes its real v alue. Hence c ho osing to execute

an action with the highest Q v alue will ha v e one of t w o e�ects: in one case, its Q -v alue

ma y forev er remain higher than the Q v alues of other actions in the same state. Since the

Q -v alues of other actions are non-underestimating, this implies that the executed action is

actually the b est. In the other case, its Q -v alue w ould ev en tually decrease to a v alue b elo w

those of the other a v ailable actions in the same state. This giv es the algorithm a c hance to

execute the other p oten tially b est actions, th us encouraging exploration.
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Kaelbling's In terv al Estimation (IE) metho d is based on a more sophisticated v ersion

of the same idea, and is applicable to sto c hastic domains [17]. It main tains a con�dence

in terv al of the v alue function for eac h state, and pic ks actions that maximize the upp er-

b ounds of their con�dence in terv als. If the true v alue of a state (or state-action pair) is in

the con�dence in terv al with a high probabilit y , w e can sa y that the upp er b ounds of the

con�dence in terv als satisfy the ab o v e admissibilit y prop ert y with a high probabilit y . Hence,

pic king actions using this upp er b ound will ha v e the desired auto-exploratory e�ect.

In AH-learning, the same e�ect is ac hiev ed b y initializing � to a high v alue and the R

v alues to 0s. Since � is subtracted in the righ t hand side of the up date equation of AH-

learning, it is equiv alen t to giving a high p enalt y for eac h action as in Ko enig and Simmons

metho d [20]. As the system con v erges to the optimal p olicy , � con v erges to the optimal gain,

and the system stops exploring states not in the optimal lo op. Theoretically c haracterizing

the conditions of con v ergence of AH-learning is an imp ortan t op en problem. The idea of

Auto-exploratory learning can b e adapted to mo del-free learning as w ell. Ho w ev er, in our

preliminary exp erimen ts with R-learning, w e found that the v alue of � 
uctuates m uc h more

in R-learning than in H-learning, unless � is initialized to b e v ery small. Ho w ev er, a small

� will ha v e the consequence of slo wing do wn learning. Another p ossibilit y is to main tain a

con�dence in terv al for � and to use the upp er b ound of the con�dence in terv al to up date the

R v alues as in the IE metho d.

Most reinforcemen t learning w ork is based on mo del-free algorithms suc h as Q-learning

[46]. Mo del-free algorithms are easier to implemen t, b ecause they ha v e simpler up date

pro cedures. Ho w ev er, it has b een observ ed that they do need more real-time exp erience to

con v erge b ecause they do not learn explicit action mo dels, whic h are indep enden t of the

con trol p olicy and can b e learned fairly quic kly [3 , 28 ]. Once the action mo dels are learned,

they can b e used to propagate more information in eac h up date of the v alue function b y

considering all p ossible next states of an action rather than the only next state that w as

actually reac hed. They can also b e used to plan and to learn from sim ulated exp erience

as in the Dyna arc hitecture [40 ]. Ho w ev er, one of the stum bling blo c ks for the mo del-

based algorithms to b e more widely used is that represen ting them explicitly as transition

matrices consumes to o m uc h space to b e practical. Dynamic Ba y esian net w orks ha v e b een

used b y a n um b er of researc hers to represen t action mo dels in decision theoretic planning

[12, 30 , 19, 7 ]. W e sho w ed that they can also b e useful to compactly represen t the action

mo dels for reinforcemen t learning and to shorten the learning time. Our curren t metho d

uses the structure of the dynamic Ba y esian net w ork as prior kno wledge and learns only the

conditional probabilit y tables. One of the imp ortan t future researc h problems is to learn the
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structure of these net w orks automatically .

W e sho w ed that the piecewise linearit y of the h -function can b e e�ectiv ely exploited using

Lo cal Linear Regression (LLR). It is a mem b er of a family of regression tec hniques that go

under the name of Lo cally W eigh ted Regression (L WR) [2 , 29 ]. L WR is a regression tec hnique

with a sound statistical basis that also tak es in to accoun t the lo calit y of the target function.

As a result, it can �t functions that are smo oth in some places, but complex in other places.

There ha v e b een man y successful applications of L WR in reinforcemen t learning, including

a juggling rob ot [36]. Our results suggest that lo cal linear regression (LLR) is a promising

approac h to appro ximation esp ecially for Av erage-rew ard RL. W e also sho w ed that it syner-

gistically com bines with appro ximating domain mo dels using Ba y esian net w orks. Ho w ev er,

b eing a lo cal metho d, it do es not scale w ell with the n um b er of dimensions of the state

space, esp ecially when the v alue function is nonlinear in these dimensions, e.g., the n um b er

of A GVs, mac hines, or the con v ey or b elts in our domains. It ma y b e necessary to com bine it

with other feature selection metho ds, or instead use more aggressiv e appro ximation metho ds

lik e the neural net w orks or regression trees to scale learning to larger domains [21 , 11 , 9].

Another imp ortan t problem is to extend our w ork to domains where some features, suc h as

the lo cation of the A GV, can b e real-v alued.

T o apply our metho ds to the full-scale A GV sc heduling, w e need to b e able to handle

m ultiple A GVs. Since A GVs are still v ery exp ensiv e, minimizing the n um b er of A GVs

needed for a giv en factory 
o or is an imp ortan t practical problem. T reating all the A GVs

as a single agen t do es not scale b ecause the set of actions a v ailable to the A GV system

is the cross-pro duct of the sets of actions of all the A GVs. There ha v e b een some p ositiv e

results in m ulti-agen t reinforcemen t learning, including Crites's w ork on sc heduling a bank of

elev ators, and T an's results in a h un ter-prey sim ulation [11, 43]. Our preliminary exp erimen ts

in a simple domain with 2 A GVs indicate that an optimal p olicy can b e learned as a mapping

from global state space to actions of a single A GV. Both A GVs share and up date the same

v alue function and follo w the same optimal p olicy . This approac h con v erges faster to a global

optimal p olicy than treating the t w o A GVs as a single agen t.

Another imp ortan t assumption that w e made that needs relaxing is that the state is

fully observ able. Recen tly , there has b een some w ork to extend RL to P artially Observ able

Mark o v Decision Problems (POMDPs) [22, 33]. Unfortunately , ev en the b est algorithms for

solving POMDPs curren tly app ear to b e impractical for large problems. W e b eliev e that

building in more domain-sp eci�c prior kno wledge in to the learning algorithms in the form

of high-lev el features or constrain ts on the v alue function is essen tial to further progress in

this area.
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7 Conclusions

Reinforcemen t learning has pro v ed successful in a n um b er of domains including some real-

w orld domains. Ho w ev er, reinforcemen t learning metho ds that are curren tly most p opular

optimize discoun ted total rew ard, whereas the most natural criterion in man y domains suc h

as the A GV sc heduling is to optimize the a v erage rew ard p er time step. W e sho w ed that

emplo ying discoun ted RL metho ds to optimize a v erage rew ard could lead to sub optimal

p olicies, and is prohibitiv ely sensitiv e to the discoun t factor and the exploration strategy .

W e presen ted a family of algorithms based on a mo del-based a v erage-rew ard RL metho d

called H-learning, and empirically demonstrated their usefulness. W e presen ted an auto-

exploratory v ersion of our learning metho d, whic h outp erforms other previously studied

exploration strategies. W e sho w ed that our learning metho d can exploit prior kno wledge of

its action mo dels in the form of dynamic Ba y esian net w ork structure, and can impro v e b oth

the space and time needed to learn them. W e also sho w ed that the v alue functions of H-

learning can b e e�ectiv ely appro ximated using lo cal linear regression. Sev eral op en problems

remain, including scaling to domains with large n um b er of dimensions, m ulti-agen t RL, and

theoretical analysis. W e b eliev e that w e laid a foundation to study these problems and to

apply a v erage-rew ard reinforcemen t learning to a v ariet y of real-w orld tasks.
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