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tIt is a 
ommon observation that learning easier skills makes it possible to learn the more diÆ
ultskills. This fa
t is routinely exploited by parents, tea
hers, text book writers, and 
oa
hes. From driving,to musi
, to s
ien
e, there hardly exists a 
omplex skill that is not learned by gradations. Natarajan'smodel of \learning from exer
ises" 
aptures this kind of learning of eÆ
ient problem solving skills usingpra
ti
e problems or exer
ises (Natarajan, 1989). The exer
ises are intermediate subproblems that o

urin solving the main problems and span all levels of diÆ
ulty. The learner iteratively bootstraps what islearned from simpler exer
ises to generalize te
hniques for solving more 
omplex exer
ises. In this paper,we extend Natarajan's framework to the problem redu
tion setting where problems are solved by redu
ingthem to simpler problems. We theoreti
ally 
hara
terize the 
onditions under whi
h eÆ
ient learning fromexer
ises is possible. We demonstrate the generality of our framework with su

essful implementationsin the Eight Puzzle, symboli
 integration, and simulated robot planning domains illustrating 3 di�erentrepresentations of 
ontrol knowledge, namely, ma
ro-operators, 
ontrol rules, and de
ision lists. Theresults show that the learning rates for the exer
ises framework are 
ompetitive with those for learningfrom problems solved by the tea
her.Keywords: Learning from exer
ises, speedup learning, PAC learning, ma
ro-operator learning, 
ontrolrule learning.
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1 Introdu
tionEviden
e from learning theory suggests that there are serious 
omputational limits to what 
an be feasiblylearned autonomously. And, yet, people seem to be able to e�e
tively learn a variety of skills with littlee�ort. If learning 
omplex skills is 
omputationally hard, one way to 
ir
umvent this 
omplexity is by learningsimpler skills �rst and using them e�e
tively in learning more 
omplex skills. Indeed, it appears that thisfa
t about human learning is routinely exploited by tea
hers, 
urri
ulum developers, 
oa
hes, and the like.From su
h mundane skills as driving to 
reative arts like musi
 and to abstra
t subje
ts like mathemati
s,there hardly exists an area of human expertise that is not taught by gradations. In this paper, we formallyexplore this idea in the 
ontext of ma
hine learning of problem solving skills.We are interested in speedup learning, whi
h is the study of learning systems that improve the 
ompu-tational eÆ
ien
y of problem solving with experien
e (Tadepalli & Natarajan, 1996). Rather than viewingspeedup learning as de
reasing the time needed to solve a problem using the same problem solver, we viewit as a
quiring 
ontrol knowledge for a problem solver whi
h has a better asymptoti
 
omplexity than thesear
h-based \default problem solver."Consider the domain of symboli
 integration. Given the spe
i�
ation of this domain as a table of inte-gration operators, we have 
omplete information on how to solve any solvable problem. Yet, while we are
apable of solving problems of symboli
 integration in prin
iple, we may not be very eÆ
ient at it. Weneed to try and solve example problems, and gradually build up heuristi
s that will enable us to solve theproblems faster in the future. It also appears that we typi
ally need to solve and study simpler problems�rst before we are able to solve more 
omplex problems. The knowledge learned from the simpler problemshelps us eÆ
iently solve more 
omplex problems and learn from them.Speedup learning may be \supervised," where the learner is presented with sample problems and theirsolutions by a tea
her (DeJong & Mooney, 1986; Mit
hell, Keller, & Kedar-Cabelli, 1986; Shavlik, 1990),or \unsupervised," where the learner is only presented with example problems, whi
h it has to solve on itsown (Mit
hell, Utgo�, & Banerji, 1983; Minton, Carbonell, Knoblo
k, Kuokka, Etzioni, & Gil, 1989; Laird,Rosenbloom, & Newell, 1986; Grat
h & DeJong, 1992; Tadepalli, 1992). While supervised speedup learning
an be eÆ
ient, it is burdensome to the tea
her, who is typi
ally a human. Unsupervised speedup learningis attra
tive, sin
e it pla
es the burden of solving the training problems 
ompletely on the learner. However,sin
e the learner begins with no or little heuristi
 knowledge about how to go about solving diÆ
ult problems,it is fa
ed with a 
omputationally 
hallenging task. A similar problem exists in Reinfor
ement Learning,where the learner has to rely on trial and error sear
h and delayed feedba
k to improve its performan
e(Sutton & Barto, 1998). If the feedba
k is not frequent or does not truly re
e
t the long-term bene�ts tothe agent, the learner has to explore for a long time before it su

eeds in a
hieving its �nal goal.In previous work, Natarajan introdu
ed the framework of \learning from exer
ises," whi
h takes a middle
ourse to resolve this dilemma (Natarajan, 1989). Instead of demanding that the tea
her should supplysolutions to the training problems, in this framework, the tea
her is required to provide a set of \exer
ises"whi
h are at varying levels of diÆ
ulty. This is very mu
h similar to the exer
ises one might �nd at the endof a text book dealing with say symboli
 integration or di�erential equations. The burden of solving theexer
ises is entirely on the learner. The learner solves the exer
ises in the in
reasing order of diÆ
ulty, sothat the knowledge learned from the simpler exer
ises helps it to solve more diÆ
ult ones, and eventuallythe most diÆ
ult \natural" problems in the domain.Exer
ises play a role similar to tasks and subtasks in hierar
hi
al reinfor
ement learning and hierar
hi
alplanning (Dietteri
h, 2000; Erol, 1995; Marthi, Russell, & Wolfe, 2007). It has been found that designingsuitable task hierar
hies improves the eÆ
a
y of planning and reinfor
ement learning in two ways. First,task hierar
hies help de
ompose a hard task into simpler subtasks, whi
h have smaller solution lengths,and hen
e involve exponentially smaller sear
h. In reinfor
ement learning, this redu
es the delay betweensu

essive reward signals, and helps guide the learner in fruitful dire
tions. Indeed, in the absen
e of su
hde
omposition of large tasks into smaller subtasks or intermediate shaping rewards that impli
itly de�nethe subtasks, the learner is 
ondemned to sear
hing an exponentially large spa
e with no hope of everlearning anything useful without external guidan
e. Se
ond, they help the learner generalize its experien
emore e�e
tively, sin
e simpler subtasks usually involve fewer 
onstraints on when they are appli
able. For2



example, in 
hess, it is easier to learn the 
onditions under whi
h a knight-fork may be su

essful, than itis to learn the 
onditions under whi
h the game may eventually lead to a won. The existen
e of a suitabletask hierar
hy is a requirement of the e�e
tiveness of our approa
h as well as other hierar
hi
al approa
hesto learning and planning.We make three major 
ontributions in this paper. First, we formalize the problem of learning fromexer
ises in a more general problem redu
tion setting 
ompared to the state-spa
e formulation of Natarajan(1989). Se
ond, we give a novel proof for the tra
tability of learning in this new setting based on Valiant'sProbably Approximately Corre
t (PAC) learning framework (Valiant, 1984). The new proof is simpler andmore general than the previous result of Natarajan. Third, we demonstrate the usefulness and generality ofthis framework through empiri
al results in three di�erent domains with di�erent hypothesis languages.Our framework is based on the assumption that there is a natural hierar
hy of problem solving stages,whi
h is used to generate exer
ises. Ea
h problem solving stage is asso
iated with a diÆ
ulty level. Exer
isesthat belong to the higher levels of the hierar
hy 
ontain those in the lower levels as subproblems and aremore diÆ
ult. In our problem redu
tion setting, the solutions to problems are most naturally representedas trees. The nodes of the tree 
orrespond to problems and the 
hildren of ea
h node 
orrespond to itssubproblems, all of whi
h should be solved to solve the problem. We 
all su
h trees solution trees. Thetheory requires that the exer
ises in the di�erent stages should be su
h that the learner must be able toredu
e exer
ises of higher diÆ
ulty level to those of less total diÆ
ulty in polynomial time using a defaultproblem solver, whi
h is usually based on some kind of sear
h.We des
ribe an algorithm s
hema that works as follows. It 
olle
ts a set of exer
ises and their diÆ
ultylevels using an ora
le, and sorts them a

ording to their diÆ
ulty. It then 
alls a routine that solves andgeneralizes the exer
ises of ea
h stage in the in
reasing order of their diÆ
ulty. The knowledge learned fromthe solutions of easier exer
ises helps solve more diÆ
ult exer
ises by redu
ing them to problems of lessdiÆ
ulty using the default problem solver. Our main result is to show that if there is su
h a routine whi
h
an eÆ
iently redu
e exer
ises of any diÆ
ulty level to those of less total diÆ
ulty and generalize them, thenour algorithmi
 s
hema 
an be used to eÆ
iently learn problem solving from exer
ises. The routine thatredu
es, solves and generalizes the exer
ises of ea
h stage is dependent on the representation of the 
ontrolknowledge learned. We develop su
h routines for three di�erent representations of 
ontrol knowledge, namely,ma
ro-operators, 
ontrol rules, and de
ision lists. We provide empiri
al eviden
e for the e�e
tiveness of ouralgorithms through experiments in three di�erent domains: Eight Puzzle, symboli
 integration, and robotplanning. In all these 
ases, we show that learning from exer
ises performs 
ompetitively with learning fromtea
her-provided solutions of natural problems.The rest of the paper is organized as follows. Se
tion 2 introdu
es the formal preliminaries of problemsolving using a problem redu
tion framework. This is followed by Se
tion 3 with an introdu
tion to ourformal framework for speedup learning from exer
ises and a main theorem that 
hara
terizes the 
onditionsunder whi
h su
h learning is possible. The next three se
tions instantiate our framework with algorithmsand implementations that work with three di�erent kinds of 
ontrol knowledge, namely, ma
ro-operators,
ontrol rules, and de
ision lists, as applied to Eight Puzzle, symboli
 integration and robot planning domainsrespe
tively. Se
tion 7 dis
usses the related work and limitations of the 
urrent work, followed by a dis
ussionof future dire
tions in Se
tion 8.2 PreliminariesWhile state-spa
e sear
h has been the dominant paradigm for problem-solving, the problem redu
tion frame-work is more general and natural for our purpose.De�ne a problem domain D to be the tuple hS;G;Oi, where� S =A set of problem instan
es, also 
alled problems.� G = A goal pro
edure that re
ognizes problem instan
es that are trivially solved and returns theirsolutions. 3



1. R kf(x)dx! k R f(x)dx2. R f(x)� g(x)dx! R f(x)dx � R g(x)dx3. R f(x) + g(x)dx! R f(x)dx + R g(x)dx4. R f(x) � g(x)dx! g(x) R f(x)dx+ f(x) R g(x)dx5. R xndx! x(n+1)=(n+ 1)6. R sinxdx ! (� 
osx)7. R 
osxdx! sinxFigure 1: A table of integration operators, reprodu
ed from (Tadepalli and Natarajan, 1996).� O = A set of operators fo1; : : : ; okg, where ea
h oi is a pro
edure that 
omputes the set of immediatesubproblems of any given problem x 2 S.Our operators redu
e a given problem to a set of subproblems in S. If oi redu
es a problem s to subprob-lems, s1; : : : ; sj , we write oi(s) = fs1; : : : ; sjg, and we say that s dire
tly redu
es to the set fs1; : : : ; sjg. Forthis de
omposition to be su

essful, i.e., to �nally yield a solution to the original problem, all the subproblemss1; : : : ; sj must be solved.A meta-domain is a set of domains de�ned over the same set of states. A �domain spe
i�
ation is a
ompa
t representation of pro
edures that implement the operators in O and G, all of whi
h are assumedto run in unit time.1 Further, we assume that the solution to the original problem 
an be easily 
omposedfrom the solutions of the subproblems using a �xed polynomial-time pro
edure, known to the learner. Moreformally, we assume that the learner has a

ess to a polynomial-time pro
edure, COMPOSE, su
h that thefollowing holds for every problem s 2 S and every operator oi 2 O.If oi(s) = fs1; : : : ; sjg, and if Solution(s1); : : : ; Solution(sj) exist and represent the solutions of s1; : : : ; sjrespe
tively, then Solution(s) = COMPOSE(oi; Solution(s1); : : : ; Solution(sj)).The problem size is a synta
ti
 measure of the 
omplexity of a problem su
h as its length. The size of aproblem s is denoted by jsj.A problem solver f for a domain D is a deterministi
 program that takes as input an instan
e, s, and
omputes its solution, if one exists. A hypothesis spa
e F is a set of problem solvers whose run time ispolynomial in the size of the problem. The restri
tion of problem solvers to the subset of F whi
h apply toproblem instan
es of size � n is 
alled a subspa
e of F and is denoted by Fn.For example, 
onsider the integration operator 3 in Figure 1, whi
h de
omposes R f(x)+g(x)dx into twoproblems R f(x)dx and R g(x)dx, whose solutions are 
omposed by addition. Given a problem, R sinx +
osxdx, this operator de
omposes it to two problems R sinxdx and R 
osxdx. These two problems arefurther de
omposed by operators 6 and 7 into (� 
osx) and sinx respe
tively. The goal pro
edure re
ognizesthese instan
es as trivially solved sin
e they are in their simplest forms, and returns them. COMPOSE putsthese two solutions together, yielding (� 
osx) + sinx.Sin
e the learner has a

ess to the COMPOSE pro
edure, the main task remaining is to learn to re-
ursively de
ompose a problem into its subproblems until they all redu
e to primitive problems. This isnontrivial be
ause some of the subproblems of a problem may not have a solution, in whi
h 
ase the problemsolver has to ba
ktra
k and try a di�erent redu
tion of the original problem. Sear
hing exhaustively in thespa
e of all possible redu
tions is intra
table, and hen
e there is need for learning 
ontrol knowledge thatguides the sear
h and makes problem solving more eÆ
ient.Note that while this problem redu
tion approa
h works perfe
tly when subproblems are 
ompletelyindependent, it 
an also be used when the subproblems have minor intera
tions that 
an be \�xed" by theCOMPOSE pro
edure. For example, one of the �xes might be to order the solutions for the subproblems
orre
tly. Another may be to �ll in small gaps in the plan, su
h as releasing and reallo
ating the resour
es.1This 
an be generalized by making their run time t a parameter of the learning problem, as in (Tadepalli & Natarajan,1996). 4



While a 
omplete sear
h pro
edure requires ba
ktra
king over the subproblem solutions in general, here weonly 
onsider domains where this 
an be done without ba
ktra
king using appropriate 
ontrol knowledge.3 A Model of Learning from Exer
isesIn this se
tion, we introdu
e our re�nement of Natarajan's model of \Learning from Exer
ises" (Natarajan,1989). This model distinguishes between the so 
alled \natural problems" that the learner will be requiredto solve during testing, and the unsolved \exer
ises" that are spe
i�
ally designed for training. Although,these two distributions are di�erent, solving exer
ises would eventually help the learner solve the problemsfrom the natural distribution. Moreover, learning is rendered 
omputationally tra
table when it is based onthe exer
ises. In the following, we make these intuitions more pre
ise.We de�ne a stage to be a set of problem instan
es. A stage stru
ture G over a set of problem instan
es S
onsists of (a) a partitioning of the solvable problem instan
es in S into a set of mutually ex
lusive stages,G1; : : : ; GL, and (b) a partial ordering � whi
h means \is at least as diÆ
ult as," over these stages. By
onvention, G1 is the set of all problems solved by the goal pro
edure G and the stages are numbered su
hthat if the stage Gi � Gj then i � j.2 Further, i represents the diÆ
ulty of the problems x in stage Gi, andis denoted by diÆ
ulty(x). i is also 
alled the diÆ
ulty level, or more simply, the level of x. By de�nition,all problems in the same stage are of the same diÆ
ulty level. Hen
e i is also 
alled the level of Gi.We only 
onsider problem solvers F that are \monotoni
" with respe
t to the stage stru
ture in thefollowing sense. A problem redu
tion step of a monotoni
 problem solver f 2 F 
onsists of redu
ing aproblem x to a set of problems Rf (x), whose sum of all diÆ
ulty levels is stri
tly less than that of theoriginal problem. Rf (x) is 
alled the redu
tion set of x with respe
t to f . The problem solvers in F are
alled monotoni
 be
ause they re
ursively apply problem redu
tion steps to ea
h of the subproblems of theoriginal problem until they are all trivially solved. Note that ea
h redu
tion step may in fa
t be 
omposedof one or more problem redu
tion operators applied in a sequen
e or in the form of a tree. After the problemis fully de
omposed, the solution to the original problem instan
e is 
omputed by 
omposing the solutionsin a bottom-up manner.By the property of monotoni
ity, we have the following for any problem x solved by a monotoni
 problemsolver. diÆ
ulty(x) � 1 + Xy2Rf (x)diÆ
ulty(y) (1)Let f be a problem solver and x be a problem. An exer
ise tree of x with respe
t to f is the tree whi
h isrooted at x, where the 
hildren of ea
h internal node y (in
luding x) represent its redu
tion set with respe
tto f , and the leaves are the trivially solved problems. The bag of all problems whi
h are represented by thenodes of the exer
ise tree of x with respe
t to f is 
alled its exer
ise bag and is denoted by Ef (x).The key idea of our framework is to provide the learning algorithm with a sour
e of exer
ises of varyingdiÆ
ulties. This will permit the learning algorithm to 
onsider in
reasingly diÆ
ult problems, using what itlearned from the simpler problems to eÆ
iently solve more diÆ
ult problems, improving its 
apabilities asit progresses.Proposition 1 The diÆ
ulty of a solvable problem x by a monotoni
 problem solver f is an upper boundon the number of nodes in the exer
ise tree of x with respe
t to f .Proof: We need to show diÆ
ulty(x) � jEf (x)j for all problems x.We prove the result by stru
tural indu
tion on the exer
ise tree. As the basis, a problem that is triviallysolved, i.e., in stage G1, has only a single node in its exer
ise tree, and diÆ
ulty(x) = jEf (x)j = 1.By indu
tive hypothesis, we have, diÆ
ulty(y) � jEf (y)j for all 
hildren y of x in the exer
ise tree. Hen
e,substituting jEf (y)j for diÆ
ulty(y) in Equation 1, we have2Note that the 
onverse may not hold unless the stages are also totally ordered.5



diÆ
ulty(x) � 1 + Xy2Rf (x) jEf (y)j (2)The right hand side in the above equation represents jEf (x)j, proving the 
laim. �Let P be a probability distribution on the set of all problem instan
es S, a

ording to whi
h the learneris to be tested. We 
all this the natural distribution, and the set of instan
es sele
ted using this distribution,the natural problems. Let f be a target problem solver, and f(x) be the solution of x given by the targetproblem solver.The exer
ises are problems in the exer
ise trees of natural problems with respe
t to the target problemsolver. When 
alled, EXERCISE outputs a problem instan
e y 2 Ef (x) and its diÆ
ulty level l, where x isa natural problem and f is the target problem solver.We de�ne the exer
ise distribution Pe as the uniform distribution from the exer
ise bag of naturalproblems 
hosen using P . In other words, EXERCISE 
hooses a random problem x with probability P (x),and uniformly 
hooses from the exer
ise bag of x with respe
t to the target problem solver f . Hen
e, ifjEf (x)j is the size of the exer
ise bag and #(y 2 Ef (x)) denotes the number of di�erent instan
es of aparti
ular exer
ise y in the bag, we have:Pe(y) =Xx2S P (x)#(y 2 Ef (x))jEf (x)j (3)Note that Pe is a well-de�ned distribution over the instan
es, sin
e the sum of Pe over all instan
es is 1.Xy2S Pe(y) =Xy2SXx2S P (x)#(y 2 Ef (x))jEf (x)j =Xx2S P (x)jEf (x)jXy2S#(y 2 Ef (x)) =Xx2S P (x)jEf (x)j jEf (x)j =Xx2S P (x) = 1Exer
ises are related to the stage stru
ture be
ause the diÆ
ulty of a problem is de�ned with respe
t toa stage stru
ture, and the total diÆ
ulty of the problems in the redu
tion set of a problem is supposed tostri
tly redu
e in ea
h step of any monotoni
 problem solver.This brings up the question of how to set up the stage stru
ture. A trivial stage stru
ture might justhave two stages, one 
ontaining the trivially solved problems and the other 
ontaining all solvable problems.But a \good" stage stru
ture is one where it is possible to redu
e any instan
e of a problem to a set ofproblems with less total diÆ
ulty with a \reasonable" 
omputational e�ort (sear
h) by the default problemsolver, whi
h is available during learning. Exer
ises are problem instan
es 
hosen from exa
tly su
h stagestru
tures. Note that this notion of exer
ises is more general than that of Natarajan (1989) in a numberof ways. First, our problem redu
tion framework allows redu
ing a problem to a set of subproblems ratherthan a single subproblem unlike in the state spa
e sear
h formulation of (Natarajan, 1989). Se
ond, thede�nition of problem solving diÆ
ulty is based on a set of target problem solvers whi
h do not ne
essarilyprodu
e optimal solutions. This is to allow the learning of non-optimal problem solvers, where optimalproblem solvers are not eÆ
ient or not 
ompa
tly representable. Third, we do not assume that the probleminstan
es in su

essive stages are one operator away. We only assume that the exer
ises 
an be redu
ed tosu

essive stages in polynomial time by some default problem solver.This last generalization is motivated by domains like Eight Puzzle, where problem solving e�ort is redu
edby �nding problem solving stages whi
h are not very far o� from ea
h other (Korf, 1985). In Eight Puzzle,these stages 
orrespond to su

essively getting a set of tiles, �rst the blank, next the blank and the tile 1,then the blank and tiles 1 and 2, and so on to their goal positions until all the tiles are in their goal positions.Although there is no monotoni
 improvement in the problem state within a single operator appli
ation, thereis su
h an improvement between su

essive stages of problem solving. The key insight of Korf, whi
h alsoforms the basis of our framework, is that when the stages are su
h that it is possible to move from onestage to the next with a reasonable amount of sear
h, giving the exer
ises is almost as useful as providingsolutions, sin
e the gaps between exer
ises 
an be �lled in easily by the learner and 
an be learned from.This is more generally 
aptured by the following 
onstraint on the stage stru
ture.6



De�nition 1 Let a default problem solver (DPS) be a problem solver whi
h takes as a problem e and anapproximate problem solver hl�1 for problems of level l� 1, and returns a solution obtained by redu
ing e toits subproblems solvable by hl�1. Let f be a target problem solver in F . A stage stru
ture G of f is densefor DPS with respe
t to F if there is a 
onstant 
 independent of problem size n and level l su
h that givenan exer
ise e in Gl and an approximation hl�1 of f that 
an solve the problems in Rf (e), DPS 
an 
orre
tlysolve e in time O(n
).The target problem solver is any problem solver in the learner's hypothesis spa
e. The target problemsolver is used to de�ne a useful goal stru
ture, whi
h in turn determines a valid exer
ise distribution. Thedefault problem solver is typi
ally an exhaustive sear
h program the learner has a

ess to. Intuitively, adense goal stru
ture requires the di�erent subgoals of the problem to be 
lose to ea
h other so that it istra
table to �ll-in the gaps between the di�erent subgoals by the default problem-solver. The density ofgoal stru
ture is similar to the density of rewards in reinfor
ement learning. Highly sparse reward or sparsesubgoals makes a hard reinfor
ement learning problem be
ause the learner is typi
ally 
ondemned to doexhaustive sear
h between su

essive rewards. A good strategy for the tea
her to provide reasonable exer
iseproblems is to make sure that ea
h new exer
ise only requires a small amount of sear
h, given the learner's
urrent knowledge.We now de�ne the notion of a learning algorithm for a meta-domain in this setting. This de�nition issimilar to that of (Tadepalli & Natarajan, 1996), ex
ept for the use of exer
ises instead of solved problems,and the use of problem redu
tion framework as opposed to the state spa
e sear
h framework.De�nition 2 An algorithm A is a learning from exer
ises algorithm for a meta-domain M in a hypothesisspa
e F of deterministi
 polynomial-time problem-solvers if for any domain D 2 M, any 
hoi
e of a problemdistribution P , and any target problem solver f 2 F , and stage stru
ture G,1. A takes as input the spe
i�
ation of a domain D 2 M, maximum problem size n, maximum diÆ
ultylevel L, an error parameter �, and a 
on�den
e parameter Æ,2. A may 
all EXERCISE and DPS, the default problem solver. The number of ora
le 
alls made by Aand its running time must be a polynomial fun
tion Q of the problem size n, 1� , 1Æ , and L.3. For all D 2 M and all probability distributions P over D, with probability at least (1� Æ), A outputsa program h that approximates f in the sense that Px2� P (x) � �, where � = fxjh fails on x while fsu

eedsg.4. There is a polynomial R su
h that, for a maximum problem size n, 1� , 1Æ , maximum diÆ
ulty level L,if A outputs h, h runs in time R(n;L; 1� ; 1Æ ).There are a few things that should be noted about this framework. First, the learning algorithm is afun
tion of the hypothesis spa
e to whi
h the target problem solver belongs. The stage stru
ture may bede�ned with respe
t to a single target problem solver or it 
an be more generally appli
able to any problemsolver in the hypothesis spa
e. Just as in the standard PAC learning literature, we require learning tobe su

essful independent of the tea
her's 
hoi
e of test distribution P and the target problem solver f .The problem solver h output by the learner is said to approximate the target problem solver, if it solves aproblem su

essfully whenever the target problem solver f su

eeds with probability no less than 1��, whentested on the problems 
hosen from the distribution P . Sin
e the system relies on random exer
ises to learnfrom, it may not be able to learn su
h a problem solver when its training exer
ises are not representative.For learning to be 
onsidered su

essful, an approximate problem solver should be learned at least with aprobability 1� Æ.Finally, there is the requirement that the learned problem solver must be eÆ
ient, whi
h we take to meanpolynomial in various parameters. For simpli
ity of exposition, this framework assumes that the maximumproblem size n and the number of stages L are given. For a given problem distribution, these 
an also beeasily estimated from examples (Natarajan, 1989). 7



01 pro
edure Exer
iseLearner02 input �; Æ;D = (G;O), the problem size, n, the number of stages L in the stage stru
ture;03 initialize H0 to the goal pro
edure G;04 initialize Exs(l) to f g for all l;05 repeat L2� (lnBn + ln LÆ ) times06 Let hl; exi := EXERCISE().07 Add ex to Exs(l)08 end repeat;09 for l := 1 to L do10 Hl := Solve-and-Generalize(Hl�1, Exs(l));11 output Hl;12 end Exer
iseLearner Figure 2: Algorithm s
hema for learning from exer
isesWe now investigate the suÆ
ient 
onditions for a meta-domain to have an algorithm for learning fromexer
ises. In parti
ular, we examine the 
onditions under whi
h the algorithm s
hema Exer
iseLearner inFigure 2 
an su

essfully learn under this framework.Exer
iseLearner takes the domain spe
i�
ation, problem size, the maximum diÆ
ulty level of any solvableproblem, and the error parameters as its inputs (line 02 of Figure 2). It initializes the hypothesized problemsolver H0 to the goal pro
edure G, whi
h re
ognizes and solves the trivial problems (line 03). It then 
olle
tsa suÆ
iently large set of exer
ises using the EXERCISE ora
le, orders them a

ording to their diÆ
ultylevel l and 
alls a routine Solve-and-Generalize on these exer
ises in the order of in
reasing diÆ
ulty (lines05-10). After pro
essing the exer
ises for levels 1 through L, it terminates, and outputs HL (line 11). Solve-and-Generalize is dependent on the representation used for the 
ontrol knowledge of the problem-solver. Thisroutine in turn enlists the servi
e of the default problem solver (DPS) and Hl�1 to solve them, and generalizesthe result to get a new problem solver Hl that is good for levels 1 thru l.One of the problems in learning from exer
ises is the existen
e of multiple solutions to an exer
ise. Anarbitrary solution of an exer
ise may not �t well with another arbitrary solution of a di�erent exer
ise in thesense that there may not exist a single eÆ
ient problem solver in the learner's sear
h spa
e that 
an produ
eboth these solutions (Tadepalli & Natarajan, 1996). This is one reason to require that Solve-and-Generalizeoutputs a single problem solver that solves a set of exer
ises. The eÆ
ien
y of this sear
h is a fun
tion ofthe domain stru
ture, the hypothesized spa
e of target problem solvers, as well as the number of redu
tionoperator appli
ations needed to redu
e exer
ises to those of less total diÆ
ulty.Normally, in PAC learning, we use the number of hypotheses in the hypothesis spa
e to bound the numberof examples needed to learn. However, in speedup learning, there may be multiple hypotheses (problemsolvers) whi
h are all equally good in that they all give 
orre
t solutions. Thus, rather than 
ountingdi�erent hypotheses, we will get a better bound by 
ounting the number of distin
t \failure regions" in theinput spa
e, where hypotheses might fail with a probability > �. Given the target and the 
urrent set ofhypotheses at stages 1 thru l, the failure region is determined (see below for an exa
t de�nition). Hen
e,given the target and the hypothesis Hl�1, ea
h 
andidate Hl has exa
tly one su
h region. Sin
e multiple
andidate hypotheses might have the same region, the number of failure regions is upperbounded by thenumber of hypotheses, whi
h leads to a tighter bound on the sample 
omplexity.We de�ne the failure region of a hypothesis Hl as the set of exer
ises x with a non-zero probability onwhi
h the hypothesis Hl fails, while all problems in its redu
tion set with respe
t to the target f , i.e., Rf (x),are solvable by Hl�1.Ideally, we wish to learn a hypothesis that does not have any failure region, or one with a low probabilityfailure region. To guarantee this, we need to sample the exer
ise distribution a number of times determinedby the number of su
h failure regions (Kearns & Vazirani, 1994). This is formalized by the se
ond 
ondition8



of the following main theorem.Theorem 1 Exer
iseLearner is an algorithm for learning from exer
ises for a meta-domain M in the hy-pothesis spa
e F of deterministi
 polynomial-time problem solvers with a stage stru
ture G, if� there is a routine Solve-and-Generalize available to the learner, whi
h, for any target problem solverf 2 Fn and diÆ
ulty level l > 0, given the 
urrent problem solver Hl�1, and some ml exer
ises ofdiÆ
ulty l as input, runs in time polynomial in parameters n, l, and ml, and outputs a problem solverHl 2 Fn that (a) 
orre
tly solves all exer
ises of diÆ
ulty < l that are solvable by Hl�1, and (b)
orre
tly solves all exer
ises of diÆ
ulty l that are solvable by f if their redu
tion sets with respe
t tof are solvable by Hl�1; and� there is a fun
tion Bn of n, where lnBn is polynomial in n, whi
h upper bounds the number of failureregions of all the hypotheses in the learner's hypothesis spa
e for any target fun
tion.Proof: The learning algorithm works by in
rementally generalizing the problem solver using in
reasinglydiÆ
ult exer
ises and their solutions.Let the stage stru
ture used be G0; : : : ; GL. Let Cl = fxjHl 
orre
tly solves x 2 Glg. Cl represents theset of problems in Gl that Hl 
an 
orre
tly solve. The di�eren
e between the sets Gl and Cl represents theset of problems of diÆ
ulty l, whi
h 
annot be solved by the problem solver Hl. We want to show that, afterlearning, with a high probability, the 
han
e of a random exer
ise falling in this set is bounded from above.More spe
i�
ally, we �rst bound (see the 
laim below) the probability of a random exer
ise of level lnot being 
orre
tly solved by Hl after learning is 
omplete. We use indu
tion on l, sin
e the exer
ises oflevel l are solved by redu
ing them to exer
ises of lower levels, and hen
e the a

ura
y of level l dependson the a

ura
ies of lower levels. After this bound is proved, we use it to bound the probability that anytest problem 
hosen using the natural distribution is not solved by the learned problem solver. This is thetest error of the problem solver. Both the indu
tive 
laim and the �nal bound on the test error depend onthe number of exer
ises used in training, and only hold with 
ertain probability, sin
e there is some 
han
ethat the training exer
ises are unrepresentative. We show that if the number of exer
ises is 
hosen as in thealgorithm of Figure 2, then the test error of the problem solver is bounded from above by � with a probabilityat least 1� Æ.Claim: Under the 
onditions of the theorem, with probability � 1� ÆlL , for all diÆ
ulty levels l � 0, thefollowing equation holds simultaneously. Xx2Gl�Cl Pe(x) � �lL2 (4)Basis: For l = 0, the algorithm outputs the goal pro
edure, whi
h always 
orre
tly solves the primitiveproblems by de�nition.Hen
e the lhs of Equation (4) is 0 and the rhs is � 0.Indu
tion step: Assume that the theorem holds for all diÆ
ulty levels < l. We prove it for level l.We 
all any problem solver Hl whi
h does not satisfy Equation 4 a \bad" problem solver for iterationl. All other problem solvers are good. We estimate the probability of learning a bad problem solver Hl,starting with a good problem solvers Hl�1.By indu
tive hypothesis, for all j < l, if the problem solver Hj is good,Xx2Gj�Cj Pe(x) � �jL2 : (5)Let x be an exer
ise in Gl, and let f , the target problem solver, redu
e it to Rf (x) = fx1; : : : ; xkg, inone redu
tion. Let l1; : : : ; lk be the diÆ
ulties of problems x1; : : : ; xk respe
tively. By indu
tive hypothesis,Xxi2Gli�Cli Pe(xi) � �liL2 (6)9



Note that, sin
e f is deterministi
, it always de
omposes x in the same way. Hen
e every time x o

ursin a de
omposition tree, xi will be its ith 
hild. Sin
e the exer
ise distribution sele
ts ea
h redu
tion of xwith uniform probability, xi o

urs in the exer
ise distribution with probability at least as mu
h as that ofx. In addition, xi might also be in the redu
tion sets of other problems, and hen
e might o

ur with moreprobability than x. Hen
e, we 
an say that Pe(x) � Pe(xi), and so,8i � 0; Xxi2Gli�Cli Pe(x) � �liL2 (7)Sin
e x1; : : : ; xk are 
hildren of x of diÆ
ulties l1; : : : ; lk respe
tively,Xi=1;k Xxi2Gli�Cli Pe(x) � Xi=1;k �liL2 (8)Sin
e l � l1 + : : : lk + 1 from Equation 1, if Hl�1 is a good problem solver, thenX9is:t:xi2Gli�Cli Pe(x) � Xi=1;k Xxi2Gli�Cli Pe(x) � �(l � 1)L2 : (9)The left hand side of the above equation denotes the probability that a randomly 
hosen exer
ise ofdiÆ
ulty l has a member in its redu
tion set that 
annot be solved by the 
urrent problem solver, Hl�1.Sin
e the problem solver Hl is assumed to be bad,Xx2Gl�Cl Pe(x) > �lL2 (10)We want to bound the probability of a randomly 
hosen exer
ise x of diÆ
ulty l being not solvable byHl, even though all the members of its redu
tion set Rf (x) are solvable by H1�1 and hen
e by Hl by theproperty (a) of Solve-and-Generalize stated in Theorem 1. This means that the learner has not seen therelevant exer
ise for solving problem x. The di�eren
e in the two probability bounds of Equations 10 and 9bounds the probability of this o

urren
e.Xx2Gl�Cl;and8i;xi 62Gi�Ci Pe(x) > �lL2 � �(l � 1)L2 = �L2 (11)By the �rst 
ondition of the theorem, Solve-and-Generalize ensures that Hl solves all exer
ises of levell whi
h are solvable by f if their redu
tion sets are all in Hl�1. In other words, none of the m exer
isessatis�es the 
onditions stipulated in Equation 11, whose probability mass is at least �L2 .Sin
e the exer
ises are 
hosen independently using identi
al distribution, the probability of the learnedhypothesis Hl to possess a parti
ular failure region is � (1 � �L2 )m. Sin
e Bn is an upper bound on allnon-zero probability failure regions, the probability of the learned hypothesis to have any failure region is atmost Bn(1� �L2 )m.We eliminate the probability of learning a bad problem solver with 
on�den
e (1 � ÆL) by making theabove quantity less than ÆL . That is, by makingBn �1� �L2�m < ÆLwhi
h 
an be satis�ed by m � L2� �lnBn + ln LÆ �This is the sample size used by the Exer
iseLearner. Hen
e,PrfHl is badjHl�1 is goodg < ÆL10



By indu
tive hypothesis, PrfHl�1 is badg < Æ(l � 1)LHen
e, PrfHl is badg < ÆL + Æ(l � 1)L = ÆlLproving the indu
tion for level l. For l = L the above redu
es toPrfHL is badg < Æ (12)This 
ompletes the indu
tion. To show that the test error probability of the �nal problem solver is lessthan �, we use Equation 3. We 
an relate the two distributions P and Pe by the following equation.Pe(y) =Xx2S P (x)#fy 2 Ef (x)gjEf (x)j � P (x)1y2Ef (x)jEf (x)j � P (x)1y=xjEf (x)j � P (y)L (13)Here 1C(x) is an indi
ator fun
tion whi
h is 1 if the 
ondition C(x) is true and 0 otherwise. The �rsttwo inequalities follow from the fa
ts that #fy 2 Ef (x)g � 1y2Ef (x) and that x 2 Ef (x) for all x. The �nalinequality follows from jEf (x)j � L for all x. From Equation 4, with probability � 1� ÆlL � 1� Æ,Xx2Gl�Cl Pe(x) � �lL2 (14)Sin
e P (x)L � Pe(x), simplifying and 
an
eling L on both sides we getXx2Gl�Cl P (x) � �lL � � (15)Sin
e all diÆ
ulty levels are mutually ex
lusive, this shows that the probability that a random testproblem x 
annot be solved by the learned problem solver while it 
an be solved by the target problemsolver is bounded by �. Sin
e Equation 15 holds with a probability at least � 1� Æ, 
ondition 3 of De�nition1 is satis�ed by Exer
iseLearner. Sin
e lnBn is polynomial in n, the sample size of Figure 2 is polynomial inall the required parameters. If Solve-and-Generalize runs in time polynomial in all the parameters, then sodoes Exer
iseLearner. Sin
e all problem solvers in F run in time polynomial in the problem size, it followsthat Exer
iseLearner is a learning algorithm for F . �4 Learning ma
ro-operatorsOne standard te
hnique to make problem solvers eÆ
ient is to learn ma
ro-operators (Korf, 1985; Iba,1989; Fikes, Hart, & Nilsson, 1972). In this se
tion, we 
onsider eÆ
ient learning of ma
ro-operators fromexer
ises. First we des
ribe a formalization of ma
ro-operator learning in serially de
omposable domainsusing exer
ises and prove a positive result for the learning by exer
ises model. Then we show some empiri
alresults in the domain of Eight Puzzle.4.1 Problem solving with ma
ro-operatorsA ma
ro-operator (or a ma
ro) is any sequen
e of operators that a
hieves a subgoal (Korf, 1985; Iba, 1989).Ma
ro-operators make the grain size of the sear
h spa
e 
oarser than the spa
e of primitive operators, therebyin
reasing the eÆ
ien
y of sear
h. In this se
tion, we 
onsider the learning of ma
ro-operators and formalizeit using the learning framework that we introdu
ed in Se
tion 3.Ma
ro-operators are espe
ially e�e
tive for serially de
omposable domains, whi
h will be de�ned shortly.These domains have fa
tored state spa
es, where ea
h state is des
ribed by a ve
tor of features, hf1; : : : ; fni.Ea
h feature takes dis
rete values from fv1; : : : ; vng.11



178 5 4 36= {} = {0 } ={0..1} = {0..2} }={0..8= {0..5}2= {0..4}= {0..3}G G G G G G G GFigure 3: The stage stru
ture of 8-puzzle. In any stage Gl = f0::ig, tile 0 (empty spa
e) thru tile i are intheir goal positions and tile i+ 1 is not. G8 is the set of all solvable problems where the empty spa
e is notin its �nal position. In G7, the spa
e is in its �nal position, but tile 1 is not. In G6, the spa
e and tile 1 arein their �nal positions, and tile 2 is not, and so on. In G2, the tiles 6,7, and 8 are out of pla
e. In G1 theyall rea
h the goal positions simultaneously. The arrows represent \more diÆ
ult than" relation.For example, in Rubik's Cube, the features are 
ubie names, and their values are 
ubie positions. InEight Puzzle, the features are tiles, and their values are tile positions. Turning of ea
h fa
e of the Rubik'sCube is an operator; and so is moving ea
h tile next to the spa
e in Eight Puzzle. Thus, both in Rubik'sCube and Eight Puzzle, ea
h operator redu
es a problem to a single new problem, whi
h represents its nextstate.A domain is serially de
omposable if there is a total ordering on the set of features f1 thru fn su
h thatthe e�e
t of any operator in the domain on a feature value is a fun
tion of the values of only that feature andall the features that pre
ede it (Korf, 1985). Both Eight Puzzle and Rubik's Cube are serially de
omposable.In Rubik's Cube the e�e
t of a turn on the position of a 
ubie is 
ompletely independent of the positions ofother 
ubies. In Eight Puzzle, the e�e
t of any operator like Up, Down, et
. on a tile depends not only onthe position of that tile, but also on the position of the spa
e. If we treat the spa
e as a spe
ial tile, say tile0, in Eight Puzzle, then it is serially de
omposable for any ordering of features starting with the spa
e asthe �rst feature f1.We assume that the goal is satis�ed by a single goal state hg1; : : : ; gni known to the learner. A problemsolving stage 
orresponds to the set of exer
ises where features 0 thru i have their goal values. The orderingof the features is su
h that the domain is serially de
omposable with respe
t to it. The stage G1 
orrespondsto the singleton set fhg1; : : : ; gnig that 
ontains the goal state and is trivially solved. G2 is the next morediÆ
ult level in whi
h all but a small number of features have their goal values. All features simultaneouslyrea
h their goal values when an appropriate ma
ro-operator is applied to the problems of this stage. Forexample, in Eight Puzzle, G2 may be the set of problems in whi
h all tiles ex
ept 6,7, and 8 are in their goalpositions. The stages G3, G4, et
. are su

essively more diÆ
ult until G8 whi
h represents the set of allsolvable problems where the spa
e is out of pla
e. The stages are mutually ex
lusive and 
olle
tively 
overall solvable3 problems (see Figure 3).Without loss of generality assume that the domain is serially de
omposable with respe
t to the featureordering f1; : : : ; fn. Generalizing the above, we 
hoose the problem solving stages so that all problems instage Gl have some features Fl = ff1; : : : ; fig at their goal values for some i and feature fi+1 has a non-goalvalue (if it exists). Sin
eG1 is the goal state, F1 in
ludes all features. Moreover for all l, Fl � Fl�1. Typi
ally,Fl�1 has one more feature than Fl, whi
h is stored in 
(l). But sometimes as in F2 and F1 in Eight Puzzle,they might di�er by more than one feature, all of whi
h rea
h their goal values simultaneously when someoperator sequen
e is applied. If that is the 
ase, 
(l) is some feature in Fl�1 � Fl. By the property of serialde
omposability, sin
e all the features in Fl have their goal values for all problems in stage Gl, the e�e
t ofany operator sequen
e on the feature 
(l) = r in a problem s only depends on that feature's value vj andnothing else. This makes it possible to store a single ma
ro-operator Mj;l for ea
h value vj , whi
h takes allstates that share this value for 
(l) from stage Gl to the next stage Gl�1. This repeats for ea
h su

essivestage until the �nal stage G1.A domain satis�es operator 
losure if the set of solvable instan
es is 
losed under operators, i.e., everyproblem that 
an be rea
hed from a solvable problem by an operator is solvable. Korf showed that if adomain is serially de
omposable and satis�es operator 
losure, then it has a ma
ro-table that 
an be usedto solve all solvable problems (Korf, 1985). In our formulation, a ma
ro-table 
onsists of a set of ma
ros forea
h stage Gl, one for ea
h value of the feature 
(l).Figure 4) shows how to solve a problem using a ma
ro-table. Re
all that if the value of the feature 
(l)3Only half the problems in this domain are solvable. 12



01 pro
edure Ma
ro-problem-solver02 input problem s;03 let solution = \ ";04 for l := L thru 0 by �1 do05 let 
(l) = feature r;06 let the value of feature r of problem s be vj ;06 if vj is di�erent from the value of feature r in the goal state then07 solution := solution:Mj;l;08 s := apply(Mj;l; s);09 end for;10 return (solution);11 end Ma
ro-problem-solver; Figure 4: Ma
ro Problem Solverin state s is vj , then the jth ma
ro for stage Gl, denoted by Mj;l, takes s to a state where all features in Fl�1are at their goal values. Note that the traje
tories of the ma
ro-operators for problems in Gl might passthrough higher level stages before eventually rea
hing Gl�1 or lower-level stages. The algorithm of Figure 4�rst initializes the solution to empty sequen
e and the level l to L. It retrieves the feature r = 
(l) that
orresponds to the 
urrent level l (lines 03-05 of Figure 4) and its value vj . If vj is di�erent from that ofthe 
orresponding value for the goal state, then the ma
ro Mj;l is applied to s and appended to the solution(lines 06-08). This is repeated until the goal is rea
hed and the resulting solution is returned (line 10).An example problem and solution in Eight Puzzle are shown in Figure 5. The letters r, l, u, andd represent the primitive operators of moving a tile right, left, up, and down respe
tively. Ma
ros arerepresented as strings made up of these letters. For notational ease, features (tiles) are labeled from 0 to 8,0 standing for the spa
e and i for tile i. The goal is arbitrary but �xed for ea
h target problem solver. Thespa
e is ordered �rst in any serializable ordering, followed by tiles 1 through 8 in our example.We now turn to learning of ma
ro-tables. One of the diÆ
ulties here is that the ordering of the featuresin the ma
ro-table is not known and must be dis
overed. All that the learner knows is that the domainis serially de
omposable with respe
t to this ordering, and the exer
ises are pro
essed by the generalizingroutine in the in
reasing order of their diÆ
ulty. The MT-Generalize routine for the ma
ro-table learningtakes the diÆ
ulty level l, the set of features Fl�1 whi
h 
orresponds to the known ma
ro-table at this point,and a set S of exer
ises as input (line 02 of Figure 6). It builds the lth 
olumn of the ma
ro-table whi
h hasma
ro-operators that redu
e problems of diÆ
ulty level l to those of lower levels.The algorithm �rst �nds the set of features Ql for whi
h all exer
ises in S have the goal values (line03). Now, the lth 
olumn of the ma
ro-table must belong to some feature for whi
h we do not yet havea 
olumn, i.e., a feature not in Fl�1. Sin
e all exer
ises in S have their goal values for features in Ql, we
an also ex
lude these as 
andidate features for the lth 
olumn of the ma
ro table. Hen
e, the 
andidatefeatures are sele
ted from features F not in Fl�1 or Ql (line 04). In general, there may be several featuresin F . Depending on the problem distribution and the domain, when one feature is taken to its goal value,several other features might also rea
h their goal values for all problems in the exer
ise set. In fa
t, as wenoted earlier, this happens for the stage G2 in Eight Puzzle. Hen
e all su
h features are potential 
andidates.Arbitrarily pi
king one from them may not work, be
ause if we pi
k a wrong feature, it may not satisfy theserial de
omposability property in that the e�e
t of an operator on that feature might also depend on other
andidate features. Hen
e, the algorithm sear
hes for the 
orre
t feature from this 
andidate set, by verifyingthat the serial de
omposability is obeyed for all examples in the 
andidate set if this feature is 
hosen.In parti
ular, for ea
h 
andidate feature r 2 F , the algorithm partitions the set S into subsets S1; : : : ; Skwhere the value of the feature r is v1; : : : ; vk respe
tively (line 08). For all problems in S, it sear
hes forma
ro operators that take the values of the rth feature to their goal values while preserving all the feature13
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(d)(f) (e)Figure 5: An Eight Puzzle problem and the intermediate subgoals. The ma
ro-operators solve the su

essivesubgoals. Problems (a), (b), (
), (d), (e), and (f) are respe
tively in G8, G7, G6, G3, G2, and G1.values in Fl�1 (lines 09-10). We assume that there is a serially de
omposable ordering of features for thedomain, and the target problem solver is a ma
ro-table whi
h is ordered by one su
h ordering of features.If all the features in Fl�1 have been 
orre
tly identi�ed a

ording to this ordering, then there is a seriallyde
omposable ordering of features Fl�1Sfrg starting with some feature r for the problems in S. Hen
e,there is a 
onsistent ma
ro-table for these problems where r is a 
orre
t feature of 
olumn l. Sin
e allexer
ises in Sj have the same value for feature r, any operator sequen
e whi
h redu
es any exer
ise in Sjto subproblems in the easier stages, 
an similarly redu
e all exer
ises in Sj . If the above is not true forsome feature r, it is reje
ted as a 
andidate feature for the lth 
olumn, and the other features are sear
hedfor until the 
orre
t feature is found (lines 11-15). The 
orre
t feature is stored in 
(l) (line 16). All otherfeatures in F that have also rea
hed their goal values simultaneously along with 
(l) are stored in Fl (line14). For ea
h value vj of the feature 
(l), the operator sequen
e that redu
es the exer
ises in Sj to simplersubproblems is stored in the ma
ro table indexed by (j; l) (line 10). Finally, the updated feature arrays 
and F , and the ma
ro-table are returned (line 18).In order for the ma
ro-table learning to be eÆ
ient, it must be possible to redu
e an exer
ise of a givendiÆ
ulty to a set of subproblems whose total diÆ
ulty is stri
tly less in polynomial time. In other words,the stage stru
ture of the domain must be dense for the default problem solver, whi
h in this 
ase is 
alledMa
ro-Sear
h. Hen
e it is one of the 
onditions for the following main theorem of this se
tion.Theorem 2 Let H be a set of ma
ro-tables for a 
olle
tion of serially de
omposable domains in a meta-domain M. If the stage stru
ture de�ned by the target ma
ro-tables is dense for the Default Problem Solver(DPS) at the disposal of the learning algorithm, then there exists an algorithm for learning the problemsolvers in H from exer
ises.Proof: We 
laim that Exer
iseLearner where MT-Generalize is used for generalization in the pla
e of itsSolve-and-Generalize is a learning-from-exer
ises algorithm for M in H.First, from Figure 4, we observe that the Ma
ro-problem-solver runs in time O(ns) assuming that the14



01 pro
edure MT-Generalize02 input Level l, Features Fl�1, Exer
ise set S03 Ql := All features that have the goal values for all problems in S.04 F := All features other than those in QlSFl�105 for ea
h feature r 2 F until Su

ess = true06 Fl := F ;07 Su

ess := true;08 Partition S into S1; : : : ; Sk based on the value of feature r09 for j := v1 thru vk while Su

ess = true10 Mj;l := Ma
ro-Sear
h(x), for some x 2 Sj11 for ea
h problem y in Sj12 if z := apply(Mj;l; y) is not in a solvable stage,13 then Su

ess := false;14 else Fl := FlT all features whi
h have goal values in z;15 end for;16 If Su

ess = true 
(l) := r;17 end for;18 return 
; F;M19 end MT-Generalize;Figure 6: TheMT-Generalize routine that learns ma
ro-operators. Ma
ro-Sear
h returns an operator sequen
ethat redu
es the problem x into subproblems whi
h 
an be solved by the 
urrent ma
ro-table. It is storedas Mj;l if it works for all exer
ises whose feature 
(l) has a value vj .maximum length of a ma
ro in the ma
ro table is bounded by s. Hen
e H is a set of polynomial-timeproblem solvers.To apply Theorem 1, we need to show that (a) MT-Generalize �nds a set of ma
ro-operators that 
orre
tlysolve all exer
ises of stage Gl whose redu
tion sets are solvable by Hl�1 in polynomial time, and (b) the logof the number of possible failure regions for the 
andidate ma
ro-table 
olumns for level l is polynomial.Let El be the training exer
ises of stage Gl. Hen
e they should all have the same values for features that
orrespond to stages Gl+1 thru GL. Let Ql be the set of features whose values are shared by all exer
ises instage Gl and the goal state. For ea
h exer
ise, the algorithm �rst 
alls Ma
ro-Sear
h (the default problemsolver) to �nd a ma
ro-operator that takes it to the next stage. If 
(l) is a key feature for stage Gl, then thesame ma
ro-operatorMj;l should redu
e all exer
ises that have the same value for this feature to exer
ises ofstage Gl�1 or lower stages. Sin
e there exists some 
orre
t feature for stage Gl, it 
an be found by 
onsideringall potential key features of stage Gl and testing them.We now bound the number of possible failure regions of the ma
ros of stage Gl. Note that there aretwo di�erent pie
es of information learned in ea
h stage: the feature 
(l), and the 
orresponding ma
ro-operators. The feature 
(l) 
an be sele
ted in at most n ways. For ea
h possible 
hoi
e, the only way inwhi
h the ma
ros of stage Gl are going to be in
orre
t is if some ma
ro-operators in that 
olumn have notbeen learned (be
ause there was no 
orresponding exer
ise in the training set). Sin
e the number of valuesof any feature is also bounded by n, there are at most 2n subsets of ma
ro-operators in the lth stage. Hen
ethe number of the failure regions of bad problem solvers for this stage is upper bounded by Bn = 2nn. Sin
elnBn is bounded by lnn+n ln 2, the sample size m is L2� (lnn+n ln 2+ ln LÆ ). It is easy to see from Figure 6that the run time of MT-Generalize is bounded by O(n2mbd), where m is the number of exer
ises, d is thelength of longest ma
ro-operator, and b is the bran
hing fa
tor of sear
h. Sin
e the running time and samplesize of MT-Generalize are both polynomials in all the parameters ex
ept d, and d is independent of n and L,all the 
onditions of Theorem 1 are satis�ed, and it is a learning-from-exer
ises algorithm for M in H. 215
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ises and examples. The X-axisshows the number of exer
ises used in training. When learning from examples, the number of exer
isesinvolved in the solutions are 
ounted. The Y-axis shows the average a

ura
y on the test distribution. Ea
hpoint is an average of 30 di�erent learning trials. The error bars are 1 standard deviation away on eitherside.4.2 Experimental ResultsIn this se
tion, we present empiri
al results on the performan
e of an implementation of the algorithms ofprevious se
tion, in the domain of Eight Puzzle (Korf, 1985; Tadepalli & Natarajan, 1996).We used the IDA* algorithm with the 
ity-blo
k distan
e heuristi
 as the default problem solver. Notethat the domain satis�es our density requirement in that it is possible to move from any problem instan
e toan easier problem instan
e with bounded sear
h by our default problem solver. This 
an be generalized tothe N �N version of Eight Puzzle and the 
orresponding stage stru
ture. As was illustrated by (Finkelstein& Markovit
h, 1998), the 
ity-blo
k distan
e heuristi
 
oupled with the IDA* algorithm limits the sear
hby �rst bringing the tile in question to a nearest lo
ation to its goal position without disturbing previouslyarranged tiles, and then doing a bounded sear
h to pla
e that tile and any previously arranged tiles in theirgoal positions.Substituting L = 7; n = 9, and � = Æ = 0:1, in the formula L2� (lnn+ n ln 2 + ln LÆ ) for the sample size ofthe learning algorithm, we get 6,215 exer
ises for Eight Puzzle! Obviously, this is too high in pra
ti
e andindi
ates the worst 
ase nature of the analysis. To get a more realisti
 bound, we turn to experiments.Our program was trained on solvable exer
ises that belong to the di�erent stages su
h as those shown inFigure 5. The exer
ises were sele
ted uniformly randomly from ea
h stage, making sure, using a previouslylearned ma
ro-table, that they are solvable. For example, the exer
ises in stage G1 have the tiles 0 thru 5 intheir goal positions, and the rest of the tiles distributed a

ording to one of the 2 solvable (and not solved)
on�gurations.The system was trained from 0 to 300 random exer
ises in in
rements of 20, and was tested on anindependent test sample of 100 random test examples after ea
h in
rement. The results in Figure 7 areaverages over 30 di�erent training sets. The error bars denote 1 standard deviation intervals on both sides.Learning rea
hes a 89% average a

ura
y with 180 exer
ises and 94.5% average a

ura
y with 200 exer
ises.16



This is more than an order of magnitude faster than what is predi
ted from the worst 
ase theoreti
alanalysis. For 
omparison, we show the results of learning from examples where ea
h example 
onsists of aproblem 
hosen using a uniform distribution and a solution derived from a tea
her's ma
ro table. In this
ase, we also assume that the subgoal order of the tea
her's ma
ro table is known. The learner simplyparses the solution into ma
ro-operators a

ording to the subgoals in the tea
her's ma
ro table and storesthem (Tadepalli & Natarajan, 1996). Thus ea
h example is equivalent to multiple exer
ises, one for ea
hsubgoal in its solution. Hen
e to make the 
omparision to learning from exer
ises fair, on the X-axis, weshow the number of subgoals in the solutions of a given number of training examples, averaged over 30trials. The Y-axis shows the a

ura
y on the randomly 
hosen test examples. It is 
lear that there is nosigni�
ant di�eren
e between the two plots showing that learning from exer
ises is as e�e
tive as learningfrom tea
her-given solutions in this 
ase.The S-shape of the two learning 
urves is worth noting and is 
hara
teristi
 of problems whi
h needmultiple independent heuristi
s (e.g., ma
ro-operators) to solve them. In the beginning, the learning is slowbe
ause solving a new test problem requires knowing appropriate ma
ro-operators for ea
h stage. Withonly a limited amount of training, it is likely that one or more of these ma
ro-operators are missing, whi
hmeans that the test problems 
annot be solved. But as more exer
ises are solved at ea
h stage, it be
omesmore likely to have learned the appropriate ma
ros for ea
h stage, whi
h leads to a sharp in
rease in theperforman
e.5 Learning 
ontrol rulesIn this se
tion, we examine building eÆ
ient problem solvers by learning 
ontrol rules (Mit
hell et al., 1983;Langley, 1983; Minton, 1990). Control rules redu
e sear
h by sele
ting, reje
ting or ordering operatorsappropriately.5.1 Sele
tion rule learningWe 
onsider a simple problem solving ar
hite
ture based on sele
tion rules. A sele
tion rule is a pair hU(o); oi,where U(o) des
ribes the set of problem states on whi
h this rule sele
ts the problem redu
tion operator o.U(o) is 
alled the sele
t-set of o.We assume that the sele
t-sets of operators of the domain are des
ribed in some language L. We 
onsidera hypothesis spa
e FL of problem solvers, where every problem solver 
onsists of a set of sele
t-sets in L,one for ea
h operator in the domain. Let Ln be the sele
t-sets restri
ted to problems of size � n. We saythat the 
ontrol rules are non-overlapping, if the sele
t-sets of di�erent operators are mutually ex
lusive, sothat every state is in the sele
t set of exa
tly one operator.Figure 8 shows the problem solver that works by using 
ontrol rules. Given a problem and a set of 
ontrolrules, it pi
ks the operator oi whose sele
t-set 
ontains the problem if any su
h exists and applies it, gettinga new set of problems Sx (lines 06-07 of Figure 8). The problem solver is re
ursively applied to ea
h of theproblems in Sx, and their solutions are 
omposed with oi and returned (line 09).There is a natural partial ordering over the senten
es in L de�ned by the \more general than" relation.A senten
e is more general than another if the set represented by the �rst senten
e is a superset of thatrepresented by the se
ond senten
e. The idea of our generalization algorithm is based on learning withone-sided error, whi
h means that the various sele
t-sets we learn may be over-spe
i�
 
ompared to thetarget sets, but never over-general (Natarajan, 1991). For a given target problem solver f 2 FL, de�ne Hfto be the set of problem-solvers in FL, whose sele
t sets are more spe
i�
 than those of f . These are all theproblem solvers that our learning algorithm 
an potentially learn from the exer
ises of f . To eliminate therisk of over-generality, the algorithm 
omputes \least general generalizations," de�ned as follows.De�nition 3 The least general generalization (lgg) of a set S of instan
es is a sele
t-set G in L whi
h isleast general among all sele
t-sets in L that represent the supersets of S.Sin
e our algorithm learns from self-generated solutions rather than the user-given solutions, to guaranteeno over-general rules, we have to make sure that the redu
tion set generated by the system is the same as17



01 pro
edure Control-rule-problem-solver02 input x;03 if x is solved by the goal pro
edure G04 return G(x)05 else begin06 pi
k the operator oi s.t. x 2 U(oi);07 if no su
h oi exists, halt with a failure;08 Sx := oi(x);09 return COMPOSE (oi;Sy2Sx Control-rule-Problem-solver (y));10 end;11 end Control-rule-problem-solverFigure 8: A problem solver that uses 
ontrol rules01 pro
edure Learn-Sele
t-Rules02 input Stage l, Exer
ise set S, Current sele
t sets U(o1); : : : ; U(ok)03 for ea
h exer
ise e 2 S04 Let the default problem solver redu
e e to an exer
ise set R(e), where05 all problems in R(e) 
an be solved using 
urrent sele
t sets06 for ea
h an
estor node ej of the nodes in R(e) in the solution tree of e07 if oi is the operator applied to ej08 U(oi) = Generalize(U(oi); ej);09 end for;10 return U(o1); : : : ; U(ok)11 end Learn-Sele
t-Rules;Figure 9: The Learn-Sele
t-Rules routine that learns sele
tion rules. The default problem solver redu
es theexer
ises to easier ones. The Generalize routine returns the least general generalization (lgg) of the inputsets.that generated by the target problem solver. To ensure this, we assume that the exer
ises are uniquelysolvable in that they 
an only be redu
ed in one way.De�nition 4 Let e be an exer
ise of stage l with respe
t to a target problem solver f . We say that e isuniquely solvable by the default problem solver with respe
t to f , if Rf (e) is the only set of problems that e
an be redu
ed to by DPS so that they 
an be solved by f in fewer than a total of l steps.The learning algorithm Learn-Sele
t-Rules in Figure 9 works as follows. Using the default problem solver,it �rst tries to redu
e ea
h exer
ise e to a set R(e), where ea
h problem in R(e) 
an be solved using the
urrent problem solver (lines 04-05). Note that, in general, several primitive redu
tion operators may beneeded to redu
e e to its redu
tion set. Thus, the �nal solution tree of e might 
onsist of several an
estorsof the nodes in R(e), in addition to e itself. For one su
h an
estor ej , let oi be the 
orresponding operatorthat has been applied in the solution tree. The routine Generalize in
rementally generalizes the 
urrent sele
tset U(oi) of the operator oi to in
lude ej (lines 06-08). To avoid the risk of over-generalization, we employthe least general generalization of the sele
t sets. This is repeated for all an
estors of nodes in R(e). Afterpro
essing all exer
ises, the �nal sele
t sets are returned (line 10). We are now ready to state our theorem.18



Theorem 3 Let FL be the set of problem solvers for a meta-domain M , based on polynomially 
omputable,non-overlapping sele
t sets from the language L. Then there exists an algorithm for learning FL fromexer
ises, if1. the stage stru
tures de�ned by the target problem solvers are dense for the default problem solver (DPS)at the disposal of the learning algorithm,2. the exer
ises are guaranteed to be uniquely solvable,3. for any exer
ise e and sele
t-set U(oi), Generalize 
omputes the least general generalization of e andU(oi) in Ln in polynomial time; and4. ln jLnj is a polynomial in n.Proof: We show that Exer
iseLearner where Learn-Sele
t-Rules is used in the pla
e of Solve-and-Generalize isa learning-from-exer
ises algorithm for FL.Unlike in the ma
ro-tables example, where there is a set of ma
ros for ea
h stage, here the learningalgorithm builds a set of sele
tion rules that work for all stages. The key idea in the proof is as follows:Given a set of exer
ises S, the learning algorithm Learn-Sele
t-Rules in Figure 9 will use the default problemsolver (DPS) to produ
e a set of redu
ed problems that 
an be solved by the problem solver learned sofar. This pro
ess generates some new examples, whi
h are used to generalize the sele
t-sets of the 
urrentproblem solver in a least general way. If the 
onditions of the theorem are satis�ed, this 
an be 
arried out inpolynomial time. With these sele
t-sets in pla
e, the algorithm Solve of Figure 8 behaves as an approximateproblem solver for the domain D. The rest of the proof deals with the details.The Exer
iseLearner 
alls DPS on ea
h exer
ise. By the assumption that the exer
ises are uniquelysolvable, DPS's solution would have the same redu
tion set as the target problem solver at the top level. Bythe assumption of the density of the stage stru
ture, DPS will be su

essful in redu
ing the exer
ises to theirredu
tion sets with respe
t to the target problem solver if the problems in the redu
tion set are solvable bythe 
urrent problem solver.Sin
e Generalize outputs a least general generalization of the 
urrent hypothesis and the new examples,its sele
t sets are always subsets of those of the target problem solver provided the exer
ises generated byLearn-Sele
t-Rules (see Figure 9) are also generated by the target problem solver. Sin
e the target's sele
tsets are non-overlapping, so are the hypothesized sele
t sets. Thus, any solution produ
ed by the hypothesisproblem solver is also produ
ed by the target problem solver, and hen
e the exer
ises generated by thesystem at any level are in fa
t those that will be generated by a target problem solver.4We now show that the sample size in our algorithm is suÆ
ient for learning. For problems of size n or less,ea
h set U(o) 
an be 
hosen in at most jLnj ways. Sin
e there are k operators, the number of distin
t sele
t-settuples, and hen
e the number of distin
t problem solvers is at most jLnjk. Sin
e the number of failure regionsis upper bounded by the number of problem solvers in the hypothesis spa
e lnBn � ln jLnjk = k ln jLnj.Sin
e ln jLnj in polynomial in n, a polynomial-size sample is suÆ
ient for learning.Sin
e the membership in the sets in Ln, and the least general generalizations of the sets of examples
an both be 
omputed in polynomial time by the assumptions of the theorem, Control-Rule-Learner runs inpolynomial time as well. Hen
e, FL is learnable from exer
ises. 25.2 Appli
ation to symboli
 integrationIn this se
tion, we des
ribe an appli
ation of our theory to learning 
ontrol rules for the domain of symboli
integration, whi
h also e�e
tively exploits our problem redu
tion framework. This domain has been studiedextensively in previous work (Mit
hell et al., 1986; Tadepalli & Natarajan, 1996). The purpose of this simpleillustration is to demonstrate the pra
ti
ality of our theory as well as to put the earlier experimental workon a �rmer theoreti
al footing.Consider the 
lass of symboli
 integrals that 
an be solved by the standard integration operators, someof whi
h are shown in Figure 1. These 
an be naturally des
ribed as problem-redu
tion operators. The4A more rigorous proof 
an be given using mathemati
al indu
tion on the diÆ
ulty level of the exer
ise.19
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Figure 11: Tree representations of the solutions of the two examples. Figure reprodu
ed from (Tadepalli andNatarajan, 1996).problems of this domain 
an be des
ribed by an unambiguous 
ontext free grammar � su
h as shown inFigure 10.Let � be any sentential form, i.e., a string of terminals and variables, of the grammar � derivable from thestart symbol Prob. A sentential form � represents the set of problems derivable from � using the produ
tionsof �. Consider a hypothesis spa
e F of problem solvers whose sele
t-sets are represented by the sententialforms of the grammar �. We argue that the Exer
iseLearner, with an appropriate Generalize routine that
omputes the least general generalization of a set of problems, is a learning algorithm for M in F .We de�ne the diÆ
ulty of an exer
ise to be the number of nodes generated when solving that exer
iseusing the target problem solver. Note that this guarantees that the diÆ
ulty of an exer
ise is stri
tly greaterthan the sum of the diÆ
ulties of the exer
ises in its redu
tion set. To redu
e an exer
ise to its less diÆ
ultstages, it only needs to apply a single, 
orre
t problem redu
tion operator. Problems are solved by a seriesof redu
tions. Figure 11 shows the solutions of two su
h problems: R sinx+ x2dx and R 
osx+ sinxdx.Theorem 4 Let L be the set of sentential forms derivable from the start symbol of an unambiguous 
ontextfree grammar �. Let FL be the hypothesis spa
e of problem solvers de�ned using non-overlapping 
ontrolrules using the sele
t-sets from L. Then there exists an algorithm that learns FL from exer
ises provided theexer
ises are uniquely solvable by the default problem solver.20



Proof: First, we note that there exist several polynomial-time algorithms to test the membership in the
ontext-free pre
ondition language, e.g., see (Earley, 1970). Sin
e di�erent stages are separated by onlya single problem redu
tion operator, a simple default problem solver that tries every possible redu
tionoperator exa
tly on
e on the exer
ise would be able to �nd an appropriate redu
tion set and satisfy the �rst
ondition of Theorem 3.The se
ond 
ondition, namely unique solvability of the exer
ises, is assumed in the statement of thetheorem.We have to show that the last two 
onditions of Theorem 3 hold for L. Sin
e the proof is the same asthat of (Tadepalli & Natarajan, 1996), we will be brief. A sentential form � is more general than � if � 
anbe derived from �. This is be
ause any expression that is in the set represented by �, i.e., 
an be derivedfrom �, 
an also be derived from � and hen
e is in the set represented by �. Sin
e all sentential forms arederived from the start symbol, given any two sentential forms, there always is a sentential form that is moregeneral than both. To 
onstru
t least general generalization of two sentential forms, we mar
h down bothderivation trees simultaneously starting from the two start symbols, and in
luding all the 
hildren of the two
orresponding nodes when they are the same, i.e., the same produ
tion is used at both parent nodes. If thesets of 
hildren of a pair of nodes di�er, the pro
edure terminates with the parent and does not in
lude the
hildren. The yield of the resulting tree gives the least general generalization of the two inputs. An exampleis given in Figure 12. Generalize 
omputes the lgg of more than 2 examples in
rementally by repeatedly�nding the lgg of the 
urrent result and ea
h new example. Sin
e the grammar 
 is unambiguous, the resultat ea
h stage is unique. It is easily seen to be 
omputable in time polynomial in the sizes of all the trees.Sin
e the size of jLnj is exponential in n, its log is polynomial, satisfying the last 
ondition. Hen
e FL islearnable from exer
ises by Exer
iseLearner. 25.3 Experimental ResultsThe Exer
iseLearner and the Solve routine are implemented and tested in the integration domain introdu
edin (Tadepalli & Natarajan, 1996). The expressions to be solved are generated using the grammar in Fig-ure 10. The domain has 39 operators in
luding those in Figure 1, and some di�erentiation and simpli�
ationoperators. Solving a problem 
onsists of removing the integral sign and simplifying the result as mu
h aspossible. The exer
ises are drawn from the intermediate nodes in the solutions generated by a program thatused hand-
oded sele
t-sets. The 
ontext-free grammar and the 
ontrol rules of the hand-
oded problemsolver are uniquely solvable. The diÆ
ulty of the exer
ise is the number of nodes in its solution.The \natural" distribution of integration problems 
onsisted of sums of produ
ts of powers of x and sometrigonometri
 fun
tions of x. In parti
ular, ea
h \natural" problem is of the following form and is sele
teduniformly randomly: R f0�9gxf3�9g+fsinx; 
osx; 0�9g�x2+fsinx; 
osx; 0�9g�x+fsinx; 
osx; 0�9gdx.At ea
h point, the system was tested on a set of 100 test problems. Figure 13 shows the per
entage of thetest problems 
orre
tly solved from the test set averaged over 30 training trials plotted against the numberof training exer
ises. The test problems are sele
ted from the same training distribution mentioned before.A test problem was 
ounted as 
orre
tly solved by the learner if it is redu
ed to an expression without anintegral sign.The error bars denote one standard deviation intervals on both sides of the mean. The learning 
onverges,rea
hing an average a

ura
y of 91.6% with 531 exer
ises and an average a

ura
y of 99.3% with 944exer
ises. For 
omparision, we show the learning 
urve for learning from examples obtained by repeating theexperiments in (Tadepalli & Natarajan, 1996). The X-axis shows the total number of stages involved in thesolutions of a given number of training examples, averaged over 30 trials. The Y-axis shows the per
entageof the test problems 
orre
tly solved at that point. Unlike in Eight Puzzle, in this domain, learning fromexamples is slightly slower than learning from examples, although the di�eren
e is not statisti
ally signi�
ant.For example, it rea
hes an average a

ura
y of only 79.6% after learning from 534 exer
ises and an averagea

ura
y of 97.9% after 944 exer
ises. The slightly lower performan
e with learning from examples is dueto the fa
t that di�erent subproblems generated from the same example are 
orrelated and lead to under-generalization 
ompared to learning from exer
ises generated independently. For example, all subproblemsgenerated from the solution of the same problem typi
ally involve the same multipli
ative 
onstants. Due21
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 integrationdomain. In ea
h 
ase, the X-axis shows the number of training exer
ises in the training set. The Y-axisshows the average a

ura
y on the test distribution. Ea
h point is an average of 30 di�erent learning trials.The error bars are 1 standard deviation away on either side.to the least general generalization te
hnique employed by the learning algorithm, these 
onstants do not getgeneralized. Sin
e the exer
ises generated by the exer
ise learner are mutually independent, they typi
allyhave exer
ises with di�erent multipli
ative 
onstants, whi
h yield more general rules.6 Learning De
ision List Poli
iesWe now illustrate our framework for a di�erent form of 
ontrol knowledge, namely a de
ision list. Here, we
onsider domains where ea
h operator transforms the 
urrent problem to a single subproblem. Sin
e this isequivalent to state-spa
e formulation, we also refer to problems as states. We refer to the maps from statesto operators as poli
ies.A de
ision list poli
y 
onsists of a sequen
e of 
lauses of the form \if hTesti then apply hOpi," wherehTesti 
onsists of a 
onjun
tion of k literals. In any state, the �rst 
lause in the sequen
e whose hTestievaluates to true \�res" and the 
orresponding operator hOpi is applied. A greedy de
ision list learningalgorithm is devised by Rivest (Rivest, 1987), and is adapted by Khardon for learning a
tion strategies(Khardon, 1996).The algorithm De
isionList-learner of Figure 14 works as follows. First, all exer
ises of a given diÆ
ultyare redu
ed using the default problem solver to problems of lower levels of diÆ
ulty. In our domain, thisredu
tion is a
hieved by sear
hing for a sequen
e of operators that takes the original state to a single state ofless diÆ
ulty (line 05). All states en
ountered during this sequen
e and the 
orresponding operators appliedare 
olle
ted as a set of one-step examples (lines 06-07). If a state is already in the set, that state is notadded to the set to avoid 
on
i
ting operators on that state. The set of su
h one-step examples is generalizedinto a separate de
ision list poli
y for ea
h stage using Rivest's algorithm (Rivest, 1987). The generalizationalgorithm uses a \separate and 
onquer" strategy, and works as shown in Figure 14. Given a set of one-stepexamples S that 
onsist of problem states x and 
orresponding operators y, it sear
hes for a 
lause C = \if23



01 pro
edure De
isionList-learner02 input Level l, Exer
ise set E of level l;03 Initialize de
ision list DL and set S to be empty;04 for all problems x 2 E05 Use DPS to �nd a sequen
e of operators that redu
es x to an easier level06 Let x1; a1; : : : xn�1; an�1; xn be the state-operator sequen
e where xn is in a level < l.07 Add all (xi; ai) to S, where 1 � i < n and xi is not already in S.08 while S is non-empty do09 Find a 
lause C = \if Test then apply Op," su
h that10 8(x; a) 2 S if Test(x) is true, then a is the same as Op11 Append C to the de
ision list DL and remove all examples whi
h satisfy Test from S12 end;13 return the de
ision list DL;14 end De
isionList-learner Figure 14: The de
ision-list poli
y learnerhTesti then hOpi," whi
h is 
onsistent with that pool of examples (lines 09-10). A 
lause is 
onsidered tobe 
onsistent with an example (x; y), if whenever the hTesti is true for its problem state x, y is the same asthe 
orresponding operator. After a 
lause C is 
hosen, it is appended to the de
ision list, and the exampleswhi
h satisfy the hTesti are removed from the pool of examples (line 11). Then the loop repeats by 
hoosingthe next 
lause.Theorem 5 Let H 
onsist of a set of stage-spe
i�
 de
ision list poli
ies, ea
h of whi
h has at most k testsin its 
lauses. Suppose that all poli
ies that solve the domain are generated by some poli
y in H. If the stagestru
ture de�ned by the target de
ision list in H is dense for the Default Problem Solver (DPS), then thereis an algorithm for learning H from exer
ises.Proof: We 
laim that Exer
ise-Learner with Solve-and-Generalize implemented by the De
isionList-Learner ofFigure 14 learns the problem solvers in H from exer
ises.By the density assumption, DPS will be able to solve ea
h of the exer
ises of stage l whose redu
tion setsare solvable by Hl�1. Sin
e we assumed that all poli
ies are generated by some de
ision-list poli
y of the
orresponding stage, the one-step examples generated by the De
isionList-Learner are 
onsistent with somede
ision-list poli
y of stage l.We 
an now use Rivest's result (Rivest, 1987) that showed that the above greedy generalization algorithmlearns a de
ision list poli
y 
onsistent with the training set, satisfying the �rst 
ondition of Theorem 1.The number of failure regions Bn is bounded by the number of distin
t de
ision list poli
ies jHj �jOjnknk!, where n is the number of instantiations of ea
h test, and O is the set of operators. Hen
e lnBn �nk ln jOjknk lnn, satisfying the se
ond 
ondition of Theorem 1 and proving that Exer
ise-Learner is going tobe su

essful. 2We use a simulated robot domain for learning de
ision-list poli
ies. The robot planning domain is depi
tedin Figure 15. The goal of the robot is to pi
k up the key in one of the rooms (R2) and use it to open the
hest in room R4.We divide the problem instan
es of this domain into 9 stages and learn a de
ision list poli
y for ea
hstage. As usual, the stage G1 
ontains all the states in whi
h the robot has opened the 
hest, i.e., all goalstates. The other stages are based on the lo
ation (room) of the robot and whether the robot has pi
kedup the key, and are shown in Figure 16. In parti
ular, in stages G2 thru G5, the robot has the key and instages G6 thru G9, it does not have the key. The \more diÆ
ult than" relation between the stages followsthe goal-subgoal stru
ture of the problem to be solved. Sin
e the robot must have the key before openingthe 
hest, all the stages in whi
h the robot does not have the key are more diÆ
ult than the stages in whi
h24
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Figure 15: A simulated robot in a grid world of size 17 � 13 divided into 4 rooms. The bla
kened part ofthe rooms are ina

essible. The goal is to pi
k up the key in room R2 and open the 
hest in room R4. Therobot is in R1. The dashed lines in R1 and R4 indi
ate the regions in whi
h the robot has the same besta
tion, as indi
ated by the arrows.
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Figure 16: The problem spa
e of the robot domain, divided into 9 regions. The �nal stage G1 is on the rightwhere the robot has opened the 
hest. G2 thru G5 
orrespond to problems where the robot has the key, andthe rest 
orrespond to problems where the robot does not have the key. The robot's lo
ation is indi
atedinside the ovals. The arrows 
orrespond to \more diÆ
ult than" relationship.the robot has the key. When the robot has the key, the goal is to be in room R4, whi
h makes it the leastdiÆ
ult among all stages where the box is 
losed (G2). The other stages are related to this stage by \morediÆ
ult than" based on their a

ess relationships between the 
orresponding rooms. For example, sin
ethere is a door between R3 and R4 and not between R2 and R4, G3 (whi
h 
orresponds to R3) is dire
tlyrelated to G2 (whi
h 
orresponds to R4) by \more diÆ
ult than," and G5 (whi
h 
orresponds to R2) is notdire
tly related to G2. Similar relationships hold between goals G9-G8-G7-G6, G6 being the least diÆ
ultsin
e it 
orresponds to room R2 whi
h has the key.In parti
ular, the tests of the 
lauses of the de
ision lists 
onstrain the lo
ation of the robot to a re
tangularregion and whether or not it has the key. The then-part spe
i�es a single operator. Noti
e that every possiblepoli
y is expressible by a de
ision list, sin
e we 
an des
ribe ea
h possible state by the lo
ation of the robot,whi
h is a single grid 
ell (and a trivial re
tangle), and whether or not it has the key. Hen
e this domainsatis�es the �rst assumption we made in Theorem 5. The density assumption is satis�ed, if DPS is allowedto sear
h as deep as ne
essary to move from one room to another.In ea
h iteration of the de
ision list learning algorithm, a 
onsistent 
lause is found by merging all one-step examples that have the same operator into the most spe
i�
 re
tangular region that 
ontains all theirlo
ations, and then spe
ializing the 
lause until it does not 
over any examples with di�erent operators. Theresulting 
lause is appended to the de
ision list and the examples that are 
overed by it are removed. Thealgorithm terminates when all examples are 
overed by some 
lause.25
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urves for the robot planning domain where the test problems are 
hosen uniformly atrandom over all stages. The X-axis shows the number of exer
ises involved in training and the Y-axis isthe average a

ura
y on the test set. The 
urve labeled \exer
ises" is generated by our learning algorithm.In the 
ase of \examples," all exer
ises in the tea
her-given solution are used and 
ounted. In the 
aseof \uniform," the exer
ises are 
hosen uniformly randomly over all stages. Ea
h point is an average of 30di�erent learning trials. The error bars are 1 standard deviation away on either side.The dotted lines in Figure 15 spe
ify the regions that 
orrespond to di�erent 
lauses and the arrowsindi
ate the operators suggested in those regions. Only the rules that 
orrespond to stage G2 (where therobot is in room R4 and has the key) and stage G8 (where the robot is in room R1 and does not have thekey) are depi
ted in the �gure. For example, the big up-arrow in R4 says, \if you are between (1,5) and(7,8) and have the key, go up."In this domain, when an example is redu
ed from one stage to the next, it has a small number of entrypoints that 
orrespond to \doorways" between the rooms. Thus, when we generate exer
ises, the lo
ationsthat 
orrespond to doorways should have a higher probability. To generate the exer
ises properly, we �rstgenerate a problem instan
e x using the \natural" distribution, whi
h is uniform over all stages. We thensolve the problem x using a domain-spe
i�
 problem solver, and 
olle
t the set of exer
ises that o

ur in itssolution, where ea
h exer
ise is the �rst problem in the sequen
e of subproblems of x with a given diÆ
ulty.We then uniformly sample from this set of exer
ises generated from x.We 
ompare the performan
e to an example-based approa
h as before. That is, we 
hoose problemsusing the natural distribution, and for ea
h problem, 
hoose the �rst exer
ise of ea
h stage that o

urs in itssolution. We use all of them for training.One diÆ
ulty with our approa
h is that generating exer
ises from the exa
t exer
ise distribution requireshaving an ora
le that 
an solve natural problems. Unfortunately, this may not always be available. To showthat our general algorithmi
 s
hema works even when the exer
ises are 
hosen from a di�erent distribution,we did another experiment. We 
hose exer
ises using a uniform exer
ise distribution, i.e., used the naturaldistribution dire
tly to 
hoose exer
ises. In this 
ase, sin
e the natural distribution itself has problems of alllevels of diÆ
ulty, we 
onje
tured that it might perform just as well as the true exer
ise distribution.In the learning 
urves in Figure 17 the X-axis shows the number of exer
ises used in training in all 326
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urves for the robot planning domain where the test problems are 
hosen uniformly fromthe most diÆ
ult stage G9, where the robot is in room R4 and does not have the key. The X-axis shows thenumber of exer
ises involved in training and the Y-axis is the average a

ura
y on the test set. The 
urvelabeled \exer
ises" is generated by our learning algorithm. In the 
ase of \examples," all exer
ises in thetea
her-given solution are used and 
ounted. In the 
ase of \uniform," the exer
ises are 
hosen uniformlyrandomly over all stages. Ea
h point is an average of 30 di�erent learning trials. The error bars are 1standard deviation away on either side.
ases, and the Y-axis shows the performan
e on test problems 
hosen using the natural distribution. Theresults show that the performan
es of exer
ises and examples are similar, with a slight, but insigni�
ant,edge for learning from examples. For example, the average a

ura
y for learning from exer
ises is 89.4% after1,000 exer
ises. It is 91.7% for learning from examples after the same number of exer
ises. This 
omparesquite favorably with the theoreti
al bound of 61,965, whi
h is derived from the formula L2� �Bn + ln LÆ � inFigure 2 by substituting � = Æ = 0:1 and L = 9. Bn = 72, whi
h is the number of 
ells in the largest roomand upper bounds the number of re
tangular regions ne
essary to des
ribe any poli
y in a single stage.On the other hand, the performan
e for learning from the exa
t exer
ise distribution is mu
h worse
ompared to learning based on uniformly random exer
ises. For example, an average a

ura
y of 91.9%was obtained with only 440 uniformly random exer
ises with average a

ura
y rea
hing 99.4% with 1,000examples. This is be
ause, the uniform exer
ise distribution has a wider range that is identi
al to the naturaldistribution. In 
ontrast, in the exer
ise distribution derived from the solutions of the natural problems,most of the exer
ises belonged to the doorway lo
ations and are highly redundant.To test the e�e
t of 
hoosing exer
ises from an inexa
t exer
ise distribution further, we generated a newnatural distribution in whi
h all test problems belonged to the most diÆ
ult stage G9, where the robot isin room R4 and does not have the key. The examples and exer
ises are generated as before using a domain-spe
i�
 problem solver. We also tested the 
ase where the exer
ises are generated uniformly over all stagesas before. The results are shown in Figure 18. Learning from the exer
ises and examples performed betterthan before, respe
tively rea
hing 91% and 92% a

ura
ies with only 280 exer
ises. This is to be expe
tedsin
e the test problems are now 
hosen from a narrower range. However, as predi
ted, the performan
e ofthe uniform exer
ise distribution is signi�
antly worse espe
ially in the beginning. For example, with 28027



exer
ises, it only a
hieved an a

ura
y of 67.3%. This is so be
ause, sin
e the test problems are generatedonly from the most diÆ
ult stage, most of the exer
ises generated uniformly from all the other stages areuseless, leading to slow 
onvergen
e.7 Dis
ussion and Related WorkThis paper is in the tradition of developing and analyzing formal frameworks for speedup learning (Tadepalli& Natarajan, 1996; Natarajan & Tadepalli, 1988; Khardon, 1996). In this work, we view learning asimproving the asymptoti
 
omplexity of problem solving. Learning is possible when the problem domainexhibits enough stru
ture so that there is an eÆ
ient problem solver whi
h 
an be un
overed from solving areasonably small set of examples. Consistent with the PAC framework, we allow the learned problem solver tobe only approximately 
orre
t with a high probability. A formal framework for supervised learning of problemsolving strategies was introdu
ed in (Tadepalli, 1991; Tadepalli & Natarajan, 1996). Khardon extended thisframework to dynami
, sto
hasti
, and partially observable domains (Khardon, 1999). These results showedthat problem solving strategies 
an be e�e
tively learned from observation if there is a suÆ
iently strongsynta
ti
 bias that 
onstrains them.The idea of exer
ises was �rst introdu
ed by Natarajan in his seminal paper (Natarajan, 1989). Unlikein the supervised setting, where the tea
her gives the learner a set of solved problems, in this framework atea
her only gives the learner a set of ordered exer
ises. The exer
ises o

ur as intermediate subproblems ofnatural problems the learner is expe
ted to solve. This approa
h takes a 
ompromise position between havingthe tea
her provide solutions to problems as in supervised speedup learning, and letting the learner solve theproblems all by itself as in unsupervised speedup learning and reinfor
ement learning. While giving solutionsto random natural problems 
an be burdensome to the tea
her, having the learner solve them without anyheuristi
 guidan
e is 
omputationally prohibitive. Natarajan showed that by providing the learner with aspe
ial distribution of exer
ises and ordering them by diÆ
ulty, it is possible to solve the exer
ises eÆ
ientlyand learn from them. We generalized the notion of exer
ises in (Natarajan, 1989) in many ways. First, weadopted the problem redu
tion formulation of problem solving whi
h is more general and natural than thestate spa
e formulation. Se
ond, we allowed for applying a sequen
e of operators to redu
e an exer
ise tosimpler exer
ises. Third, we simpli�ed the framework and the proofs. We applied them to three di�erentrepresentations of 
ontrol knowledge, namely ma
ro-operators, 
ontrol rules, and de
ision lists, and threedi�erent domains.Our appli
ation of the formal framework to ma
ro-operators is based on Korf's work on ma
ro-operators(Korf, 1985). Korf's implementation starts with an ordering of features with respe
t to whi
h the domain isserially de
omposable, and builds a ma
ro-table by sear
hing exhaustively ba
kwards from the goal. EightPuzzle has been implemented in Soar in a goal-independent manner by introdu
ing variables. However, theimplementation depends on being given a parti
ular ordering of features (Laird et al., 1986). Our algorithmdoes not need the 
orre
t ordering of features in the ma
ro-table to be given, but instead uses the exer
isesto infer this ordering. More re
ently Finkelstein and Markovit
h implemented a ma
ro-learning algorithmfor an N �N generalization of Eight Puzzle (Finkelstein & Markovit
h, 1998). They also exploit the ideaof learning from easier problems �rst, thus validating the approa
h taken here. However, their motivation isslightly di�erent in that they emphasize sele
tive learning of ma
ros. In parti
ular, they learn ma
ros thattake any state to a better state as evaluated by the 
ity-blo
k distan
e heuristi
. Their te
hnique is e�e
tivein learning a small number of ma
ros that 
an solve any N �N puzzle. The 
urrent paper 
an be viewedas a theoreti
al argument as to why this works. The nature of the N � N puzzle is that there is a densestage stru
ture impli
itly spe
i�ed by the 
ity-blo
k distan
e heuristi
. This property 
oupled with the serialde
omposability of the domain makes it very amenable to ma
ro-operator learning.A diÆ
ult issue in learning from exer
ises is the existen
e of multiple solutions to a problem. Somesolutions may not permit su

essful generalization. Natarajan's results on 
ontrol rule learning assumes thatthe exer
ise learner returns a unique solution for ea
h problem, i.e., the �rst a

ording to a lexi
ographi
ordering among the shortest solutions. We made di�erent sets of assumptions that depend on the represen-tation. For example, in the 
ase of 
ontrol rule learning, we assume that the exer
ises have unique solutionsand there is a set of non-overlapping sele
t sets. The reason for these assumptions is to make sure that the28




ontrol rules of the learned problem solvers remain more spe
i�
 than those of the target problem solver sothat learning 
an be restri
ted to positive examples, and known results on learning with one-sided error 
anbe applied (Natarajan, 1991). In the 
ase of ma
ro-operator learning, we assume that the domains in themeta-domain are serially de
omposable whi
h ensures that solutions that work for one problem work for all.We also 
hanged the framework so that the exer
ises 
an be solved in bat
h making it easier to dis
over thefeature ordering that makes the domain serially de
omposable.The existen
e of non-overlapping 
ontrol rules may be too restri
tive for 
ertain domains. When the
ontrol rules are overlapping, one might use a tie-breaking me
hanism for 
hoosing whi
h operator to applyor rely on ba
ktra
king to �nd the 
orre
t operator. Our results 
an be generalized to the 
ase of tie-breaking with a �xed lexi
ographi
 ordering as in (Natarajan, 1989). The de
ision list poli
y has an impli
ittie-breaking me
hanism based on the position of the 
lause in the list and does not assume non-overlapping
lauses. Alternatively, one 
ould use ma
ro-operators, whi
h have non-overlapping appli
ability 
onditions.In
orporating ba
ktra
king sear
h into this framework is more diÆ
ult, be
ause of the 
omplex intera
tionbetween learning and sear
h. The separation of learning and generalization routines whi
h are representation-dependent from the overall theoreti
al framework makes it possible to apply our framework to learn 
ontrolknowledge in a number of domains by 
hoosing an appropriate representation in ea
h 
ase.Our approa
h is not appli
able when it is not possible to 
ome up with a reasonable set of subtaskswhi
h 
an be solved by the default problem solver. Consider a problem su
h as traveling sales-person. Ifthe 
ities belong to a set of 
ontinents, where the distan
es between the 
ontinents are mu
h larger thanthe distan
es within the 
ontinents, it seems reasonable to de�ne problem solving stages whi
h 
orrespondto solving ea
h 
ontinent. However, if there is no su
h easily dis
ernable stru
ture to the problem, thereis no easy way to de�ne the problem solving stages, and hen
e we 
annot apply our framework. Se
ondly,although our de�nition of the exer
ise distribution is suÆ
ient for theoreti
al purposes, in some problems, itmay be possible to de�ne a better exer
ise distribution, knowing the test distribution. This is illustrated inthe robot navigation domain, where the uniform exer
ise distribution performed better than the theoreti
allymotivated exer
ise distribution when the test distribution is also uniform. More work is needed to understandhow to de�ne the exer
ise distribution for the best expe
ted performan
e on a test distribution without losingthe worst-
ase theoreti
al guarantees.Exer
ises play the role of shaping rewards in reinfor
ement learning (Ng, Harada, & Russell, 1999).Shaping rewards are rewards given to en
ourage the learner to a
hieve some intermediate subgoals, whi
hmay be useful in solving higher level goals. Without su
h intermediate subgoals, the sear
h is usually tooexpensive to be useful. It has been noted that the reward horizon, or the expe
ted horizon of re
eiving anon-trivial reward is an important fa
tor that in
uen
es the eÆ
ien
y of reinfor
ement learning in guidingits sear
h for optimal poli
y (Laud & DeJong, 2003). Another way to a
hieve more eÆ
ient sear
h inreinfor
ement learning is to design hierar
hi
al problem spa
es (Dietteri
h, 2000; Sutton, Pre
up, & Singh,1999; Parr & Russell, 1998; Barto & Mahadevan, 2003; Seri & Tadepalli, 2002). Part of the reason for thesehierar
hies to work well is that the learning that o

urs in the lower levels of the hierar
hy is useful in guidingthe sear
h at the higher levels in more fruitful dire
tions.Bootstrapping the knowledge learned from smaller problems to bigger problems is explored in relationaldomains as well (Reddy & Tadepalli, 1997; Fern, Yoon, & Givan, 2006). Reddy and Tadepalli (1997) expli
itlypursue the idea of learning from exer
ises in the setting where knowledge is represented as a set of relationalgoal de
omposition rules. They show empiri
al results that suggest that this approa
h is appli
able in non-trivial planning domains. Fern et al. (2006) explore a te
hnique 
alled \Approximate Poli
y Iteration,"whi
h starts from a random or uninformed poli
y and improves it by su

essive iterations of sample-basedpoli
y improvements followed by poli
y generalization. They generate problems using random walks fromthe goal state, and use the length of the random walk to measure the degree of their diÆ
ulty. Consistentwith the 
urrent work, they show that learning from easier problems and generalizing their solutions wouldhelp solve harder problems in many planning domains.
29



8 Con
lusions and Future WorkWe 
on
lude that learning from exer
ises provides a pra
ti
al 
ompromise between the supervised andunsupervised forms of speedup learning. We showed the appli
ability of this framework to learning ma
ro-operators, 
ontrol rules and de
ision lists, and demonstrated its su

ess in the domains of Eight Puzzle,symboli
 integration and a simulated robot domain. Learning from exer
ises is based on the idea of exploitingwhat one learns from simpler problems to solve more diÆ
ult problems. As su
h, this phenomenon seemsubiquitous in human learning starting from 
omplex physi
al skills su
h as playing basketball to more abstra
tskills su
h as programming and theorem proving.There are several possibilities for future work. This work may be extended to other forms of 
ontrolknowledge. Although su

essful experimental results have shown the utility of this approa
h in relationaldomains, formal results that 
hara
terize their generality are missing. The intra
tability of learning in su
hstru
tural domains ne
essitates other kinds of inputs to the learner. For example, in (Reddy & Tadepalli,1998), it is shown that it is possible to learn eÆ
ient de
omposition rules for the blo
ks world from solvedproblems and \membership queries" that verify whether an example is 
overed by a target rule. Extendingthis result to learning from exer
ises would provide a theoreti
al justi�
ation of the empiri
al results of(Reddy & Tadepalli, 1997). Thirdly, we should study pra
ti
al ways of generalizing this work to unsupervisedspeedup learning. These in
lude seeking various kinds of \advi
e" or \hints" from the tea
her on the order inwhi
h the subgoals and operators must be attempted to solve the training problems. Generalizing the theoryand experimental results to sto
hasti
, multi-agent, and partially observable settings are other dire
tions topursue.A
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