SECTION 3:
RESISTIVE CIRCUIT ANALYSIS 1l

- ENGR 201 — Electrical Fundamentals |



K. Webb ENGR 201



Circuit Analysis Methods

Circuit analysis objective is to determine all:
o Node voltages
o Branch currents

Circuit analysis tools:

o Ohm’s law
o Kirchhoff’s laws — KVL, KCL

Circuit analysis methods:

o Nodal analysis
Systematic application of KCL

0 Mesh/loop analysis
Systematic application of KVL
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- Nodal Analysis
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Nodal Analysis
-
Nodal analysis
o Systematic application of KCL

O Generate a system of equations
Node voltages are the unknown variables

Number of equations equals number of unknown node
voltages

o Solve equations to determine node voltages
o Apply Ohm’s law to determine branch currents
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Nodal Analysis — Step-by-Step Procedure

1) Identify and label all nodes in the circuit — distinguish
known from unknown node voltages

2) Assign and label polarities of currents through all
branches

3)  Apply KCL at each node, using Ohm’s Law to express
branch currents in terms of node voltages

4) Solve the resulting simultaneous system of equations
using substitution, calculator, Cramer’s Rule, etc.

5)  Use Ohm’s Law and node voltages to determine
branch currents
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Nodal Analysis — Example
-

Apply nodal analysis to determine all node voltages
and branch currents in the following circuit
Ri

A%
500 Q

Vs C_DSV Rz% 1kQ
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Nodal Analysis — Step 1
e

Step 1: Identify and
label all nodes in the

R vy circuit — distinguish
500 O known from
k22000 ynknown node
Vs ()s5v R 2 1kQ v, voltages
Y awoe o V is a known node
voltage (5 V)

oV,andV,are
unknown
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Nodal Analysis — Step 2

Step 2: Assign and
label polarities of

500 0 v, currents through all
‘N; branches
l1 R,
R, %% 2004 o Assumed polarities
Vs (D)5 Vv '21% 1kQ v needn’t be correct
uJ% 280 o Correct polarity given
by the sign of the

< determined quantity

K. Webb ENGR 201



Nodal Analysis — Step 3

Step 3: Apply KCL at each node, using Ohm’s Law to
express branch currents in terms of node voltages

500 Q v,

Vs ()5 v nzlg i

K. Webb

KCL at node 1

11_12_I3=0

5V -V, W 1/1—1/2_O
R, R, Ry

KCL at node 2

13_14_:0

h-V W

R3 Ry
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Nodal Analysis — Step 4
e

Step 4: Solve the resulting system of equations
o First, organize the equations

_ _ 1 1 1 1 5
SV-Vi Vi Vi-Va_ Vl(— 1 >+V2<_>=__

Rl R2 R3 Rl RZ R3 R3 Rl
1 1 1
Vi—V, V v(=)+v,(-—-=)=0
1R 2_R2=0 1<R3>+ 2( Ry R4>
3 4

Solve using Gaussian elimination, Cramer’s rule, or using calculator or
computer

o Put into matrix form for solution in calculator or MATLAB:

1 1 1 1 -
Ri R, Rj R3 V1] — |~ % —8msS 5mS ] Vl] _ [—10mA]
2z _1 Ll 5ms  —7.5mS] |V 0
R;3 R; R,
GV =1
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Nodal Analysis — Step 5

Step 5: Use Ohm’s Law and node voltages to determine branch
currents

o Solution to system of equations yields node voltages:

V, =2.14V w00,
A
V,=1.43V AdA R
. b 2000
o Branch currents are OV b[Ste v
L _SV-Vi_sv-2u4v 1| 3 4000
1=7R, T~ s000 ™M L
21y
2= R, 1ka ™
v, 143V
13 — Iy — — =3.57mA

R, 4000Q
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Nodal Analysis

Nodal analysis yields all node voltages and branch
currents

500 Q) Vy=2.14V
A%
-
5.71 mA <
- Bl%zooo
Vs (*)5V s "
s (D) 5|1k Vy= 143V
o
2 4000
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Nodal Analysis — Floating Voltage Sources

When performing nodal analysis on circuits with voltage
sources, there are two possible scenarios:
o Voltage source connected to the reference node

As in the last example

o Voltage source is floating
Both terminals connected to non-reference nodes

VA
floating
ﬁltage source
20 5V &« |
connected to A% @

reference node

\\(j 10V 802 602

v
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Nodal Analysis - Supernodes

Floating voltage sources pose a problem

o Cannot use Ohm’s law to represent the current through the
source

Ohm’s law applies only to resistors

Solution:

o Form a supernode enclosing the source
Formed by two non-reference nodes

o Apply KCL to the supernode
One equation for the two unknown nodes

o Apply KVL to relate the voltages of the nodes forming the
supernode

Providing the required additional equation
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Supernode — Example
R

Nodes V; and I/, form a supernode, enclosing the floating
voltage source

Circuit has two unknown node A Vs
voltages, V1 and VZ supernode
o System of two equations is I

required N— &) ’
KCL will be applied at the 10V () so> 60 >
supernode
o Only one equation will result v

Additional required equation obtained by applying KVL to
relate V; to V,
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Nodal Analysis with Supernodes — Step-by-Step
-

1) ldentify and label all nodes in the circuit — distinguish
known from unknown node voltages

2)  Assign and label polarities of currents through all branches

3) Generate a system of equations

a) Apply KCL at each node and each supernode, using Ohm’s Law to
express branch currents in terms of node voltages

b) Apply KVL to relate the voltages of the nodes that form the
supernodes

4)  Solve the resulting simultaneous system of equations using
substitution, calculator, Cramer’s Rule, etc.

5)  Use Ohm’s Law and node voltages to determine branch
currents
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Supernode — Example

Step 1: Identify and label all nodes in the circuit
o Any supernodes are identified and labeled in this step

Step 2: Assign and label all

40 V5
branch currents IL\” supernode
Step 3a: Apply KCL at all nodes 28 v, ----- s
and all supernodes = e ~
o Here we have only the one 1oV 02, °0 2“
supernode:

11—12+13_I4=0

ov-v, W +101/—1/2 V,
20 80O 4 () 60

% 1+ 1 + V. 1-r1 =75A
120 80 2\40 "60/) "
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Supernode — Example

Step 3b: Apply KVL to relate the voltages of the nodes
that form the supernode

V, =5V —-V2=0
V,—V, =5V

Step 4: Solve the resulting system of equations
V, -625mS+V, -416.7mS =754
V,—V,=5V

o Putting these into matrix form:

[625m5 4167m5” ] 75A
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Supernode — Example
R

[625mS 4167m5” ] 75A
1

Note that coefficient matrix on —rv—
the left-hand side is no longer a >> & = [0.625,0.41667:1,-1]
conductance matrix .-
O Second-row elements are o e250  0.4167
dimensionless 1.0000  -1.0000
o Mix of KCL and KVL equations >> b = [7.5;5]
B =
Solve using your method of choice 7.5000
5.0000
Here, solved using MATLAB e
V, =92V v-
Vy, =42V 2000
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Supernode — Example
e

Step 5: Use Ohm’s law and 48 vmsay
branch currents to determine ' N
node voltages )
I

o _lov-92v_o8v_ & 21 2

17" 20 20 7 !

I, =——=1154 _

2780 I, =04 A

; 10V —4.2V 58V Yy I, =1.154

3 = = = 1.

=22V 074

t T 60 I,=07A
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- Example Problems
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Apply nodal analysis to VTS
determine V, in the sv(® T lgzogf* &) 1ov
following circuit. Ls
ker o Vs :
I( _r;. ’I.s = o
CV—=V. _ (V, = ~/oV)) _ v - O
/65 /S S oS
V S r L 3 - &V /o0V
° (/OSL (Ssv T o) /loso /5 Se

K. Webb

Vo (R TnS) = — €S- TmA
V= —CCaImA
6.7 m S

Vo___.bol?wz\/
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: A A
Apply nodglanalysm ol == <<= |
to determine V, and 500211 léwon Iléson — 12V
V,.

kel <+ V,:

—E ——11#13 = O

‘_\ﬁ —Vi + Va VY,
o /oo St

' = O
oy L +v(—- )

U, (om$) 4V, (—2048) =O (1)

= O

ENGR 201
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Kee &V, -

Te—T. . T G ) S 4
STt = O SOQEJ«I 1%1009 '%l%soﬂ‘r — 12V
'
.—-<v\a.“\f4)__ Lf& + llv-\/,. _ ]
Sos Yb:\, aQS\r -
V:(“é;n_) +V"(§:n-+€bn.".?—°5t' A S
V(‘lbr\g) "'\f)’(glgms) = (osnA (£)
Syde—~ OQ ({ws‘H\MS
CS0mS 3o 1(\/‘1 o -
V).‘ é60nAJ
~AO S ErgmS i‘“’ ‘ -

gtv;,j - \_/.-_5_11\/' v, = €.05V

ENGR 201
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Vo

Apply nodal analysis LT Ta
to determine VO. 100 mA (1) 1%1009 l% 50 0 l> 0.025V,

~

ke o) Vo
/OOMA "-Z: ‘I)_ — 025 Vo = O
/60mA — Vo _ Vo _ o Ve = O

/O®3_ N
V, (L + L 4—0-015'5) :/oom/\

/oon. SO s
\/o (55M3> = /oo mA

/O°MA
ISmM S

Vo" /?l V4

7 o ' ENGR 201
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Apply nodal analysis : I
to determine V., V,, @ 1‘\[310“ Ty 3Y, lz .
and V.

KCL %‘t '\L‘*Sk(zrr\ado- *

(A— L —T,=©

Joso 3o

( 3+\/; )#\f( M")— /A

V‘ (lOomS) “’%_(3).30-«5) -|-V3 (-3}.3MS) = /A ()
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Kel o\, Super T - T T

S S I T
-, -1, = = y Ly
I‘L ) -L"1 >, 1ACD I\‘L%“’Q IL 2800 l% 500
\’2_—\/}, . Vi \/i — o L
S 7051' Sose
[ -
V. (_’>on.§ +\ an. @-L’.s.—‘ .-S:an-> -
Vo (33-S) B (- 65.ThO) = O )
gl o Hea scparnsde
vV, — Vo = Sov )
uS }S‘}"‘\S -\ ~ - - _
3md ~(S%m
o > 5 Vo= [O| T 2 \f;:-}“l.}g\/
U I B Vs = ~17.59V
i -

29 K. Webb
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. __-J,\/ f \.‘/i’ 3 5:‘:,‘:«.
Apply nodal analysis T ‘
to determine V,, V,, 2% v

- %500
and V3- va%mQ I!-'\’/

::l ’IJ."I_>::O
:2\[}—\/! _ \_/3_ _ \/;——l/:; _ O
Ao /05— Sosn

/i (~5 4, (1) ¢ (an L)

= ¢
Vl (‘70.;\;\3) 4—\/2.('/60,,,3) 4.\/)(/20”5) - 0O /)

K. Webb

ENGR 201




31

D)

[

—

O
—

~Y40pS§

S

-—75'»45 ~[06mS IMHS \P

p—

o |
o

6V]

L —p node

— V=5%v  V,=-055V

K. Webb

(2)

Vaz 2.73 V
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- Mesh Analysis
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Mesh Analysis
-
Mesh analysis
o Systematic application of KVL

O Generate a system of equations
Mesh currents are the unknown variables

Number of equations equals number of unknown mesh
currents

o Solve equations to determine mesh currents

o Determine branch currents as linear combinations of
mesh currents

o Apply Ohm’s law to determine node voltages
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Meshes

What is a mesh?
o A mesh is a loop that does not contain any other loops

O Loop 1 and Loop 2 are meshes, Loop 3 is not
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Mesh Currents

What is a mesh current?
o Fictitious circulating current in a mesh

o Components of the branch currents
Branch currents are linear combinations of mesh currents, e.g.:

i1=11
i3=1I0—1I
i4=12

Conventions:

o Denote mesh currents with
uppercase [

o Denote branch currents with
lowercase i

o Mesh current direction is
clockwise
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Mesh Analysis — step-by-step procedure

1) ldentify and label all:
o Mesh currents, [,
o Branch currents, i,
o Unknown node voltages

2) Apply KVL around each mesh
o Follow CW direction of the mesh current
o Use Ohm’s law to express voltage drops in terms of mesh currents

3) Solve the resulting simultaneous system of equations using
Gaussian elimination, calculator, MATLAB, etc.

4) Determine branch currents from the mesh currents

5) Use Ohm’s Law and branch currents to determine node
voltages
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Mesh Analysis — Example

Use mesh analysis to
determine all

o Node voltages
o Branch currents

200 O
%

400 O
%

Step 1: Identify and label all
mesh currents, branch ’
currents, and unknown node AN
voltages

o Two unknown mesh currents  sv(%) y g
o Three distinct branch currents

o Two unknown node voltages

A%
AR
400 Q 200 Q
S o
w
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Mesh Analysis — Example

Step 2: Apply KVL around each s

mesh ol géliz : Vi
o KVL around mesh 1: I Q ) @g 2

o Note that there are two components to the voltage across
the 1 k() resistor

A drop due to I4
A rise due to I,

o KVL around mesh 2:
—L,-1kQ+1,-1kQ—1,-2000Q—1,-400Q =0

o Again, note the two voltage components across the 1 k)
resistor
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Mesh Analysis — Example

Step 3: Solve the resulting system of mesh LN S0 v
equations ! =9
o Cleaning up the two equations: | ]
sv(®) h 22 I V:
I-15kQ—-1,-1kQ =5V =
-1, -1kQ+1,-1.6kQ=0 v
Organizing the system of two equations into matrix |[EuERIEEn
form: >> R = [1.5e3,-1e3;-1e3,1.6e3]
1.5k0 -1 kﬂ] L] _ [5 V] R =
—1kQ 1.6kQO 12 _ 0 1.5000e+003 -1.0000e+003
-1.0000e+003 1.8000e+003
RI=V > v = [5:;0]
o Solving in MATLAB yields: o
5.0000e+000
[1 =5.71mA 0.0000e+000
I, =3.57mA RS R
I =
O Mesh currents, not branch currents e 71430003
3.5714e-003

K. Webb ENGR 201



Mesh Analysis — Example

Step 4: Determine branch i, s v
currents from mesh currents |

2 g J’ia
o Branch current, iy, is the sameas O Q =2 @ v
mesh current, I; g

il — 11 - 571 mA

o Branch current, i,, is a combination of the two opposing
mesh currents

In the same direction as I;
In the opposite direction of I,

i,=1,—I,=571mA—357mA = 2.14 mA
O Branch current, i, is the same as mesh current, I,

i3 — 12 — 357 mA
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Mesh Analysis — Example
-

571 mA 533/? v,
i1 =571mA st © 257
I, = 2.14mA sv(®) 9> Va
i3 =3.57mA g
Step 5: Use Ohm’s law and branch
currents to determine node voltages
V=214V
V, =214mA-1kQ =214V
V, =3.57mA-400Q = 143V Vo =143V

Note that these results agree with
those obtained through nodal analysis
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Mesh Analysis — Current Sources

Sometimes, we may want to perform mesh analysis on a circuit

containing current sources
Two possible scenarios:

o Current source is part of only
one mesh
Rq

o Q = Q

O Here,[; =2 A
o Only one unknown mesh
current, I,
Only one mesh equation

o Mesh analysis proceeds as
usual

o Current source is part of two

meshes

R
VA

R @m@ Q

~

o Can’t apply KVL around
either mesh

Don’t know the voltage drop
across the current source

K. Webb
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Supermesh

Current source shared by two meshes poses a problem

o Need to apply KVL around each mesh, but don’t know the
voltage across the current source

Solution:

o Form a supermesh around the periphery of the two meshes
that share the current source

o Apply KVL around the supermesh
One equation for the two unknown mesh currents

o Apply KCL to a node on the branch common to the two
meshes in the supermesh

This provides the second required equation for the two unknown
mesh currents
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Supermesh — Example

Meshes 1 and 2 are combined supermesh
to form a supermesh W =

Circuit has two unknown . % "o
E I l2 E
mesh currents, I; and I, ]

o System of two equations is ] ’
required

KVL will be applied around the supermesh
o Only one equation will result

Additional required equation obtained by applying KCL to a
node on the branch common to both meshes

If multiple supermeshes intersect, they should be joined
into a single supermesh
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Mesh Analysis with Supermeshes — Step-by-Step

1) ldentify and label all:
o Mesh currents, I,
o Branch currents, i,
o Unknown node voltages

2) Generate a system of equations

a) Apply KVL around each supermesh and each mesh that is not part of a
supermesh

b) Apply KCL at a node on each branch common to two meshes in each
supermesh

3) Solve the resulting simultaneous system of equations using Gaussian
elimination, calculator, MATLAB, etc.

1) Determine branch currents from the mesh currents

5) Use Ohm’s Law and branch currents to determine node voltages
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Supermesh — Example

apply KCL here

Step 1: Identify and label all R S
mesh currents, branch currents, P R i A

and unknown node voltages el 240 T,
o Any supermeshes are identified " =)
and labeled in this step IR

Step 2a: Apply KVL around each mesh and each supermesh
o Only one supermesh, and no other meshes

Step 2b: Apply KCL at a node on the branch common to the two
meshes in the supermesh

LL—1,+24=0

These are the two equations needed to solve for the two unknown
mesh currents, I; and I,
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Supermesh — Example

. apply KCL here
Steg 3: SO|Ve the I’esultlng i 80 \’& ________ o supermesh
. V1 e AN N> ( V2
system of equatlons e

o Rearranging the equations:

_I]_ + 12 = 2 A S
In matrix form, the system of equations is

llglﬂ 1819] g] - [20,4]

o Note that, similar to the supernode analysis, the two equations now
have different units

Solving in MATLAB vyields
I, =—129 A4
I, =0.714 A
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Supermesh — Example
R

Step 4: Determine branch currents h=-129A gq 2=0714A v
2
from the mesh currents Vi M
o Very simple in this example | o0
20 % 2A<> V3

il == Il = _129A
12Q

i,=1,=0714 A

v

Step 5: Use Ohm’s law and branch currents to determine node voltages
V,=—i;-20=1294-2Q0=257V
V,=i,-180=0.714A-18Q0 =12.86V
V;=i,-120=0.714A-12Q0 =857V

Results of the mesh analysis: V, =257V
i, =0714 A V3 =857V
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“ Example Problems
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iy os0a 09 v,
Apply mesh analysis to i . |
. . . )12V
de-termlne V1; YZ' |1.’ 12/ and 10V C_’) T\ liz T; % 30 Q
i3 in the following circuit. S 200

K\/L GV~8 Il M 2,5\/\ l .

oV — T -Sosu + Qv —T Ao + 1T, -85 — O
I‘(So,n_-p .lcsnf> + T éﬁlo sO—= VvV

~ ()
T,(705) +Th (-20n) =4V

i/.\JL O\J’“WJ\ MéL\L(
858 4 T8 =LV —T,- o —T, S05— =

T (205) + Laf~ds~a -Ya)= 2V

—

ENGR 201
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T, (20) + I, (—go)=/2V (3)



— . i1
/{_l) Mw‘j'b\( 7Q/M > 500 Vi 100 V2
-

Jos  —6on|| T,

L i %

§°\\f(t =~ \/ alds
fl = 23‘1‘2""’4

Bfa«v\,\ Cone——dts A

2842 mA

IS M A
T — L, = 294%2nA #/053mA = S

) - 7. = "/05<.>/‘1/4

r- a—
Tosu o) | T, [Ql\/\i ov O (T, |2 o) $we
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Node by b, wa v ma

s
> C, 12V

V= lov— . Son
| - tov (%) T

Vi 26V —2€Y.2~4 SO 2200

A
)

I
VA
o

V, = — 2V !

Vo = L3- o — —/og,BmA .36 N

Jy = =3IV
V, = ~4.21V L‘, = 291.2 mA
- X1
Uy =-3]CV (, = S mA
| (:3 = —-/Dg‘}/"lA
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Apply mesh analysis to = A B A

determine the power ~/ Psoma |

supplied/absorbed by each of ZOVC')f @ i ) ®ov
|

the sources in the following

] ) 200 Q !
CIrcuit. --M«j‘“"“

KvL xvound Swpe— pashs -

AV — I, Soe — /7, - Yoo —/0V — O

T 5005 + 75 - Yoo = oV @)

KCL ot \/l s

T, + Somd — L= ©
T —T,~ —SomA =
SGo s Y00 s I‘

I — T, T, = 39.7mA

54 K Webb ENGR 201
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it el Sireh g v s

V,= 26V —T,-Seon ;
[ / 20 V J_')? T Vy T f(f 10V
Vi = 2ev o . /m A - S005 N I>) |
1

V= 25 .5¢ v <

Vo= —SemA. 2000 = —/oV/

va oL 20\/ Sdsincn

B = 20V (-T) = R0V (I11mA) = 22 ml/ - (absebey)

POWC’/ oac- /0 V' Sde- e

P Jov (Ty) = /o V (3T 4

) = Ivq m W @5"'&%)

NNV =

Pb\-r ol ngA Son—ea_

Bona = (V2 —V ) 50na =(=/0v —25.56 V) -m A

wypplied
P9n4>">§-§é\/'50m4 = — 7% W (Sppt=4)
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100 Q 80 Q
: A AA
Apply mesh analysis .
to determine V.. MORAELPIUE RO EIY
A4

KUL  arenk  Masl |

LV — I, Joon —T,-SDL +Z13 - SOS— O
T, (1665 +58%) + I, (—So) = BV

T (1o5-) +—Ts (-0 =8V C1y

vl avsrh mesld

Il SOL’IJ_SO)\-—-—I.I .%S‘L, ——2 Vx: (&)

Ux = T, > — T, -Son
T,sen— T, 5o — Z, 52> LT, S50 +272 -S0=0
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L(-sony 1 (%) =0 @

T Ma\l'ﬁ& [ . 8VC>@ 50 QO %_Vx Ty <’_f> 2.V,

v

|Sos —50, I‘l [?V] 7 ,= 343 m A
— —_——

—~

T,=—51|lmA4

- So_ﬂ— — Do

Ux = (T, ’“-—;\> . Sosn 1(3%»«% F5UUmA) SeN
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- Linearity & Superposition



Systems
e

System
o Some entity — component, group of components — with inputs and
outputs
[ t
EIectr!caI c?mponent Input System >Outpu
Electrical circuit

Motor, engine, robot, aircraft, etc. ...

Can think of the system as a mathematical function that operates
on the input to provide the output

y=f(x) Xy o —

A resistor is a system with voltage as the input and current as the
output (or vice versa)

. 1 Resistor .
[l =—=v v !
R — i

R
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Linear Systems

Linear system

o A system whose constitutive relationship is linear
Function relating input to output is an equation for a line

An ideal resistor is an example of a linear system
o Voltage in, current out:

Resistor

1 .
i=§-v Hxi —
R

A line with slope 1/R

o Current in, voltage out:

. ) Resistor
v=R- i i —_— v
—3) xR [—

A line with slope R

K. Webb ENGR 201



Superposition
.
Linear systems obey the principle of superposition

Two components to the superposition principle:

o Additivity
1+ X0 yrtyz
flx1 +x2) = f(x) + f(x2) U % >
o Homogeneity
ay

fla-x)=a-f(x) Ty

N

K. Webb ENGR 201



Superposition
e

Consider an 4 () resistor

o]

v2=6V

=22V 3 054=154
lp = ) = . = 1.
U3=8V

2V 46V
)

\/<

=054+154=2A4

K. Webb ENGR 201



Superposition — Electrical Circuits
e

Superposition applied to electrical circuits
o Tool for analyzing networks with multiple sources

For example: R R
. . ! 2 Vout
o Output, V,,;, is some linear VAYA VA
combination of the inputs: 1kQ 3 kO

Vour = a1Vs + azl; VS<+> 5\ I <A>10 mA Rs % 2 kO

O aq and a, are constants
If we know them, we know V/,,;;

To determine a4
o Setl; =0
o Analyze the circuit to determine V,,;

To determine a,
o SetV; =0
o Analyze the circuit to determine V¢

K. Webb ENGR 201



Superposition
e

The output of a multiple-input system is the sum of the
outputs due to each independent source acting individually

Circuit analysis using superposition:

o Set all independent sources to zero, except for one

o Determine the output component due to that source
O Repeat for all independent sources

o Sum all output components to find the total output

Setting sources to zero:
o Voltage sources become short circuits (v = 0)
o Current sources become open circuits (i = 0)
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Superposition - Example

R, R, Vit
VA A%
Apply superposition to determine R
the output voltage, V,,;; wOsv o (Dom 20
A4
First, set the current source to zero
o Replace it with an open circuit AN A Ve,
o Analyze the circuit to determine the tka >ka
output components due to the v(t)sv Rs 2 2k0
voltage source acting alone:
A4

Vout
S

K. Webb ENGR 201



Superposition - Example
-

A simple voltage-divider circuit

% v R AN AoV,
out |y *R{ + R, + Ry 1k0Q 3KQ

B 2 kQ VSCD 5V Rs % 2kQ

Vour Ve _5V6kQ

V| =167V Y
Vs
Next, set the voltage source to zero i i
o Replace it with a short circuit \/\1/\ \/\2/\ V°“*‘|s
o Analyze the circuit to determine the output 1k 3kQ
gclaonrw]gf)nents due to the current source acting ISC)O R % o
Vout 4
Is
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Superposition - Example
R

In this case, we have a current-divider circuit

o First, determine the current, I3,
flowing through R; R Re  Vou|
R, —\A VAVA ]

=1
3 SR, 4+R,+R,

I = 10 ma
3 = AT

AV 4
I, = 1.67 mA

Applying Ohm’s law to R; gives the output voltage due to the
current source

Vout ; — I3R3 — 167 mA . 2 kﬂ

Vour | =333V

K. Webb ENGR 201



Superposition - Example
R

The total output due to both sources is \Rﬁ \/Fif Vour
the sum of the individual output " 510
components
P VSC_’>5V I, CDmmA Rs % 2kQ
Vout = Vout + Vout ;

Ve =167V +333V

VO'LLt — 5 V

Comments:

o Superposition applies to circuits with any number of sources and any
mix of voltage and/or current sources

o Becomes a more useful tool as circuits get more complex

o Applies to all types of linear systems — not just electrical
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- Example Problems
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70

Apply superposition to
determine V, in the woma(])  Swoa  Sioa  (D)av
following circuit.
\/b = Vb + \/o
(s m A yv
F:PA/ Sc'/l* -LL» HY Sswre ‘l‘b 22—
b vslloomA S0 S
J\/ _/\/__,_
I
[6GMA i(,‘\ lDSS\/ = [O6 s
O.N-pr"' VZ’H’OL?_ ;S
\fo{ _ ’—‘rl(Sb.S\_([/oo/LBZ — T -3 >SS

lss A

K. Webb
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APPL/ C)«Nb-vl' AT o 4-6 5)2,# IL

Ty = foomA - ool = SY.T mA
[0D 5 + g0+ 3
\/ol A:—S%.gmA- M = —[s2 4
[R.X-J%N

Nzx‘L Set Ihe [00mA Sowce - 2=2~0o

Sosu\ °\~\\/ SosL

— A
‘f?ich' -ﬁ>10057— <:::)LPJ
B

Akpfl\/:f\) le*ms,q, o\ixfls)‘b\

6’6 SU 4100 ;) (/ [O6 s
w ™ v So L+ (Soa Hoon )| 1085

(/o( — 2,/?[/
v

K. Webb
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S L +6050

ENGR 201



(:,\'\,\un[ py &pflyu"\) Sm,oe,rFDSHLfev\

Vo= Vi \AJ

(odpm A qv

1\// 2y M\/j
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2:V,

Apply superposition <&
to determine V, in the sm
following circuit.

v

50 mA

Fist st A SomA somren o 2

2ve > 5 V.|
I+ ’\/ — |

B n

$® -

ENGR 201




NCx‘I’I 501/ ‘]LL"’ %MA Source “‘0 Ze/‘o

vgl%tf\k
vl
\/»[W\A: — S h o = =25V

Aply < upewpoeflw“ -

Vo= Vela, « Vo, = 4V 25V

[Vo.—. t;d

ENGR 201
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Apply superposition to v "
determine V, in the 003 e av ()
following circuit. 12v(®) _

Ff/‘sl'l 5¢4l' "’L». ¥V 5ou\f‘c&“'\ 2o

VD[W, j\j X /\[
A0d o
|Sb
[av

APP\‘( \/g”’ky' a\)vlsim ’/'qu,, /:T\q#/ g\r\)\ \/)( ) TL\@V\

\/0 — \/X (5o N— - \/x

(Lv _ — _—

lsea 4|50 S 2
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Ve lav [00 [ (1o s +i9or)

———

v It = Y2V

—
—

200 + 86| (1o +iso5) 25
Vs | - Ve = ¥V [ (Cyvy
v pR 2

Newl seb Ho 12V ssww b 2evo
\’bl

Vy Jlé\iom
|

IV

(s s~

v
A‘(‘)o\v\, «'0,'0\7 \/0[‘(""7(/ )U\\/lsfsw ‘/\»}u—, l::”f‘s*l'/ Q\,J\ \/Y . TL\L/

—

[ SO SIS~ D—
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Vy__, <\ Qsobsu'lloon/ - ¥V

66 s + 2005 ][268 5

Vel = Y = 43¢V = 215V
Y = L3

>—

Avp\l‘{ ;'/\() Swfov ‘0 s ! J"KO"\

|20

22 .5 5—

\f = \/o[l V'—F \/;Z<tv> = /zé({\/ t+ ;lflS?\b/
© 2

&Vo = 3-%2V

K. Webb
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Thévenin & Norton Equivalents
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Thévenin Equivalent Circuits

Thévenin’s theorem:

Any two-terminal linear network of resistors and
sources can be represented as single resistor in series
with a single independent voltage source

The resistor is the Thévenin
equivalent resistance, Ry,

The voltage source is the
open-circuit voltage, V.

Léon Charles Thévenin, 1857 — 1926
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Thévenin Equivalent Circuits
-

Simplifies the analysis of complex networks

o Quickly determine current, voltage, or power to any
load connected to the network terminals

Complex network —> Thévenin equivalent network

K. Webb ENGR 201



Open-Circuit Voltage - /.
I aasssss——————

Open-circuit voltage, V.

o The terminal voltage with no load attached
Determine V. by using most convenient method
0o Ohm’s Law

o Kirchhoff’s Laws

o Voltage or current divider
o Nodal or mesh analysis

Ry R Rs

Vs R1 |!5 <'> R4 VOC

K. Webb ENGR 201



Thévenin Resistance - Ry,
T
Thévenin equivalent resistance, Ry,

o Resistance seen between the two terminals with all
independent sources set to zero

Voltage sources — short circuits
Current sources — open circuits

YAYA
R: R4 T
R

K. Webb ENGR 201




Thévenin Equivalent — Example

For a 100 Q load connected to the following network,
determine:

o Load current, I}

o Load voltage, I}

R Rs3 Rs

AYA

200Q 300Q 250Q

Vs(i)mV R: % 5000 |, CDmmA m% 5000

]

Transform to a Thévenin equivalent circuit, then
connect a 100 Q load

o |, and V| are then easily determined using Ohm’s Law

K. Webb ENGR 201



Thévenin Equivalent — Example
R

Analyze the circuit using any convenient technique
o Nodal analysis would be a reasonable choice
o Two independent sources — we’ll use superposition

AA A Yy — First, find V. due to V;
2000 | 3000 50Q +
Wiy~ sono %% s000 v, R, is in parallel with a voltage
| ) source, so it can be neglected

No current flows through Rg

so it can be neglected
Ry+R3

oh ) Circuit reduces to a simple
+
oltage divider
VSCfDmV R4% 5000 Vol , \Y ge divi
v — 10V 500 Q _cy
ly, 1000 Q

K. Webb ENGR 201



Thévenin Equivalent — Example

[
Next, find V. due to [ R Ron Ron

0
200Q 300Q 500 +

R, gets shorted, so it can be
neglected ngson L (roma R soon Ve,

No current flows through Rz so
it can be neglected

P I3
Circuit reduces to a simple current divider iy =
- . . 2000 3000 +
[0 Find I3 to determine the terminal voltage L(Proma RS s000 Vol
2
I. =10mA =2mA ]
3 mAToo0a <™ "

0 Terminal voltage is negative due to current direction

V.l ==LR,=—-2mA-500Q=—1V

I

[0 Open-circuit voltage is the sum of the individual components

Ve=V,.| +V.| =5V—-1V=4V

S IS
K. Webb ENGR 201




Thévenin Equivalent — Example
R

Next, determine the Thévenin equivalent resistance, Ry,
o Set independent sources to zero

V, = short circuit (V = 0)

I = open circuit (I = 0)
o Determine equivalent resistance between the terminals

R, is shorted 2{?})@ jogﬁ “:})Q
o In parallel with a short circuit % % soon %2 5000 <_‘

. . R
Combine other series and parallel i
resistors

Ren = Rs + Ry||(R; + R3)
R., = 50 Q4+ 500 Q[|(200 Q +300 Q) [T

R., = 300 Q

K. Webb ENGR 201



Thévenin Equivalent — Example
R

The Thévenin equivalent circuit with a
100 Q load connected:

Voltage division gives the load voltage

yo_y R, 1000
L7 7CR+R, 4000

VL=1V

Ohm'’s law gives the load current
1V

[, = —
LR, 1000

IL —_ 10mA

K. Webb

4V
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Norton Equivalent Circuits

Norton’s theorem:

Any two-terminal linear network of resistors and
sources can be represented as single resistor in parallel
with a single independent current source

The resistor is the Thévenin
equivalent resistance, Ry,

The current source is the
short-circuit current, I

Edward Lawry Norton, 1898 — 1983

K. Webb ENGR 201



Norton Equivalent Circuits

An extension of Thévenin’s Theorem

Motivated by the development of vacuum tubes

o More appropriately modeled with current sources
O Same is true of the successors to tubes: transistors

Complex network —> Norton equivalent network

V! W AN —
O @ = % = .

% Rin

o0—

% RLoad

K. Webb

o0—
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Short-Circuit Current- I,

Short-circuit current, I,
o The current that flows between the short-circuited terminals

Determine I;. by using most convenient method
o Ohm’s Law

o Kirchhoff’s Laws

o Voltage or current divider

o Nodal or mesh analysis

Ry R Rs

A% A% A%

O 2 D -

o

K. Webb ENGR 201



Thévenin Resistance - Ry,
e

Thévenin equivalent resistance, R,

o The same for a Norton equivalent circuit as for a Thévenin
equivalent circuit

o The resistance seen between the two terminals with all
independent sources set to zero

YAYA
R: R4 T
R

K. Webb ENGR 201



Thévenin and Norton Equivalents

Easily convert between Thévenin and Norton equivalent

cir

cuits

Thévenin

ISC' Rth Ct) % RLoac!

K. Webb

Norton
[ = &
SC Rth

ENGR 201




- Example Problems
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50 Q 10 Q 20 Q
VAYA A

Determine both the Thévenin e
and Norton equivalents for the — +
following circuit. 200mA(Y) =0 2]\{‘ 4092’(1;, Ve

F:iryL, NN Vo;
V‘ts = ""rlv ‘10)\.—
- M§ Cul‘rML J"""“"DL\ QOSL r\c,s.’s-kf* o\"" ‘LQ-/‘MU\x(s‘ S« ,% /1&)
No6 'V"\PMJ’ o \/og.

_ AMLI C,mfr‘—v\"" J\:V;Sf«-v\

T,= 208mA Lo — S57.1t(mA
- AO L+ +H0o

\./bg - ‘5:117 MA - Yon = —lgﬁl/
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N&;&L/ E\N)\ QM,\ \5/0\/9 '!/C]\ﬁ\) \2/({/(\)

IS Lo 200 mA GD 200> 002

AbS- %‘lb S s-\
- ﬂw\

Rac= Qo + Yoo/ (lon+20m) = 3715

Tlavein e gl t ° Mw\l S quve bt
37"5\—- t - _\/if ’;‘1'1.:‘ V4
I\l—' = S QM.\ /—37“‘\_‘,
- & ne -
=22V (). T,.= CISMA
-
el 3| S — _
— bl mA NS
VY d) e "

\
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)
Determine the Thévenin =

. 100 Q \lx 100 Q
equivalent for the =
. . . ¥ T, 3
following circuit. VO T e Vae
=2 -_—

F“(\S‘\'/ Q\"}\ V&b . A.p'otv LC,L- ~4' \/X s

S¢ — Vx

Vs p Vee=Ux _ jsomA= O
]OSs ™~ 7(;;1" ore
U (=5 Lo =Ly () = pond — £¢
\/%/%oms) Vs (JomS) = JomA (1)
el o Vie

[00~ A “’I; = O

< — VX
/06 /M A — \/.6____,.,— - O

ENGR 201




100 mA

@

\/O€— _ V\)\ —_ /DOMA/DOJ'\/

100 Q 100 Q

VD(— el Vx + /D\/ LQ-) A% YaYA
5V(D 2100 Q

Sebskile () — )

Vx (30 mS) +Vx (JO~5) + OV LS

)= 50mA

Vx (‘le$> = CgmA —/00mA = — ;om/d

Ux= —5emA . JSV
—220 S
SAsthlc v it ()

Ve = 2ASvaioVv = [V

e G
[o6e [0O Q_A - (OO + (/Oowl//oon')

— 1l

e ENGR 201




A“’WA-»L\w% CO“U\ A.- o Sswrwe— ‘"-’MSA/I"V\%\'D’\

60 A
AR
<2

Veoc
100/@ /A
N laxfn, = . o Lioos
100 Q 100 Q Ru.
sv () 21000 Uoe = Too R = /60md - Jos S
V.)cf — /O ‘/
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100 mA

£
N
100 Q 100 Q
A% A%

5V C) %1009

Now, opely V"“"‘é"‘l:“‘%~’ml° y*L Vi

Vy= SV L2222 - )5V

/o osw +/00on_—

An\ ,JO—-«Ly NA- | 1ea e

V\or_l U;\ -‘—“)\/ = /l,g‘ l/
&M«\ 'S '/Lv\ Sea- &) L)Q"LVL

{05 106“—

- il M

929 K. Webb

Y \/\\)Q = /l,; l/

Pp < Joosm /005 [] Joo S

/,QA,\: /’3—51/
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