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Laplace Transform Solution to ODE

In the previous
sections, we
used Laplace
transforms to
solve a circuit’s

governing ODE:
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Laplace-Domain Circuit Analysis

Now, we will
learn to analyze
our circuits in
the Laplace
domain:
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Laplace-Domain Circuit Analysis

Circuit analysis in the Laplace Domain:

o Transform the circuit from the time domain to the Laplace
domain

o Analyze using the usual circuit analysis tools
Nodal analysis, voltage division, etc.

o Solve algebraic circuit equations
Laplace transform of circuit response

o Inverse transform back to the time domain

First, we will learn to transform our circuits to the
Laplace domain

o Need Laplace-domain models for individual components
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Laplace-Domain Component Models
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Sources in the Laplace Domain
e
Voltage source:

+ L +
vy () m— ) @
Current source:
i(t) I(s)
+ L +
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Resistors in the Laplace Domain
-

Ohm’s law governs the behavior of resistors
v(t) =R-i(t) or i(t) ==v(t)

Laplace transforming these expressions gives us Ohm’s law in the
Laplace domain:

V(s) =R -I(s) orI@)=%V@)

Resistors are the same in both domains:

i (s)

o
+

L
vy SR Ty SR

O— (@ ——
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Capacitors in the Laplace Domain
R

Current-voltage relationship for a capacitor:
dv

i(t) = CE

Transform using the derivative property of the Laplace transform
I(s)=C-sV(s)—C-v(0)
Two components to the Laplace-domain capacitor current:

o One proportional to the capacitor voltage: C - sV (s)
o One proportional to the initial capacitor voltage: —C - v(0)

Assuming zero initial voltage, v(0) = 0, we have

V(is) V(s)
(s) =Cs-V(s) T " 7.0
Cs
o Z.(s) is the Laplace-domain capacitor impedance
7 1
¢ Cs
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Capacitors in the Laplace Domain
e
[(s)=Cs-V(s)—C-v(0)

Capacitor model in the Laplace domain:

o Two parallel branches, two currents
One given by Ohm’s law
One set by the initial capacitor voltage
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Capacitors in the Laplace Domain
-

Alternatively, the current-voltage relationship is:
1
v(t) = Ef i(t)dt + v(0)

Transform using the integral property of the Laplace transform

1 v(0)
V(s) = EI(S) + S

Two components to the Laplace-domain capacitor voltage:
o One given by Ohm’s law: 1/Cs - I(s)
o One proportional to the initial capacitor voltage: v(0)/s

o, =
+ L + 1

——> = s
vit) =—=cC V(s)
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Inductors in the Laplace Domain
R

Current-voltage relationship for an inductor:

(t)—Ldi
VAW = Mt

Transform using the derivative property of the Laplace transform
V(s) =Ls-I(s)—L-i(0)

Two components to the Laplace-domain inductor voltage:
o One proportional to the inductor current: Ls - I(s)
o One proportional to the initial inductor current: —L - i(0)

Assuming zero initial current, i(0) = 0, we have
V(s) =Ls-I(s) =Z;(s) - I(s)

o Z;(s) is the Laplace-domain inductor impedance

ZL=LS
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Inductors in the Laplace Domain

V(s)=Ls-1(s)—L-i(0)

Inductor model in the Laplace domain:

o Two series components, two voltages
One given by Ohm’s law
One set by the initial inductor current

i) ON

T +
L Ls
v(t) | —

_ L- i(0)

K. Webb ENGR 203



Inductors in the Laplace Domain

Alternatively, using the integral form of the current-voltage relationship:

1
i(t) = Zf v(t)dt +i(0)

Transform using the integral property of the Laplace transform

1 (0
I(s) = L—SV(S) +¥

Two components to the Laplace-domain inductor current:
o One given by Ohm’s law: 1/Ls - V(s)
o One proportional to the initial inductor current: i(0)/s

i(t) I(s)

— —5
¥ I ¥

(0)
vy 3L vy 35 (DO
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Zero Initial conditions
e

It is very common to have zero initial conditions
o Simply replace components with their Laplace-domain

impedances
o, o), IOR s
O oO— oO— o —
+ L + + L +
vy R EEEEE) Vs SR vy —c ) v L1
_ _ _ _
IV ON
' I o
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Laplace-Domain Circuit Analysis
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Laplace-Domain Circuit Analysis
R

All the familiar circuit analysis tools still apply in the Laplace domain,
e.g.:

o Ohm’s law

o Kirchhoff’s laws, KVL and KCL

o Nodal analysis

o Mesh analysis

o Voltage and current division

o Thevenin and Norton equivalent circuits

General procedure:
1)  Determine initial conditions
2)  Transform the circuit to the Laplace domain

3)  Analyze the circuit to determine the Laplace transform of the quantity
of interest (e.g., V,(s))

4)  Inverse transform back to the time domain via partial fraction
expansion
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Laplace-Domain Circuit Analysis — Example 1
e

Determine v (t) for the following circuit

iL() L
—

AN ve(t) l
200 |.IH \LiR(t) iC(t) 1 V t < 0
0 et RSma  © s vi®) =1V + 1V -u(t) = {2 v ot>0

v

First, determine the initial conditions, v-(0) and i; (0)
o Fort <O0:

vi(t<0)=1V

i,(t<0)=1V/20Q=50mA

ve(t<0)=1V

oAttt =0
Ui(O) =2V
v.(0)=1V
i;(0) =50mA
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Laplace-Domain Circuit Analysis — Example 1

Next, transform the circuit to the Laplace domain

o Replace components with Laplace-domain equivalents
o Theinputis2 V fort = 0, so

iL(®) L
T YYM

ve(t)

200 pH

vi(t) D 1V + 1V-u(t)

v

K. Webb

\I/' cls)
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2
Vi(s) = -
S
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AN Q VC(S)
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Laplace-Domain Circuit Analysis — Example 1

Want V¢ (s), so do a nodal analysis O [
HH Ie(s) ol
KCL at node VC: l Cl:: 500 nF
Vs ) 2z R3200 i ;
I,(s) —Ix(s) —I-(s) =0 O
vc(0)
Vi(s) — (Ve(s) — L -i,(0)) _Ve(s) (VC(S) K ) —0
Ls R 1/
Cs

1 1 i;,(0)
Ls +<_E_§_CS)VC(S)+ s T evel®

V:(s i; (0
l()+L()+Cv
Ls

1 1
VC(S) (E + RS + CS) =

rRc> T LC) T LC

1 1\ 1 1
V- (s) (sz +—5+ —) —Vi(s) + ELL(O) + v-(0)s
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Laplace-Domain Circuit Analysis — Example 1

Solving for V- (s) gives the output in the Laplace
domain:

L Vi) +1i,00) + ve(0)s

_LC C

VC(S) - 5 1 1
S“TRCSTIC

Substituting in V;(s), initial conditions, and component
values:

s2 + 100E3s + 20E9
s(sZ + 100E3s + 10E9)

Ve(s) =

One real pole and a complex-conjugate pair of poles:
s; =0 and s,3 = —50E3 + j86.6E3
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Laplace-Domain Circuit Analysis — Example 1
e

Inverse transform via partial fraction expansion

s+ 100E3s + 20E9 1, 1,(s + 50E3) + r4(86.6E3)

V = = —
c(s) s(s? + 100E3s + 10E9) s + (s + 50E3)% + (86.6E3)?

Multiply through by the LHS denominator
s? 4+ 100E3s + 20E9 = rys% + 100E3rys + 10E9r; + r,5% + 50E3r,s + 86.6E373s
s? 4+ 100E3s + 20E9 = (r; + 1,)s? + (100E3r; + 50E3r, + 86.6E373)s + 10E9r;

Equating coefficients gives three equations for the residues:

2

st l=rn+n

sl: 100E3 = 100E3r; + 50E37, + 86.6E313
s% 20E9 = 10E9r,
Solving for the residues:

r = 2 , Iy = —1 , I3 = —0.577
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Laplace-Domain Circuit Analysis — Example 1
e

The Laplace transform of the output voltage:

2 (s + 50E3) (86.6E3)
s (s + 50E3)2 + (86.6E3)? (s + 50E3)2 + (86.6E3)2

Inverse transforming to the time domain:

ve(t) =2V —1Ve 203t c05(86.6E3t) — 0.577e %53t 5in(86.6E3t)

Response to vi[t) =1V + 1V-u(t)
2.2 T T T T T T T T

1 1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200
fime [usec]
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Laplace-Domain Circuit Analysis — Example 2

/¥
Determine v, (t) for the following circuit

i1(t)l21R010 Q - (2300 nF
it CD 1 A-u(t) iZ(t)l Vo(t)

A4

Now, the initial conditions

are zero
Ls) | <. R 1
v.,(0) =0V 1 l 100 Q Cs == 200 nF
N\ 1
i,(0) =04 ©@ 3 Sl
Ls < 500 pH SROzQ
o Laplace-domain component
models are simplified <
No sources
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Laplace-Domain Circuit Analysis — Example 2
e

The output voltage is given by o]

Vo(s) = L(s) - Ry w@ 5

Apply current division to find I, (s)

%1009 Cs —— 200 nF

Vo(8)

Y>(s)
Y1(s) + Yo (s)

I(s) = L;(s) -

The admittances of the parallel branches:

1
R1+LS

i(s) = Z,(s)™" =

» 1\’ Cs
Y,(s) =Z,(s)"" = <R2 + C_S)

K. Webb
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Laplace-Domain Circuit Analysis — Example 2

Current division 1) | S 1 e
100(2 Cs == 200 nF
Y,(s) w0 @ ol
I s) = I s) - Ls 500 pyH Ra
2( ) S( ) Yl(S) +Y2(S) 250(2
Cs Cs
R,Cs + 1 1 RyCs +1
I,(s) =—- - 2
s 1 Cs s R,Cs+1+R,Cs+LCs
R, +Ls "R,Cs+1 (R, + Ls)(R,Cs + 1)
L(s) =~ (Ry + Ls)Cs _ LCs® + RiCs
22 T S RyCs+ 1+ RyCs + LCs?  s(LCS2 + (R, + Ry)Cs + 1)
R
L) LCs + R,C ~ s+
215 CLCSP+ (R +R)Cs+1 o, (Ry+Ry) 1

L LC
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Laplace-Domain Circuit Analysis — Example 2
e

Ohm'’s law give the output voltage | LR q
1sl 100Q  Cs == 200 nF
VO(S) = Ry1, (S) (s) D % |2(s)l Vels)
Ls < 500 pH ?59
R, (S + &) <
Vo(s) = L
0 2 4 (R; + Ry) n 1
> L °TIC

Substituting in component values:

50(s + 200E3)
s2 4+ 300E3s + 10E9

Vo(s) =

The denominator has two real roots
o The voltage response is over-damped

50(s + 200E3)
(s + 38.2E3)(s + 261.8E3)

Vo(s) =
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Laplace-Domain Circuit Analysis — Example 2
e

Inverse transform via partial fraction expansion

50(s + 200E3) B 7 N Ty
(s + 38.2E3)(s + 261.8E3) (s + 38.2E3) ' (s + 261.8E3)

Vo(s) =

Multiply through by the LHS denominator
50s + 10E6 = rys + 261.8E3r; + s + 38.2E3m,
50s + 10E6 = (r; + 13)s + 261.8E3r; + 38.2E3r,

Equating coefficients gives three equations for the residues:
sl: 50=17r,+1,
s% 10E6 = 261.8E3r, + 38.2E3m,

Solving for the residues:
r, =362, 1,=138
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Laplace-Domain Circuit Analysis — Example 2
e

The Laplace transform of the output voltage:

362 13.8
(s + 38.2E3) ' (s + 261.8E3)

Vo(s) =

Inverse transforming to the time domain:

v, (t) = 36.2 Ve 382E3t 4 13 8 —2618E3t

Response to iS[t] =1A-u(t)
T T T T T T T T T

1 1 1 | 1 | 1 1 1
0 20 40 60 80 100 120 140 160 180 200
time [usec]
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Example Problems
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Determine the output of the C

following opamp circuit for - 100 nE

v;(t) =1V cos(100E3 - t) Vil) o AN > )
1kQ . —°°

o What is the circuit's function?
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Determine the Laplace-domain step

C
response. |
. 100 nF
Apply the final value theorem to vi(t) R "
determine the steady-state output. ° m >_Ovo(t)
+
Find the time-domain step response.
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Determine the output of the
following opamp circuit for

v;(t) = 1V cos(100E3 - t)

o What is the circuit's Vi) o AN
function?

K. Webb
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Determine the Laplace-domain step R,

A
response. 10k
C
Apply the final value theorem to I
determine the steady-state output. wo R 190nF
Vo >_Ovo(t)
Find the time-domain step response. & )
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