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Stochastic Analysis of a Single-Degree-of-Freedom
Nonlinear Experimental Moored System Using
an Independent-Flow-Field Model

H. Lin, AM.ASCE,* and S. C. S. Yim, M.ASCE?

Abstract: Stochastic characteristics of the surge response of a nonlinear single-degree-of-freedom moored structure subjected to rando
wave excitations are examined in this paper. Sources of nonlinearity of the system include a complex geometric configuration anc
wave-induced quadratic drag. A Morison-type model with an independent-flow-field formulation and a three-term-polynomial approxi-

mation of the nonlinear restoring force is employed for its proven excellent prediction capability for the experimental results investigated.
Wave excitations considered in this study include nearly periodic waves, which take into account the presence of tank noise, noisy
periodic waves that have predominant periodic components with designed additive random perturbations, and narrow-band random wave
A unified wave excitation model is used to describe all the wave conditions. A modulating factor governing the degree of randomness in
the wave excitations is introduced. The corresponding Fokker—Planck formulation is applied and numerically solved for the response
probability density functionsPDFg. Experimental results and simulations are compared in detail via the PDFs in phase space. The PDFs
portray coexisting multiple response attractors and indicate their relative strengths, and experimental response behaviors, includin
transitions and interactions, are accordingly interpreted from the ensemble perspective. Using time-averaged probability density function
as an invariant measure, probability distributions of large excursions in experimental and simulated responses to various random wav
excitations are demonstrated and compared. Asymptotic long-term behaviors of the experimental responses are then inferred.

DOI: 10.1061(ASCE)0733-93992004130:21)

CE Database subject headings: Experimental data; Nonlinear systems; Structural analysis; Probabilistic methods; Probability
density functions; Mooring; Wave forces; Stochastic processes.

Introduction embedded in bifurcation domains and developed analytical pro-
cedures to facilitate a numerical search of possible routes to
Complex nonlinear response phenomena of compliant oceanchaos.
structural systems subjected to periodic wave excitations, includ-  In addition to the analytical and numerical investigations, Yim
ing nonharmonics, resonances, and coexistence have been studiegf al. (1993 also conducted experimental studies to verify the
analytically and demonstrated via computer simulatiovisgin analytical predictions in deterministic settings. Nonlinear re-
and Bishop 1988; Thompson 1989; Soliman and Thompson 1991;sponses including subharmonics and superharmonics and bifurca-
Virgin and Erickson 1994; Gottlieb and Yim 1992, 1998lon- tions were observed experimentally. Underlying bifurcation su-
linearities of this class of systems are usually induced by a com- perstructures were detected, and the existence of higher order
bination of geometrically nonlinear restoring force afgla- nonlinear response.g., quasiperiodic and chaotiwas indi-
dratic drag force. In a deterministic setting, Gottlieb and Yim cated(Lin et al. 1998. They observed some “unexpected” tran-
(1992, 1993 conducted local and global stability analyses of Sitions(e.g., harmonic transition to subharmoniic experimental
moored ocean structures modeled as simple single-degree-offeésponse characteristics in the designed “deterministic” settings.
freedom(SDOB systems, and estimated stability regions of vari- For these cases, small variations in wave amplitude were noted.
ous nonlinear responses. Using the simple models, Gottlieb et al. A preliminary study of the experimental results was carried out

(1997 identified the existence of underlying organized transitions by employing a simple, standard Moris¢8M) type nonlinear
model (Lin and Yim 1998. The geometric-nonlinear restoring

force was approximated by two-term polynomidlgear and
lResearch Associate, Civil, Construction and Environmental CUbio at static equilibrium. The wave-frequency dependency of

Engineering Dept., Oregon State Univ., Corvallis, OR 97331. the hydrodynamic properties was taken into account by identify-
2Professor,Civil, Construction and Environmental ing system parameters for each and every of the sample tests—
Engineering Dept., Oregon State Univ., Corvallis, OR 97331. various (inconsistent parameter sets were identified in different

Note. Associate Editor: Roger G. Ghanem. Discussion open until July frequency ranges. Numerical predictions were in reasonably good
1, 2004. Separate discussions must be submitted for individual papers. Toagreement with experimental results. The model, however, failed
extend the closing date by one month, a written request must be filed with to determine a set of constant coefficients to closely predict over-

the ASCE Managing Editor. The manuscript for this paper was submitted I behavi the f . tall
for review and possible publication on September 17, 2002; approved ond!l TEesponse behavior over the frequency range experimentally

July 8, 2003. This paper is part of tdeurnal of Engineering Mechan- considered. - _ o g
ics, Vol. 130, No. 2, February 1, 2004. ©ASCE, ISSN 0733-9399/2004/2-  In identifying a model to improve prediction capability of the
1-9/$18.00. experimental results, an investigation of modeling and parameter
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identification of the experiment had been recently carried out by g)
Narayanan and Yin{2000. Numerical results indicated that an
independent-flow-field(IFF) Morison model with three-term

[} ] [}
polynomial approximation for the restoring force was the most ,J'__Ln\: L
suitable for the chosen experimental results. A set of “optimal” '-:--i./’u
constant coefficients was later identified by Yim and (2002 E E E
for the wave frequency range considered. With this set of constant Hfryie
coefficients, simulations of the IFF model were in good agree-  ,4-_}N|
ment with the experimental results. '-E-—T:a,/‘:
] 1 ]

Noting the noise effects on the structural respori¥@s et al.
1993, Yim and Lin carried out a two-part study as a first attempt
to examine the experimental responses under noisy periodic wave
excitations. They employed a standard Morison type of model
with two-term polynomial approximation of the nonlinear restor-

. . [ . . waves

ing force and a systematic probabilistic analysis procedure, in-

cluding the Fokker—Planck formulation with a path-integral =

solver. They laid out the framework of probabilistic analysis on ) /-\

the model in Part (Lin and Yim 1997, and employed the result- A

ing analytical predictions to quantitatively interpret the experi- \_/ sphere \_/

mental results in Part ilYim and Lin 2000Q. They found that the
model could predict well response behaviors near the primary
resonance, but could not capture the nonlinear behaviors, espe
cially the sub- and superharmonics and coexistence of multiple
attractors near the secondary resonances. In their study, examing
tions of the responses subjected to other measured wave excita
tions, e.g., nearly periodic and narrow-band, were not included.
They suggested a more suitable model be developed and more
comprehensive, detailed comparisons be conducted.

In this study, we systematically and consistently examine and
analyze all the experimental results over the entire frequency
range and noise levels from a stochastic perspective taking into
account the random nature of the wave excitations in the experi-Fig. 1. Experimental model of a submerged, hydrodynamically
ment reported by Yim et al(1993. Experimental wave excita- ~ damped and excited nonlinear structural system
tions are accordingly classified as nearly periodic, noisy periodic,
and narrow-band random waves. As an extension of the previous
studies(Yim and Lin 2000, detailed comparisons of analytical and narrow band with varied intensities in the wave excitations,
predictions and experimental results are carried out in the proba-are examined and discussed. Time-averaged PDFs are computed
bilistic domain via response probability density functigROFs. and used as an invariant measure of nonlinear stochastic re-
An alternative Morison-type model incorporating an independent- sponses. Using the calculated approximate measures and Rice’s
flow-field (IFF) formulation with a unified wave excitation pre- formula, distributions of large excursions of the model responses
sentation is employed. The IFF model consists of an alternative are estimatedNaess and Johnsen 1993
form of Morison hydrodynamic dampingndependent-flow-field
and a three-term-polynomidincluding an additional quadratic
term) approximation to the nonlinear restoring force. The ranges System Description
of system parameters were first estimated using those provided by
Narayanan and Yinf2000 employing a frequency-domain iden-  The multipoint moored structural system considered in this study
tification technique. An optimal set of consistent, constant param- is formulated as a SDOF submerged rigid body, hydrodynami-
eters for the wave frequencies considered was later identifiedcally damped and excited nonlinear oscillator with random per-
(Yim and Lin 2002 and is employed here. The previous studies turbations.
show the model predictions are in very good agreement with ex-
perimental results in individual response characteristics and over-
all response behaviors. Wave excitations considered, including
nearly periodic, noisy periodic, and narrow-band random waves The configuration of the experimental model consisted of a sphere
are presented by a unified wave excitation model with a modula- on a rod, which was supported by guyed masts 6 ft above the
tion factor governing the degree of randomness. bottom of the wave fluméFig. 1). The PVC sphere of 0.4572 m

The stochastic analysis procedure includes the Fokker—Planckdiameter was submerged and filled with water. The sphere
equation(FPE and its path-integral solveiNaess and Johnsen weighed (in air) 11.35 kg empty and 48.12 kg filled. The rod
1991; Lin and Yim 1995, 1997 Response probability density restrained free-play of the sphere, thus the model behaved as a
functions (PDF9 are computed by solving the associated FPE, SDOF system in surge. Two Delrin bearings were placed on the
and then compared in detail with experimental results. Probabi- sphere to minimize the friction between the sphere and the rod.
listic characteristics and relative strengths of coexisting multiple The 90° configuratioigeometry parametgg=0), with the high-
response attractors are depicted and examined via the PDFs. Efest degree of nonlinearity in the restoring force, was chosen for its
fects of various types of randomness, e.g., random perturbationsich complex nonlinear phenomena. Two springs of stiffness

Model Configuration
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291.86 N/m were then attached to the sphere at angles of 90° to="F//(M+M,). Parametery is the modulating factor governing

provide a nonlinear restoring force. Initial tension in each spring

the degree of randomness. Wher 0, the wave is deterministic

was set at 111.2 N to ensure the model response frequently reachand periodic, and wheny=1, the wave is random with narrow

ing the nonlinear regime.

Equations of Motion

The response behavior of a hydrodynamically driven moored

structure can be modeled by the following set of first-order non-
linear ordinary differential equatiori®arayanan and Yim 2000

)-(l =Xo (13.)

N 1 ! ! ! !
XZ:W[_R (Xl)—CSXZ—CD|X2|X2+ FD+ FI] o

wherex; andx,=surge displacement and velocity, respectively;
M=sphere massM ,=the added massCs=structural damping
coefficient; andC,=drag coefficient in an alternative Morison-
type formulation[independent flow field$IFF)]. R’ =system re-
storing force(due to nonlinear geometric configuratjpmvhich is
given by
R,:(X X]_*T le EK1X1+K2X%+K3X§ (2)
wherel, ,=time-varying lengths of the two pairs of the mooring
lines, respectivelyx=stiffness parameter; and=constant of ini-

[1+1, )

spectral bandwidthé (t){=[£p(t) +& () 1//(M+M,)} with vari-
ancecrg, approximating all possible stochastic components in the
wave excitations is a narrow-band process, which is obtained
from a linearly filtered white noise. The linear filter is given by

E(t) +BnE(t) +(2mfo)2E (D) =L(t) @)

where{=delta-correlated white noise with unit intensityin and

Yim 1997). System parameters and hydrodynamic properties are
estimated by a frequency domain identification technique—
reverse multi-input-single-outpyuR-MISO) (Narayanan and Yim
2000. By comparing with experimental results in the time do-
main, an optimal set of constant parameters has been identified in
good agreement with experimental responses over the frequency
range considere@Yim and Lin 2003.

Fokker —Planck Formulation

The associated Fokker—Planck equation and its path-integral
solver are derived here to solve for response PDFs for later data
analysis and behavior predictions. The Fokker—Planck equation is
given by

IP(XH) 9 ]
at

; ; X o - K[XZP(X,t)]— W{[—R(Xl)—CSXZ—Cé|X2|X2
tial tensions in the mooring lines. Good agreement between the 1 2

taut mooring restoring force and the three-term polynomial ap-

P(X
proximation(1b) in the response range considered has been dem- M

+V1=y2F+yx3]P(X, 1)} —

onstrated by Narayanan and Yif2000. Assume that the ran-
domly perturbed wave profile)(t) can be represented by the
combination of a dominant periodic component and additive
noise perturbation as given by

n(t)=Acogot+d)+E,(t) 3)

whereA, o, andd=wave amplitude, frequency, and phase shift,
respectively; and, =additive noise. The drag fordey, is then
composed of deterministic componélfit, and additive random
componeng(t) as given by

1
bZEPCDAP|U|U;\V’ EPCDAP|Ud|Ud+§D(t):dFB‘HiD(t)

“4)
where p=water density; Cp=drag coefficient; Ap=projected
area; ancdu andu®=perturbed and deterministic fluid particle ve-
locities, respectively. Similarly| represents the perturbed iner-
tial force with combined deterministic componéift] and addi-
tive random componerg (t). F| is given by

) au aud e
Fi=pCnV 1y ~pCnV - T&(D="F/+&(1) (5)

with C,=inertial coefficient; and’/=sphere volume.

Stochastic wave excitations considered in the experiment, in-
cluding nearly periodic, noisy periodic, and narrow-band random

waves are approximated by a unified presentation.(Bgcan be
rewritten as

)-(l:XZ

(6)
Xo=—R(Xq) = CeXo— C§|Xa|Xp+ V1= y2(IFp+9F)) +yE()

where R(x;)=R'/(M+M,)=kx;+kxi+ksx3, Cs=CY (M
+Mp,), Ci=Cp/(M+M,), Fp=9FL/(M+M,, and °F,

X3

L AL Baxa— (27l °Xg]P(X,} | 92P(X.1)

IXg 2 9xa
8
where
X1:X, X2:).(1 X3:§! X4:.§
F:dFD+dF| (9)
P(X,t)=P(X1,X2,X3,X4,t)
and the path-integral solution is given by
N—1
P(X,d)=1lim T[] [
dt—0 =0
N—oe
Ndt—t—tg
N-1
xf exr{—th G(XITL X th:dt)P(Xg,to) |dX;
i=0
(10)

with the short time propagatds(X’,X,t;dt) given as

G(XI+L, X th;dt)

dt . .
=(2~rrdt)*4n<*1/2ex;{ — Z( —Bnxh—(2mfo)2x}

i+1_ i\ 2
Xa X4)

dt

8( — Coxh— Clxb|xL| — R(x)
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Fig. 2. Transition from harmonics to subharmonigsst D2: (a) wave profile andb) sphere displacement

- .
+V1—vy2F +yx5—

x,t1—x}, B degrees of randomness in the exciting waves on the highly non-
at )B(XL— at ) linear model responses. For demonstration purposes, representa-
tive sample tests with various wave conditions, including nearly
xP—x) periodic (“deterministic” waves with tank noisg noisy periodic
dt ) (11) (monochromatic waves with designed perturbatjpaad narrow-
band random waves are shown for reference purposes.

xS(x‘Z—

wherek=1 for unit intensity. The response PIF{ X,t) can be - i .
obtained by numerically applying the iterations in EtQ) (Naess . A sample Of_ a negrly periodic wave proﬂlt_a an_d its correspond-
and Johnsen 1991: Lin and Yim 1995 ing response time historfgest D2 are shown in Figs.(a and b,
respectively. The test was originally designed to be deterministic,
however, because of the presence of uncontrollable weak tank
noise, variations in wave amplitude are nofddg. 2(@]. The

One of the primary goals of the experimental investigation re- variations in the wave profile cause a transition between two dis-
ported by Yim et al(1993 was to examine the effects of various tinct response modes, from harmonic response to subharmonic,

Experimental Observations

a)
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Fig. 3. Oscillations between coexisting harmonic and subharmonic response att(gesoi31): (a) wave profile andb) sphere displacement
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Fig. 4. Response subjected to narrow-band random excitétest D16: (a) wave profile andb) sphere displacement
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Fig. 5. Coexisting harmonic and subharmonic respong@sexperimental result in Poincareap (test D2; (b) simulations(contour map of
PDPF); and(c) 3D PDF
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Fig. 6. Coexisting small-amplitude harmonic, subharmonic, and ol s " e s
. . . . -0. B B .
large-amplitude harmonic responses in P[dF.experimental results X1(m)
in Poincaremap (test D13; (b) simulations(contour majp
Fig. 7. Response PDF to narrow-band random waves:

(& simulations (contour map and (b) comparisons in marginal
PDF; experimental resulftest D17, dashed lineand simulation
observed at around 120th s in the time histdfig. 2(b)]. (solid ling)
A sample of a wave profile with weak additive perturbations
and its corresponding response time hist@est D1) are shown

in Figs. 3a and b, respectively. The test was designed with weak 1 €Se€ tests are studied, compared, and interpreted in the fol-
additive random perturbations in the waves to examine their ef- lowing section from a probabilistic perspective via their associ-

fects on the structural response. As expected, there are more no2ted response PDFs.

table variations in wave amplitud&ig. 3(a)]. Based on the time
domain analysis and predictions by Yim and L{®002, two .
response attractors, i.e., harmonic and subharmonic, are observeffOmparisons and Analyses
to coexist. Because of the presence of random perturbations in
waves, experimental responses exhibit interactions of the two co-
existing response characteristics in the time hisiéig. 3b)]. In

addition, occurrences of large amplitude responses beyond th

Experimental results and FPE PDF predictions are compared ei-
ther on a Poincarsection or in margin PDFs for demonstration
Jurposes. The experimental results under nearly periodic or noisy

limitations of the experimental configuration were also observed
and noted. No time histories of those large-amplitude response
were recorded because their amplitudes were out of the readin
ranges of experimental apparatuses.

periodic waves are sampled by a Poincarap and compared

Swith the FPE predictiongoint PDF9 on the Poincarsection. A

oincaremap is formed by sampling and collecting response data
at every forcing period of the dominant periodic excitation com-
ponent. Concentrations of the Poincamaints indicate the loca-

A sample of a narrow-band random wave profile and its cor-

responding response time histoftest D17 are shown in Figs. tions of possible(co-) existing response attractors. Probabilistic

4(a and b, respectively. The wave excitation of the test was de- characteristics of the responses subjected to narrow-band random
f ' waves are represented by a histogram and compared with the

signed to be random and narrow-bandEidy. 4(a)]. The response . . . .
also exhibits the inherited, random, and narrow-banded nature ascorrespondlng marginal PDFs. Asymptotic long-term behaviors of

shown in Fig. 40). the experimen_tal results_ as demonstrated in the previous section
Note that no apparent, chaos-like, SDOF experimental results2'€ also examined and inferred.

had been identified. A recent simulation study on the SDOF, IFF L.
model has been conducted to identify all possible nonlinear re- Nearly Periodic Waves (Test D2)

sponsegYim and Lin 2002. Numerical results indicated that the The Poincaremap of the response subjected to nearly periodic
diminishing of chaotic response may be caused by a relatively waves(test D2 is shown in Fig. a). The concentration of Poin-
high structural damping, due to the presence of the rod carepoints indicates two coexisting response attractors, i.e., har-
(cf. Fig. 1. monic and subharmonic. The harmonic attractor is located near
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Fig. 8. Time-averaged probability density functiorig) test D7 §,=0.03) and(b) test D10 §,=0.05); dashed lines: experimental results, and
solid lines: analytical predictions

(0.1,0.45, and the subharmonic attractor is shown by the two The clustering of the Poincamoints appears to indicate a single
concentrations with one nedr-0.15,0.60 and the other near existing response attractor. However, the corresponding response
(0.30,0.15. The corresponding joint response PDF on the Poin- PDF on the Poincarsection by the contour mdjFig. 6(b)] indi-
caresection by the contour map is shown in Figbp The PDF  cates the coexistence of two attractfas shown in the measured
can fully capture the coexisting attractors and their relative response time history of the experimental result in Figp)Bin
strengths. The relative strengths are better demonstrated by thehe area where the experimental Poincapints are located. The
magnitude of PDF in a three-dimensional presentation as shownppg can fully capture the coexisting harmofiiear (0,0)] and

in Fig. &c). Comparatively higher magnitude is shown in the g hharmonic response attractdisvo peaks at(—0.3,0 and
subharmonlc_: _dorr_laln[two peaks near (—0.15,0.60 and (0.3,0, respectively and their relative strengths. It is also noted
(0.30,0.13], indicating the subharmonic response as the Stronger o+ in addition to the experimentally observed two attractors,

attractor. . namely small-amplitude harmonic and subharmonic, time-domain
As experimentally observed, because of the presence of weak . . - . .

. o ) . simulations indicated the existence of another large-amplitude

tank noise bridging the coexisting attractors, the response trajec-

tory is directed to and stays in the strongsnbharmonitattrac-
tor as shown in Fig. ®).

harmonic response. The large-amplitude harmonic attractor near
(1,—-3.5 is captured in the corresponding PDF, which also pro-
vides information of its relative strengtfig. 6b)]. All three
coexisting attractors are well bridged due to the presence of a

Periodic Waves with Weak Perturbations (Test D11) moderate level of random perturbations in the waves.
The Poincaremap of the response subjected to periodic wave ~ Comparatively, the subharmonic response is the strongest at-
with additive weak perturbationgest D12 is shown in Fig. 6a). tractor, and the large-amplitude harmonic the weakest. It is antici-
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Fig. 9. Distribution of large excursions; dashed lines: experimental regelis D7 withd,=0.03, and test D10 with,=0.05), and solid lines:
corresponding analytical predictions

pated that with the quiescent initial conditions, the response tra-frequency over a specified amplitude is used here to estimate the
jectory is much less likely to reach the large-amplitude domain. distribution. Experimental results are compared with the numeri-
The prediction is in agreement with the experimental observation cal predictions.

that the response trajectory mostly oscillates between the two
stronger attractors with very low tendency reaching the large-
amplitude as shown in Fig.(B). Nonetheless, in a deterministic
continuous search test intended to examine the nonlinear phenomTime-averaged PDFs have been identified to be an invariant mea-
enon through the full wave frequency range considered, tendencysure of the nonlinear stochastic respongésng and Haggi

of reaching a large-amplitude response is observed when the199(0). The invariant measur®,(X) is obtained by taking time-
wave frequency is near 0.27 Hz. In that case, large initial dis- average over a suitable long duration to suppress the periodicity

placement and velocity are virtually incorporated. The prediction caysed by the dominant periodic excitation component.
of the existence of a large-amplitude harmonic response confirms

Invariant Measure

T

the experimental observation. _ir

PaX)= 7 fo P(X,t)dt (12)
Narrow-Band Random Waves (Test D17) and the invariant measure on (i.e., marginal PDFis given by
The contour map of the response PDF subjected to narrow-band *
random wavestest D17 sampled on the Poincarsection is PavX,)= %PaV(Xl’XZ)dXZ (13)

shown in Fig. 7a). The response PDF captures the distribution of

the attracting domain. A comparison of the experimental result Fig. 8 shows a comparison of the invariant measurespnf

and prediction is carried out in the associated marginal PDF asexperimental resultgtests D7 and D10and the corresponding

shown in Fig. Tb). Reasonably good agreement between the ex- analytical predicationgFokker—Planck formulation Tests D7

perimental and FPE results is observed. Note that the numericaland D10 were subjected to an “identical” periodic excitation

PDF overestimates slightly at the tails, which leads to a conser-component with two various perturbation intensitieg,~0.03

vative estimation on the distribution of large excursions as dem- and 0.05, respectively. Good agreements between the experimen-

onstrated in a later section. tal results and analytical predications are observed in both Figs.
8(a and b. It also shows that the invariant measure is smoothed
and widespread when the noise intensity is large. The invariant

System Performance measure is then utilized in the following section to estimate the
asymptotic behavior of the response up-crossing frequency at a

The probability distribution of large excursions in the response specified amplitude level, and the probability of exceedance can

process is important information for reliability-based engineering be evaluated.

design. To experimentally estimate the probability distribution of

the Ia_rge excursions, a Iarge_nur_nber of sample_s is needed. HOW'Distribution of Large Excursions

ever, in reality, the sample size is generally limited due to costs,

schedules, and operatiorifor the specific experiment studied Using the invariant measure and employing Rice’s formula, the

here, a significant amount of time was devoted to deterministic mean up-crossing frequency of the respom@él(xd) can be

cases and “trial runs” for random cases for which data were not eyaluated as follows:

collected. A combined analysis and prediction procedure of com- .

putiqg the invariant measure .of the experimental results and em- M;(Xd):f XoP af(Xg 1 Xo) O, (14)

ploying an asymptotic approximation of the response up-crossing ! 0
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By adopting the assumption of statistically independent large- Acknowledgment
amplitude up-crossings, which leads to Poisson-distribution cross-
ing events(Naess and Johnsen 1998e asymptotic approxima-
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PF(Xd1T):l_EXp:_P“x+1(Xd)T] (15)
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