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Re�ned Level Set Grid method for tracking
interfaces

By M. Herrmann

1. Motiv ation and objectives
Interfaces are an important aspect of a wide variety of 
o ws, including natural phe-

nomenasuch as two-phaseinterfacesof wave breaking, tsunami generation, and geysirs,
or technical applications like fuel preparation and premixed 
ame propagation. Di�eren t
approaches exist to track these interfaces. These can be classi�ed in two main cate-
gories: a) Lagrangian approaches (Brackbill et al. 1988; Rider & Kothe 1995; Unverdi
& Tryggvason1992) and b) Eulerian approaches, like the Volume-of-Fluid method (Noh
& Woodward 1976; Kothe & Rider 1995;Guey�er et al. 1999) or the level set method
(Osher & Sethian 1988;Sussmanet al. 1994,1998).

The level set approach is the method of choice here, since it allows for an easy and
straightforward calculation of the geometricalproperties of the interfaces,and it handles
topology changesof the interface automatically. However, the one drawback of the level
set method is that is doesnot inherently preserve the volume of the 
uids on either side
of the interface. To overcomethis shortcoming, the level set method can be corrected by
a secondaryinterface tracking schemethat preservesthe volume of both 
uids better, for
examplethe Volume-of-Fluid method (Bourlioux 1995;Sussman& Fatemi 1999;van der
Pijl et al. 2005) or the Lagrangian particle method (Enright et al. 2002). However, all
these correction methods are local and thus tend to intro duce arti�cial 
uctuations in
the curvature of the interface. De-localization methods of the above correction methods
have yielded improved, but still insu�cien t results (Coyajee et al. 2004).

In Herrmann (2004), an alternativ e approach in the context of a level set vortex sheet
method was intro duced: the Re�ned Level Set Grid (RLSG) method. Since the volume
errors associated with the level set method are proportional to the employed grid spacing,
the aim of the RLSG method is to solve the level set equation on a separate,re�ned grid,
thereby controlling the volume error.

Besidesensuring volume conservation, a key requirement for veri�cation purposesof
any numerical simulation involving interfaces is the abilit y to demonstrate grid conver-
genceof the interface geometry. Especially in casesthat involve breakup phenomenalike
splashing, it must be ensured that the resulting interface geometry is not an artifact
of the employed numerical grid (Johnson & Delplanque 2005). To this end, the RLSG
method provides a framework that allows for the independent re�nement of the interface
representing grid, thus enabling grid converged solutions with respect to the interface
geometry.

One areaof application of the RLSG method is the simulation of the primary breakup
processof turbulent liquid jets and sheets. In typical LES of technical applications,
the injection nozzle hole is resolved by several grid points. Thus standard Lagrangian
spray models that inject drops of the size of the jet diameter are not applicable, since
their prerequisite is that liquid drops are smaller than the local grid size. Instead, the
phaseinterface has to be speci�cally taken into account by tracking it. While it would
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be theoretically possibleto track the phaseinterface through the complete atomization
processusing the RLSG method, in practice, the necessarycomputational e�ort is still
prohibitiv e, even in the foreseeablefuture. However, the RLSG method provides the
framework to track liquid structures on a 
o w solver subgrid scale. Thus, a natural
bridge into Lagrangian spray models exists.

In this paper, the RLSG method for unstructured Navier-Stokes 
o w solvers is pre-
sented. In the caseof liquid atomization, coupling of the RLSG method to a secondary
breakup Lagrangian spray model is discussed.Finally, the results of some test cases
demonstrating the capability of the RLSG method are presented and conclusionsare
drawn.

2. The RLSG method
The incompressible,immiscible, two-phase
o w is described by the Navier-Stokesequa-

tions,

�
�

@u
@t

+ u � r u
�

= �r p + r � � + � g + T � (2.1)

r � u = 0; (2.2)

where � is the density, p the pressure,� the viscous stress tensor, g the gravitational
acceleration,and T � is the surfacetension force.

In the RLSG method for two-phase
o ws, the phaseinterface location x f betweentwo
immiscible 
uids is described by a level set scalar G, with

G(x f ; t) = 0 (2.3)

at the interface, G(x ; t) > 0 in the liquid, and G(x ; t) < 0 in the gas. Di�eren tiating
(2.3) with respect to time yields the level set equation:

@G
@t

+ u � r G = 0: (2.4)

Strictly speaking, (2.3) and thus (2.4) are valid only at the location of the interface itself.
To extend the de�nition of the level set scalar to the whole computational �eld, G is
de�ned to be the signedminimum distance to the interface:

jr Gj
�
�
�
G6= G0

= 1: (2.5)

Then, the interface geometricalproperties such as the interface normal vector n and the
interface curvature � can be easily determined from G as

n =
r G
jr Gj

; � = r � n : (2.6)

The drawback of the level set method is that it doesnot inherently preserve the volume
of each of the two 
uids. Since the volume error is proportional to the numerical grid
spacing,the straightforward way to minimize this error is to increasethe grid resolution.
This could be done adaptively using AMR techniques. However, this intro ducesan ad-
ditional level of complexity and is therefore not e�cien t in casesin which a �ne grid is
required over large portions of the interface, as is the casefor the primary atomization
of liquid jets and sheets.

In the RLSG method, in addition to the 
o w solver grid, an additional equidistant,
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Figure 1. RLSG grid de�nitions.

Cartesian grid named G-grid is intro duced. All level set related equations ((2.4)-(2.6))
are solved only on this grid. The grid for the 
o w solver, on the other hand, can be either
structured or fully unstructured containing arbitrary elements.

The advantage of using an equidistant Cartesian meshfor all level set related equations
is that standard high order schemessuch as the 5th-order WENO schemecan be directly
applied while retaining their full order of accuracy. However, the potential drawback of the
RLSG method is that it could beprohibitiv ely expensive,both in computational time and
in memory. To addressthis problem, the following two-level narrow band methodology
is intro duced.

On the �rst level, the 
o w solver grid is overlaid by an equidistant Cartesian super-grid
encompassingthat part of the computational domain where the interface might exist;
seeFig. 1. Only thosesuper-grid cells, or blocks, that contain part of the interface or are
within a certain distanceof the interface are activated. Only theseactive blocks are then
stored in linked lists and distributed among the processorspartaking in the simulation.
To ensurefast and direct accessto each block, each processorstoresa copy of a super-grid
integer i; j; k lookup table that contains either the super-grid block number if the block
is local, or the negative value of the processorid where the block is stored.

On the secondlevel, each active block contains an equidistant Cartesian grid; seeFig.
1. Again only those cells that are cut by the interface or are a prede�ned distance away
from the interfaceare activated and stored. This approach e�ectiv ely reducesthe number
of cellsthat are stored and on which the level set equationshave to be solved from O(N 3)
to O(N 2), where N is the number of cells in each spatial direction. This allows for high
resolution of the interface, becauseat any given moment, only that small fraction of cells
are active and stored that is in a small band around the interface. All active cells are
stored in linked lists. However, each block alsostoresan integer lookup table to allow for
direct, fast accessinto the linked list for arbitrary i; j; k coordinates.

To demonstrate the e�ciency of the approach, considera super-grid of size1283 and a
local block sizeof 323. This yields a theoretical maximum resolution of slightly lessthan
seventy billion cells. Assuming the number of active blocks to be 2 � 1282, the lookup
tables for the super-grid and local blocks take up only 25 MB of storagespaceusing 128
processors.A global lookup table not using the dual level approach, on the other hand,
would take 2 GB per processor.Assuming furthermore that 10� 322 cellsare active inside
each active super-grid block, total storage requirements for a double precision level set
scalar value on each of the 128 processorsis roughly 20 MB, well within the memory
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sizeof modern massively parallel machines. The G-grid can thus e�cien tly provide 
o w
solver sub-grid resolution of the phaseinterface.

To couple the tracked interface on the G-grid to the 
o w solver, oneusesthe fact that
for a �nite volume 
o w solver basedon the one 
uid approach, the density � and the
viscosity � in a cell i are de�ned as volume averagedquantities:

� i =  i � l + (1 �  i )� g (2.7)

� i =  i � l + (1 �  i )� g ; (2.8)

where the subscript l denotesquantities in the liquid and the subscript g denotesthe gas
phase.The 
o w solver volume fraction  can be calculated by volume integration using
the �ne G-grid resolution

 i = 1=Vi

Z

Vi

 dVi �
X

Vi G 2 Vi

 i G Vi G =
X

Vi G 2 Vi

Vi G ; (2.9)

where Vi is the volume of the 
o w solver grid cell i , Vi G the volume of the G-grid cell i G

and  i G is the G-grid liquid cell volume fraction:

 i G = f (Gi G ; n i G ) ; (2.10)

that is directly calculated from the G-grid G value and its normal according to the
proceduredeveloped by van der Pijl et al. (2005).

The 
o w solver surfacetension force T � , also by de�nition a volume averagequantit y,
is calculated from

T � ;i =
X

Vi G 2 Vi

� � i G � (Gi G )r Gi G Vi G =
X

Vi G 2 Vi

Vi G ; (2.11)

where � is the surfacetension coe�cien t, � the curvature, and � (G) a regularizedversion
of the delta function.

The level set equation (2.4) is coupledto the 
o w solver through u, which is calculated
using simple trilinear interpolation.

In the following sections,the numerical algorithms used to generatethe narrow band
structure and to couple the RLSG method to a Lagrangian spray model are described.

2.1. Band generation

Given the location of the interface, the level set equations (2.4)-(2.6) are solved only on
a narrow band around the interface. Sincethe interface can move through the computa-
tional domain, the band has to be regeneratedfrequently . The algorithm to generatea
band of width 2nB is described in Fig. 2. Its main idea is to grow the narrow band one
layer at a time, marking all cells that are already part of the band as the body (B), the
current outer layer of the body as the skin (S), and the new band layer as cloth (C), see
Fig. 2. The band is then grown by absorbing the skin layer into the body, making the
cloth layer into the new skin layer, and growing a new cloth layer on top of the skin layer.
If a cloth cell did not previously exist, a new cell is generatedand added. If the cloth
layer grows into the ghost cells, seeFig. 1, these ghost cloth cells must then be copied
into their partner boundary cells in the adjacent super-grid block. Linked lists have to be
usedfor the skin, cloth, and body lists, in order to avoid costly memory copy operations.
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mark all cells directly adjacent to the G = 0 interface as S.
for n = 1; nB do

for all cells marked S do
mark all unmarked neighbors of S as C

end for
sync ghostnodes with neighboring blocks
mark all S cells as B
mark all C cells as S

end for

Figure 2. Band generation algorithm.

Tag all locally contiguous active cells with G > 0 with one globally unique id.
while change of any id occurred do

sync ghost cell ids
for all block ghost cells do

if idghost cell < idneigh b or b oundary cell then
for all block cells with id = idneigh b or b oundary cell do

set id = idghost cell

end for
end if

end for
end while

Figure 3. Broken-o� drop identi�cation algorithm.

2.2. Drop transfer

Although the RLSG method can e�cien tly provide high resolution of the interface, ap-
plying the method to the completeatomization processof turbulent liquid jets and sheets
is prohibitiv ely expensive, since a vast number of atomized drops would have to be re-
solved by the level set grid. Instead, Lagrangian spray models are more adequate for
liquid structures whosevolume is lessthan the volume of the local 
o w solver grid cell
Vi . Sincethe RLSG method can provide subgrid resolution with respect to the 
o w solver
grid, broken-o� liquid structures should be identi�ed, removed from the level set repre-
sentation, and inserted as a liquid drop into a Lagrangian spray model if their volume is
lessthan Vi .

2.2.1. Broken-o� drop identi�c ation

Due to the multi-blo ck domain decomposition nature of the RLSG method, special care
must be taken to identify correctly broken-o� liquid structures that spandi�eren t blocks
on di�eren t processors.Figure 3 shows the drop identi�cation algorithm. In the �rst
step, all contiguous liquid cells with G > 0 are tagged with a globally unique identi�er.
This can be achieved by using a variation of the band growth algorithm (seeFig. 2) and
intro ducing the additional constraint that a cell is only added to the cloth layer if it
exists in the band and G > 0. The ghost cell sync step can be skipped, and the growth
loop is executedas long as cloth cells are added in each loop step.

In the second part of the algorithm, the globally unique identi�ers on each active
super-grid block are mergedfor all liquid structures that span more than one block.

To calculate the volume of each liquid structure, the total liquid volume before and
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Figure 4. Liquid massduring breakup, no �lamen t removal, � = 0, (left), with �lamen t
removal, � = 2, (righ t).

for all active boundary cells i with G > 0 do
count number of cells kj in n i direction until G < 0 or k j > �

end for
sync boundary cell kj to ghost cells
for all active cells i with G > 0 directly adjacent to G = 0 do

count number of cells k in n i direction until G < 0 or k > � or ghost cell j is reached
if ghost cell is reached then

set k = k + kj

end if
if k < � then

tag all traversedcells
end if

end for
mark all contiguously tagged local block cells by a unique identi�er
replace identi�ed cells by a Lagrangian drop

Figure 5. Filament transfer algorithm.

after drop removal is calculated using (2.10). A drop is removed from the level set �eld
by simply setting the G value of all cells of a given id to � G. Note that this procedure
automatically takes into account the removed liquid volume of those cells that contain
part of the interface but whoselevel set scalar is G < 0. Finally, if the drop volume VD ;id

is

VD ;id � 
 Vi ; 
 � 1 ; (2.12)

the drop is permanently removed, and its center of massis calculated and inserted into
the 
o w solver Lagrangian spray model.

2.2.2. Preservingmassduring breakup

The representation of the interface on a discrete grid by an iso-surfaceof a single
scalar implies that any two interface segments that approach each other so that no node
is betweenthe interfacescan no longer be supported by the grid. A topology changethen
occurs automatically, giving a breakup or merging length scale� of the level set method
equal to the local grid size � = � xG . However, the massin between the two interfaces,
where no node exists, is irrevocably lost in the process:seeleft of Fig. 4.

This forced breakup can constitute a signi�cant amount of mass loss in simulations
that contain many topology changes,as is the casein atomization. To addressthis issue,
the RLSG method intro duces a larger breakup length scale � = � � xG , with � > 1.
Breakup then no longer occurs automatically. Instead, it has to be arti�cially induced.

Figure 5 shows the algorithm to identify those liquid regionsin which the liquid struc-
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ture thicknessis smaller than � and breakup must be initiated. The algorithm is "blo ck
local", meaning that thin liquid structures spanning more than one block are broken up
into onedrop per block. Again, to identify contiguously taggedlocal block cells, the band
growth algorithm is employed, thereby skipping all synchronization stepswith neighbor-
ing blocks. Once thin liquid �lamen ts have been marked with a unique identi�er, their
volume is calculated as in the broken-o� drop case,and they are replacedby Lagrangian
spray drops of equal mass,center of massand momentum. This is possiblebecausethe
thin liquid structure is still resolved by the underlying G-grid: seeright of Fig. 4. How-
ever, it should be noted that the above algorithm reducesthe e�ectiv e breakup G-grid
resolution by a factor of � .

2.3. Numerical methods and coupling to 
ow solvers

The level set transport equation (2.4) is solved using a �fth order WENO scheme(Jiang
& Peng 2000) with a third order TVD Runge-Kutta time discretization (Shu & Osher
1989). Subcycling is employed if the prescribed 
o w solver time step is larger than the
stable level set time step, using a CFL number of 1.0. Reinitialization (2.5) is solved by
the iterativ e procedure outlined in Sussmanet al. (1994) and Peng et al. (1999) using
the �fth order WENO schemeand a �rst order pseudo-timeintegration. Reinitialization
and band regeneration are performed if the G = 0 iso-surfacecomescloseto the band
boundary and at the end of each 
o w solver time step.

The RLSG method has beencoded in a separatesolver called LIT (Level set Interface
Tracker). LIT contains interface routines accessiblethrough python that conform to the
CHIMPS infrastructure (Schluter et al. 2005).CHIMPS is usedfor all communication to
and from the 
o w solver as well as for all interpolation of velocity vectors from the 
o w
solver grid to the G-grid and all volume integrations from the G-grid to the 
o w solver
grid ((2.9) and (2.11)). The advantage of this approach is that virtually any 
o w solver
can be coupled to LIT, as long as the 
o w solver contains python accessibleCHIMPS
interface routines. In this work, LIT hasbeencoupledto CDP, a fully unstructured, LES

o w solver (Ham & Iaccarino 2004,Maheshet al. 2005) that solves(2.1) and (2.2).

3. Results
3.1. Vortex in a box

The vortex in a box problem intro ducedby Bell et al. (1989)and applied asa level set test
problem by Enright et al. (2002) tests the abilit y of the level set method to resolve ever
thinner �lamen ts and is thus an excellent test casefor the �lamen t transfer algorithm. A
circle of radius R0 = 0:15 and center (0:5; 0:75)T is placed inside a unit sized box. The
time constant velocity �eld is given by the stream function

	 =
1
�

sin2(� x) cos2(� y) : (3.1)

The resulting velocity �eld stretches the circle into ever thinner �lamen ts that are
wrapped around the center of the box. All simulations are performed on a Cartesian,
equidistant 
o w solver grid of 642 cells. Figure 6 shows the volume fraction  of the 
o w
solver grid at di�eren t times for varying G-grid resolutions.

As the circle gets stretched out into an ever thinner �lamen t, the solution is no longer
supported by the coarser G-grids; thus, the �lamen t simply disappears and its liquid
volume is lost. This is also evident in the right part of Fig. 7, which depicts the liquid
volume as a function of time for varying G-grid resolutions. While the liquid volume is
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Figure 6. Vortex in a box case,
o w solver grid 642 , 
o w solver volume fraction  at
t = 0; 1:0; 2:0, and 3:0 (left to right), G-grid resolution 64 � 64, 1282 , 2562 , and 5122 (top to

bottom).

n, G-grid V=V0 ; t = 2 V=V0 ; t = 3 order, t = 2 order, t = 3

642 0.4632 0.0000 - -
1282 0.9018 0.6506 2.45 1.51
2562 0.9790 0.9411 2.23 2.57
5122 0.9957 0.9885 2.29 2.36

1282 , � = 4 0.9817 0.9809 - -

Table 1. Vortex in a box case,liquid volume and rate of convergenceat t = 2 and t = 3 for
varying G-grid resolutions.
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Figure 7. Vortex in a box case,total liquid volume over time, 
o w solver grid 642 , G-grid 642

(left, � � �), 1282 (left, � � � ), 2562 (left, � � � ), and 5122 (left,|{) without �lamen t transfer, and
G-grid 1282 with �lamen t transfer � = 4 (righ t) level set liquid volume (righ t, � � �), drop liquid
volume (righ t, � � � ), and total liquid volume (righ t,|{) .

Figure 8. Vortex in a box case,
o w solver grid 642 , G-grid 1282 , 
o w solver volume fraction
 and �lamen t drops at t = 0; 1:0; 2:0, and 3:0 (left to right).

well preserved as long as the �lamen t is adequately resolved by the G-grid, the liquid
massis quickly lost oncethe number of grid nodesinside the �lamen t drops below 2-3. In
fact, on the coarsestG-grid of 642, at t = 3 the complete �lamen t has disappeared,and
all volume has been lost. Table 1 shows the liquid volume left in the �lamen t at t = 2
and t = 3 for varying G-grid resolutions. The rate of convergencefor G-grid re�nement
is slightly better than order two. To test the �lamen t transfer algorithm, the vortex in
a box test caseis run with � = 4. Thus, all parts of the �lamen t that are thinner than
four G-grid cells are removed from the level set solution and replaced by a Lagrangian
drop of equal mass,center of mass,and momentum. Figure 8 shows the resulting volume
fraction and drop distribution for a 
o w solver grid of 642 cellsand a G-grid of 1282 cells.
The trailing �lamen t quickly drops below a resolution of four G-nodesand is replacedby
drops: seealso right part of Fig. 7. As compared to the casewithout �lamen t transfer,
the liquid volume resolved by the level set scalar drops more quickly than even the 642

case.This is due to the fact that the breakup resolution in this caseis equivalent to a
G-grid resolution of only 322 cells. Still, almost all the liquid �lamen t massis recovered
in the from of drops such that the total liquid massat t = 3 is comparableto that of the
5122 G-grid without �lamen t transfer.

The results of the vortex in a box test case point to the following strategy when
using the RLSG method. Given a 
o w �eld resolved on a 
o w solver grid, as �ne a
G-grid should be usedas can be a�orded. Furthermore, the �lamen t transfer algorithm
with � = 4 should be employed to recover the liquid volume of thin �lamen ts that would
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Figure 9. Sphere in a deformation �eld case,
o w solver  = 0.1, 0.3, and 0.5 iso-surfaces,
o w
solver grid 643 , G-grid 643 , 1283 , and 2563 (top to bottom), at t = 0, 0.5, 1.0, and 1.5 (left to
right).

otherwisebe lost due to numerical errors. However, aswill be seenin the bursting bubble
casebelow, this strategy is only meaningful if the 
o w solver grid resolves all resulting

o w structures, as is the casein the vortex in a box case.

3.2. Sphere in a deformation �eld

To demonstrate the performanceof the RLSG method in three dimensions, the sphere
in a deformation �eld caseproposedby Enright et al. (2002) is performed. A sphereof
radius R0 = 0:15 is placed at (0:35; 0:35; 0:35)T inside a unit box, whosetime dependent
velocity �eld is given by

u = 2sin2(� x) sin(2� y) sin(2� z) cos(� t=T) (3.2)

v = � sin(2� x) sin2(� y) sin(2� z) cos(� t=T) (3.3)

w = � sin(2� x) sin(2� y) sin2(� z) cos(� t=T) ; (3.4)

with T = 3. All simulations are performed using an equidistant Cartesian 
o w solver
grid of size 643 cells and a 
o w solver time step size of � t = 0:005. Fig. 9 shows the
time evolution of the 
o w solver  = 0:1, 0.3, and 0.5 iso-surfaces.Note that since is a

o w solver volume averagedquantit y, thin ligament structures resolved on the G-grid can
result in low local  valuesand will thereforeonly be visible in the low  iso-surfaces.As
the �lamen t generatedby the deformation �eld getsstretched out thinner and thinner, it
ceasesto be supported by the available G-grid resolution such that it almost completely
disappears in the G-grid 643 case.Also, although the �ner G-grid resolutions still retain
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n, G-grid V=V0 ; t = 0:75 V=V0 ; t = 1:5 order, t = 0:75 order, t = 1:5

643 0.6677 0.0304 - -
1283 0.9694 0.7260 3.44 1.82
2563 0.9964 0.9683 3.10 3.11

1283 , � = 4 1.010 0.9535 - -

Table 2. Sphere in a deformation �eld, liquid volume and rate of convergenceat t = 0:75 and
t = 1:5 for varying G-grid resolutions.
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Figure 10. Sphere in a deformation �eld case, total liquid volume over time, 
o w solver grid
643 , G-grid 643 (left, � � �), 1283 (left, � � � ), 2563 (left,|{) without �lamen t transfer, and G-grid
1283 with �lamen t transfer � = 4 (righ t) level set liquid volume (righ t, � � �), drop liquid volume
(righ t, � � � ), and total liquid volume (righ t,|{) .

Figure 11. Sphere in a deformation �eld case,  = 0.1, 0.3, and 0.5 iso-surfacesand �lamen t
drops, 
o w solver grid 643 , G-grid 1283 with �lamen t transfer � = 4 at t = 0, 0.5, 1.0, and 1.5
(left to right).

the �lamen t structures, the 0:5 and 0:3 iso-surfacesof volume fraction depicted in Fig.
9 start to show holes, since the thin �lamen ts take up less than 50% respectively 30%
of the 
o w solver cell volume. Figure 10 depicts the temporal evolution of the liquid
volume, whereasTable 2 shows that slightly better than third order convergenceunder
G-grid re�nement is achieved. Using the �lamen t transfer algorithm with � = 4 on a
G-grid of 1283 retains the liquid mass signi�cantly better than without the �lamen t
transfer. Figure 11 shows the resulting iso-surfacesof volume fraction on the 
o w solver



14 M. Herrmann

Figure 12. Column hitting wall case,
o w solver volume fraction  and  = 0:5 iso-line in lower
right quadrant, 
o w solver grid 642 , G-grid 642 , 1282 , 2562 , 5122 , and 10242 (left to right) at
t = 1:0, 1.3, 1.7, and 2.9 (top to bottom).

grid, together with the generatedLagrangian drops. Note that the slight increasein total
liquid massaround t = 0:75 (seeFig. 10) is due to the reinitialization step after drop
removal.

3.3. Liquid column impacting a wall

The abilit y of the RLSG method to generategrid converged solutions of the interface
shape is demonstrated in this test case.A column of liquid falls due to gravit y inside a
box. It impacts the lower wall, spreadsalong it, and rebounds up on the side walls. The
simulations are performed on a two-dimensionalgrid with inviscid 
uids and zerosurface
tension forces.Slip boundary conditions are usedon the box walls for the velocity, and
Neumann conditions are imposedfor the level set scalar there. This results in a contact
angle of 90o of the liquid with the wall. In all cases,the box of size [� 1; � 1] � [1; 1] is
resolved by a 
o w solver grid of 642 cells. The initial liquid column, or rather circle of
radius R0 = 0:25, is placed at (0; 0)T . The density ratio is � l =� g = 1000 and the non-
dimensional gravit y constant is g = � 0:989. Figure 12 shows the temporal evolution of
the 
o w solver volume fraction for di�eren t G-grid resolution ranging from 642 up to
10242. Even at early times, the 642 resolution is insu�cien t to generatea grid converged
solution with respect to the interface shape. The interface shape up to t = 1:7 seems
to be well captured by the 1282 G-grid. However, full grid convergenceis achieved only
starting with the 2562 G-grid.
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Figure 13. Bursting bubble case, 
o w solver grid � x = R0=16, G-grid � xG = R0=64, 
o w
solver  = 0:5 iso-surfaceat t =0 ms, 12.6 ms, 25.2 ms, 37.8 ms, 50.4 ms, and 63.0 ms (top left
to bottom right).

3.4. Air bubblebursting through a water surface

In the �nal test case,an air bubble of radius R0 = 4 mm bursts through a water surface
inside a box of size [� 12::12 mm; � 12::12 mm; 0::48 mm]. The density ratio in this case
is � l =� g = 1000=1, the viscosity ratio is � l =� g = 1:34 � 10� 6=1:34 � 10� 5, the gravit y
constant g = 9:85 m=s2, and the surfacetension coe�cien t � = 0:1 kg=s2. The center of
the air bubble is initially placed at (0 mm; 0 mm; 12 mm)T , and the water surface is at
z = 17 mm. Due to the symmetry of the problem, only one fourth of the actual box is
simulated. Figure 13 shows the temporal evolution of the  = 0:5 iso-surfacefor a 
o w
solver grid resolution of � x = R0=16 and a G-grid resolution of � xG = R0=64. As the
rising bubble approaches the water surface,the water surfacebendsupward, and a thin
�lm starts to form. As the bubble breaches the surface, the edgeof the �lm exhibits a
large local curvature and a largesurfacetension forcethat pulls the �lm back to the water
surface.This processis clearly evident in Fig. 14, which depicts the 
o w solver volume
fraction in vertical cuts through the center of the computational domain at x = 0 mm.
Furthermore, once the bubble breaches the water surface, the pressureforcesacting on
the bubble are no longer in balance.Thus, a jet of water is formed that shoots upwards
and starts to exhibit a Rayleigh instabilit y that begins to form a drop at the tip of the
jet. The G-grid convergencestudy in Fig. 14 shows that the large scalefeatures of the
interface are well resolved on all three grids. However, di�erences exist in two areas.For
one, the rupturing and retreating thin �lm betweenthe air bubble and the water surface
is noticeably di�eren t. The retreat is fastest in the R0=16 case,whereasthe thin �lamen t
structure remainsfor long times in the high resolution cases.Two mechanismscontribute
to the retreat of the �lm. In the low resolution case,the lack of local volume conservation
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thin film thin film thin film

Figure 14. Bursting bubble case, 
o w solver volume fraction  , slice at x = 0 mm, t =12.6
ms, 25.2 ms, 37.8 ms, 50.4 ms (top to bottom), 
o w solver grid resolution � x = R0=16, G-grid
resolution of � xG = R0=16, � xG = R0=32, and � xG = R0=64 (left to right).

can contribute signi�cantly to the retreat, ashasbeendemonstrated in the vortex in box
case;seeSec.3.1. However, physically, surfacetension forcesat the tip of the �lm should
result in large velocities causing the retreat. While the �ne G-grid solutions are able
to capture this strong surface tension force at the tip of the �lm better than does the
coarseG-grid simulation, the 
o w solver doesnot provide enoughresolution in the thin
�lm to generatethe resulting large velocities. In fact, this lack of 
o w solver resolution
seemsto be the reasonwhy the thin �lm structure exists for a relatively long time in
the � xG = R0=64 case.This points to an upper limit of the re�nement ratio of the
G-grid as comparedto the 
o w solver grid, becauseotherwise �ne G-grid structures are
arti�cially sustained, since the 
o w physics cannot be fully captured by the 
o w solver
grid anymore. However, the G-grid has to be su�cien tly re�ned, as compared to the

o w solver grid, in order to avoid the massconservation issuesdescribed in the previous
sections.An alternativ e approach would be to intro duce a 
o w solver subgrid model for
the G-grid velocity �eld that directly takes the e�ect of surface tension force induced
velocities into account. The vortex sheet/level set methodology developed in Herrmann
(2003, 2004,2005) could be usedin this context.

4. Conclusionsand future work
The Re�ned Level Set Grid Method (RLSG) for tracking interfacesusing the level set

methodology has beenpresented. The method shows good massconservation properties
in several standard test cases.Furthermore, an interface of the RLSG method to a La-
grangian drop model has been proposed. It enhancesoverall liquid mass conservation,
even on coarsergrids, and providesa framework for the simulation of the breakup process
of liquid jets and sheets.

Future work will focus on the application of the RLSG method to the caseof primary
atomization of coaxially atomized turbulent liquid jets and the atomization of turbulent
liquid jets in cross 
o ws. Furthermore, to allow for the LES of these cases,a RLSG
subgrid model for primary atomization will be implemented into the framework.
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