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Abstract—Most existing studies on cognitive radio networks
assume that cognitive users can switch to any available channel,
regardless of the frequency gap between the target channel
and the current channel. However, due to hardware limitations,
cognitive users can actually jump only so far from where the op-
erating frequency of their current channel is. This paper studies
the performance of cognitive radio networks while considering
realistic channel handoff agility, where cognitive users can only
switch to their neighboring channels. We use continuous-time
Markov process to derive and analyze the forced termination
and blocking probabilities of cognitive users. Using thesederived
probabilities, we then study and analyze the impact of limited
spectrum handoff agility on cognitive spectrum access efficiency.
We show that accounting for realistic spectrum handoff agility
reduces performance of cognitive radio networks in terms of
spectrum access capability and efficiency.

Index Terms—Dynamic spectrum access; performance model-
ing and analysis; spectrum handoff agility.

I. I NTRODUCTION

Cognitive radio access paradigm allows cognitive users
(CUs) to exploit unused licensed spectrum on an instant-by-
instant basis, so long as it causes no harmful interference to
primary users (PUs). For this, CUs must ensure that licensed
bands are vacant before using them, and they must vacate
them immediately upon the return of any PUs to their licensed
bands. Cognitive radio access, also referred to as dynamic
or opportunistic spectrum access, has great potential for im-
proving spectrum efficiency and increasing achievable network
throughput of wireless communication systems. The research
issues and topics that have been addressed in these recent
years are numerous, ranging from fundamental networking
issues to practical and implementation ones. A few examples
of such issues and topics are spectrum access management [1–
4], adaptive and learning technique development [5–8] and
spectrum prediction models [9–14]. Research efforts have also
been given to deriving models and studying behaviors of
the cognitive radio access performance [15–18]. Generally,
most of these performance studies model cognitive radio
access by means of Markov chains, and use these models
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to derive and analyze network performances. For example,
in [19–23], Markov chains are used to model and study the
forced termination and blocking probabilities of CUs in a
cognitive multichannel access system consisting of primary
and cognitive users. However, one common unrealistic as-
sumption made in these existing works that we address in this
paper is that CUs, when accessing the multichannel system
opportunistically, are allowed to switch/jump to any available
channel in the system, regardless of the frequency gap between
the target and the current channels [24]. But due to hardware
limitations, CUs can actually jump only so far from where
the operating frequency of their current channel is, given an
acceptable switching delay that users are typically constrained
by [25]. Therefore, in this paper, we study the performance
of cognitive radio networks, but while considering realistic
channel switching (or handoff) agility, where CUs can only
switch to channels that are immediate neighbors of their
current operating channels.

The rest of the paper is organized as follows. In Section
II, we state the system model. In Section III, we model
and derive analytically the forced termination and blocking
probabilities. Section IV validates the derived results, and
analyzes the performance behaviors. Section V investigates
the impact of spectrum handoff agility on spectrum access
efficiency. Finally, in Section VI, we conclude our work.

II. M ULTICHANNEL ACCESSSYSTEM MODEL

We consider a cognitive radio multichannel access system
with m primary bands,B1,...,Bm, where each band is com-
posed ofn sub-bands, giving a total ofmn sub-bands, termed
A1,...,Amn. Two types of users are present in the system.
Primary users (PUs) who have exclusive access rights toB1

to Bm, and cognitive users (CUs) who are allowed to use the
A1 to Amn sub-bands, but in an opportunistic manner; i.e.,
so long as they do not cause any harmful interference to PUs.
Throughout this work, we assume that CUs are equipped with
single-radio devices.
While PUs have strict priority to use the spectrum bands,
CUs are allowed to use a sub-band only when the sub-band’s
associated primary band is vacant; i.e., not being used by
any PUs. Here, we ignore the spectrum handoff and spectrum
sensing delays, simply because both of them are bounded [25,
26] and hence do not impact the blocking and the forced
termination probabilities; i.e., the performances that westudy
in this work. These delays, however, need to be accounted for
when analyzing system throughput and spectrum utilization
performances. Therefore, we assume throughout that CUs are
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always aware (with some bounded delay) of the presence of
PUs, and that as soon as any PUs reclaim their band, CUs are
capable of immediately (or with some bounded delay) vacating
the band and switch to another idle sub-band, if any exists.
In our model, we assume that, during spectrum handoff [19],
CUs can jump to any channel/band situated at no more thank
bands away from its current operating band; the set of possible
channels to which a CU is able to jump to is referred to as the
target handoff channel set. Specifically, if a CU is currently
using a sub-band belonging to primary bandBi, the CU can
only jump to any sub-band fromBi−k to Bi+k when handoff
is initiated.

III. M ODELLING AND CHARACTERIZATION

We model the channel selection process as a continuous-
time Markov process, defined by its states and transition rates.
In this section, we define the states and calculate the state
transition rates. As stated previously,mn sub-bands are shared
by both PUs and CUs. Thus, we define each state as an m-
tuple (i1, ..., im) in which ij, for j = 1, 2, . . . ,m, indicates
the number of CUs in bandj if ij > −1, otherwiseij is equal
to −1, indicating that bandj is occupied by a PU. Note thatij
takes on values between−1 andn (i.e.,−1 ≤ ij ≤ n). Thus,
the total number of states is(n+ 2)m and all these states are
valid. We assume that arrivals of CUs and PUs both follow
Poisson processes with arrival ratesλc and λp, respectively,
and the service times are exponentially distributed with rates
µc and µp, respectively. There are four cases/events under
which a state changes, and thus we only have to consider
these four cases to compute the transition rate matrixQ. In
what follows, let(i1, ..., im) be the current state.
Case 1:First, consider that a CU arrives to the system and
selects spectrum bandj. The next possible states are then
(i1, ..., ij + 1, ..., im) for all −1 < ij < n. Assuming that the
number of these states isα, the transition rate from(i1, ..., im)
to (i1, ..., ij + 1, ..., im) is then λc/α. The states whoseij
value is either−1 or n do not change, because the CU will
be blocked and denied access to the system in this case. Note
that α might be different for different states and it can be

calculated viaα =
m
∑

l=1,−1<il<n

1.

Case 2:Second, consider that a CU leaves spectrum bandj.
In this case, the next possible states are(i1, ..., ij − 1, ..., im)
for all ij > 0. Thus, the transition rates from(i1, ..., im) to
(i1, ..., ij − 1, ..., im) is ijµc.
Case 3:Third, when a PU leaves bandj, the next states are
(i1, ..., i

′
j , ..., im) wherei′j = 0 and ij = −1. Assuming that

the number of occupied bands by PUs isβ which means that
the number of next states is alsoβ, the transition rate from
(i1, ..., im) to (i1, ..., i

′
j , ..., im) is thenµp/β, where as stated

earlieri′j = 0 andij = −1. Note thatβ might be different for

different states and it can be calculated viaβ =
m
∑

l=1,il=−1

1.

Case 4:Fourth, consider that a PU arrives to spectrum band
j. Note that PUs do not select any band upon their arrivals,
since they already have their predefined bands to operate on.In
this case, the next states are(i1, ..., i

′
j−k, ..., i

′
j , ..., i

′
j+k, ..., im)

where i′j = −1 and
j+k
∑

l=j−k,l 6=j

(i′l − il) = ij if user is not

forced to terminate. User access termination occurs when none
of the adjacent bands can accommodate the cognitive user
that is required to vacate bandj. Thus, the next states are
(i1, ..., i

′
j−k, ..., i

′
j , ..., i

′
j+k, ..., im) wherei′j = −1 and (i′l = n

or i′l = −1) for j − k ≤ l ≤ j + k. When the user is forced
to terminate, the transition rate isλp, and when there is no
termination, the transition rate is as follows

γs
s′ = λp













1

2k −
j+k
∑

l=j−k,i′
l
=−1

1













ij

2k
∏

l=0,l 6=k

(

ij
i′j−k+l − ij−k+l

)

(1)
whereγs

s′ denotes the transition rate from states to states′,
where s = (i1, ..., im) and s′ = (i′1, ..., i

′
m). Thus far, we

computed the transition rates, and we were able to determine
the transition rate matrixQ. One can solve the system of
equations

π.Q = 0 and
(n+2)m
∑

i=1

πi = 1 (2)

whereπi is the stationary probability of statei andπ is the
stationary probability matrix.

Note that only transition rates that are calculated inCase 4
depend on the valuek since spectrum handoff is expected to
occur only in this case. In the other three cases, no spectrum
handoff occurs, and hence, next states do not depend on the
value ofk. Thus, in terms of model complexity, we can say
that the construction of the transition matrixQ depends on
the valuek, because ask increases, the number of possible
transitions increases and hence so is the number of non-zero
entries ofQ. The size ofQ which is (n + 2)m × (n + 2)m

does not, however, depend onk. Therefore, the complexity of
solving Eq. (2) may not depend onk if general algorithms are
used. But if customized algorithms (those that take advantage
of matrix sparsity) are used instead, such a complexity may
be reduced depending on the value ofk.

Now, the forced termination probabilityPf of a cognitive
user can be defined as

Pf =

∑

(s,s′)∈T

πsγ
s
s′

(1− Pb)λc
(3)

where T is the set that contains all state pairs(s, s′) in
which a user is forced to terminate when transitions from
s to s′, and Pb is the blocking probability to be defined
later. Formally, T can be defined asT = {(s, s′) =
((i1, ..., im), (i′1, ..., i

′
m))|Nc(s) > Nc(s

′) and Np(s) <
Np(s

′)} whereNc(s) and Nc(s
′) are the numbers of CUs

in state s and s′, respectively, andNp(s) and Np(s
′) are

the numbers of PUs in states and s′, respectively. The
number of CUs in states = (i1, ..., im), Nc(s), can be

written asNc(s) =
m
∑

j=1,ij 6=−1

ij. Similarly, the number

of PUs in states = (i1, ..., im), Np(s), can be written as
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Np(s) =
m
∑

j=1,ij=−1

1. When a new CU arrives to the system

and cannot find any empty sub-band, because the bands are
occupied by either PUs or any other CUs, the user is denied
access to the system. In this case, we say that the CU is
blocked, and the blocking probabilityPb can then be written
as

Pb =
∑

s∈B

πsλc
∑

s∈S,s6=s′
γs
s′

(4)

whereB is the set of all the states in which blocking occurs
when a new CU arrives to the system, and is defined asB =
{s = (i1, ..., im)|∀j 1 ≤ j ≤ m, −1 < ij < n}.

It is worth mentioning that although the focus of this work
is on analyzing how the valuek affects the forced termination
and blocking probabilities and not so much on how one
choosesk, one can first set (decide on) acceptable/predefined
blocking and forced termination probabilities, and then use
Eqs. (3) and (4) to find the value ofk that meets such prob-
abilities. Basically, setting upper (lower) bounds on blocking
and forced termination probabilities results in a set of values
for k that satisfy these upper (lower) bounds.

IV. A NALYTIC RESULT VALIDATION AND ANALYSIS

In this section, we validate our derived analytic results
via MATLAB simulations, and analyze the performance of
cognitive radio spectrum access systems with limited channel
handoff by studying the impact of the target handoff channel
set size on cognitive users’ forced termination and blocking
probabilities.

A. Impact of Handoff Agility on Termination Probability

Fig. 1(a) plots the derived forced termination probability
of cognitive users as a function of the primary user arrival
rate λp for three different values of the number of target
handoff channels,k. The termination probability is defined
as the probability that a cognitive user, already accessingand
using a channel whose PU has returned, is forced to cease
communication as a result of none of the channels in its
target handoff channel set is vacant. First and as expected,
observe from the figure that as the primary user arrival rate
(i.e., PU load) increases, the probability that cognitive users
(already using the system) are forced to leave the system
due to not finding an available band in their target handoff
channel set increases. Second, for a given primary user arrival
rate λp, the greater the number of target handoff channels,
the lower the forced termination probability. Again, this trend
of performance behavior is expected, as having more chan-
nels to switch to, increases the chances of cognitive users
finding available bands, which explains the decrease in the
forced termination probability of cognitive users. Third,the
gap between the forced termination probabilities for different
numbers of target handoff channel set sizes increases with
the primary user arrival rate. To validate the derived analytic
results, we use MATLAB to simulate a multichannel access
system with primary and cognitive users arriving to the system
according to Poisson process with arrival ratesλp and λc,
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(a) Analytic results

0.05 0.1 0.15 0.2 0.25
     0     

0.01

0.02

0.03

0.04

0.05

Primary User Arrival Rate: λ
p

F
or

ce
d 

T
er

m
in

at
io

n 
P

ro
ba

bi
lit

y
 

 

k = 1
k = 2
k = 3

(b) Simulation results

Fig. 1. Forced termination probability as a function of the primary arrival rate
λp for k = 1, 2, 3: m = 7 andn = 2 (µp = 0.06, λc = 0.68, µc = 0.82)

respectively. In these simulations, we compute the actual
forced termination probability of cognitive users, measured
as the ratio of the number of terminated users to the total
number of accepted users. Fig. 1(b) shows the values of
forced termination probabilities of the simulated cognitive
radio spectrum access network again for three values ofk.
Observe that the simulated performance behaviors of cognitive
systems in terms of the forced termination probability match
well those obtained via our analytic results. This validates our
derived models.

B. Impact of Handoff Agility on Blocking Probability

We now study the impact of channel handoff agility on
the blocking probability of cognitive users, defined as the
probability that a cognitive user, attempting to access the
multichannel system, is denied access to the system due to not
finding any available channels. Fig. 2(a) depicts the derived
blocking probability of cognitive users as a function of the
primary user arrival rateλp for three different values of the
number of target handoff channels,k = 1, 2, 3.
First, observe that, as expected, the blocking probabilityof
cognitive users increases with the primary user arrival rate.
That is, as the rate of primary users increases, the network
becomes more and more loaded, resulting in higher blocking
probability. Second, observe that unlike the case of forced
termination probability, the blocking probability does not
depend on the level of spectrum agility; i.e., the value ofk.
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(b) Simulation results

Fig. 2. Blocking probability as a function of the primary arrival rateλp for
k = 1, 2, 3: m = 7 andn = 2 (µp = 0.06, λc = 0.68, µc = 0.82)

This is because any new cognitive user wanting to access the
system does so by selecting any available channel, which leads
to the same chances of being able to find an available channel,
regardless of how agile spectrum handoff is for existing users
(users that are already using the system).
Like the case of termination probability studied in the previous
section, we now validate our analytic results of blocking
probability using MATLAB. We simulate a multichannel sys-
tem with primary and cognitive users arriving to the system
according to Poisson process with arrival ratesλp and λc,
respectively. In these simulations, we compute the actual
blocking probability of cognitive users, measured as the ratio
of the number of blocked users to the total number of arrived
users. We show in Fig. 2(b) the blocking probabilities of
the simulated cognitive network for three values of channel
handoff set size,k = 1, 2, 3. Observe that the simulated
blocking probability performance behaviors of cognitive sys-
tems, shown in Fig. 2(b), match well those obtained via our
analytically derived results, shown in Fig. 2(a). This validates
the analytic blocking probability performance that we derived
in this work.

V. SPECTRUM EFFICIENCY EVALUATION

In this section, we study the impact of spectrum handoff
agility on cognitive spectrum access efficiency. We use the
blocking and forced termination probabilities derived in the

previous sections to evaluate the efficiency of cognitive spec-
trum access while considering different levels of spectrum
handoff agility,k.
We first begin by defining and deriving the cognitive spectrum
access efficiency while assuming no limited spectrum handoff
agility. This will serve as an upper bound on the maximal
achievable spectrum efficiency when considering limited hand-
off agility. Let us assume that there is no limited spectrum
handoff agility, meaning that cognitive users are allowed to
switch to any available band without any handoff restriction.
Using classic Markovian analysis [27], one can write the
probability pj that j bands (out ofm bands) are occupied
by PUs aspj = ρj

j!
m∑

i=0

ρi/i!
(here only PUs are considered).

whereρ = λp/µ andµ = µp = µc. It follows that the average
numberEp of spectrum bands occupied by PUs can be written
asEp = ρ− ρm+1

m!
m∑

j=1

ρj/j!
.

Similarly, the average numberEc of bands occupied by either
PUs or CUs can be written as (now both PUs and CUs are
considered)Ec = ρc −

ρm+1
c

m!
m∑

j=1

ρj
c/j!

whereρc = (λp + λc)/µ.

Note that here both PUs and CUs are treated the same,
in that both types are allowed to use the spectrum with
equal access rights and opportunities. Again, this simplified
cognitive spectrum access is introduced so that it can be used
as an upper bound on the maximum achievable spectrum
efficiency when considering realistic cognitive network access,
where PUs have spectrum access priority over CUs, and when
CUs have limited spectrum handoff agility.
We now define theideal cognitive spectrum access efficiency,
η, (or cognitive spectrum access efficiency with no limited
spectrum handoff agility) as

η =
Ec − Ep

m− Ep
(5)

In Fig 3, we measure the cognitive spectrum access efficiency
with limited handoff agility, normalize it with respect to the
ideal spectrum access efficiency (given in Eq. (5)), and show
it for various values of primary user arrival rates whenk = 1,
k = 2, and k = 3. The values of blocking and termination
probabilities used in this study are extracted from the results
shown in the previous section. First, observe that as the
primary user arrival rate increases, the spectrum efficiency of
cognitive radio network access with limited channel handoff
capability reduces, and this is regardless of the value of the
parameterk of handoff agility. Second, note that the efficiency
of cognitive spectrum access depends on how agile spectrum
handoff is, and the higher the agility, the higher the spectrum
efficiency. For example, whenλp = 0.8, having a spectrum
handoff agility of valuek = 3 yields a cognitive spectrum
efficiency of about60% of the ideal efficiency (obtained when
channel handoff is not limited tok channels), whereas, when
handoff is limited tok = 1, the efficiency reaches about18%
of the ideal efficiency only. Third, the figure also shows that
the difference between achievable spectrum efficiencies under
different numbers of target handoff channels increases with the
primary user arrival rate. That is, the higher the arrival rate, the
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Fig. 3. Spectrum efficiency as a function of the primary arrival rateλp for
k = 1, 2, 3.

higher the gap between the spectrum efficiency underk = 3
and that underk = 1. Note thatk = 3 is the case that there is
no limited spectrum handoff agility sincem = 7. To summa-
rize our findings, in this work, we demonstrate the impact of
the commonly made assumption of considering that cognitive
users can handoff/switch to any available band, regardlessof
how far the target band is from the current band, on the
performance behaviors of cognitive radio spectrum access sys-
tems. Our results show the importance of considering realistic
spectrum handoff agility (i.e., with restricted/limited target
handoff channel set) when assessing the achievable network
performances and the spectrum access efficiency of cognitive
radio networks. We found (both analytically and numerically)
that the achievable cognitive radio performance in terms of
system access capability and spectrum access efficiency can
be significantly lesser than what is usually claimed in existing
works, due to the limited nature of spectrum handoff agility
that most works ignore and do not take into account. We
therefore conclude that making unrealistic spectrum handoff
assumption may lead to very inaccurate and misleading results,
and it is then imperative that performance studies of cognitive
radio networks do account for the restricted agility of channel
switching.

VI. SUMMARY OF FINDINGS AND CONCLUDING REMARKS

This paper models and analyzes the performance behaviors
of cognitive radio networks enabled with dynamic multichan-
nel access capability, but while considering realistic channel
handoff agility assumptions, where cognitive users can only
switch to vacant channels that are immediate neighbors of
their current channels. Using Markov chain analysis, we model
cognitive access networks with restricted channel handoff
agility as a continuous-time Markov process, and analytically
derive the forced access termination and blocking probabilities
of cognitive users, and evaluate the spectrum access efficiency
of cognitive networks. Using MATLAB simulations, we also
validate our analytically derived performance results.

Our obtained results demonstrate the impact and importance
of considering realistic channel handoff agility in cognitive
radio access on the cognitive radio network performances

in terms of users’ blocking and termination probabilities,
as well as cognitive spectrum access efficiency. This work
demonstrates the cognitive radio performance implications of
the commonly made spectrum-handoff agility assumption of
allowing cognitive users to switch to any available band,
regardless of how far the target band is from the current band.

Our findings in this work show that the achievable per-
formance of cognitive radio networks in terms of spectrum
access capability and efficiency can be significantly lesser
than what existing works usually claim, due to the limited
nature of spectrum handoff agility that most works do not
account for. We conclude that making unrealistic assumption
regarding the spectrum handoff agility may lead to very
inaccurate and misleading results, and it is then imperative that
performance studies of cognitive radio networks do accountfor
the restricted agility of channel switching when modeling and
assessing the performance of such networks.
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