On to real programming
languages...



The Unit type unit is like “void”

t = ... terms
unit constant unit
v o= ... values
unit constant unit
T = .. types
Unit unit type
New typing rules [Ft: T

[+ unit : Unit (T-UNIT)



Sequencing

t = ... terms
T1,%02



Sequencing

T1,%02

t] — t]

t1;tr — t7;to

unit;tr, — to

[ - t7 : Unit [ty

unit is like “void”

terms

[ Fty1;tr : To

(E-SEQ)

E-SEQNEXT)

(T-SEQ)



Derived forms

» Syntatic sugar

> Internal language vs. external (surface) language

Sequencing as a derived form

—
e
v

tirts (Ax:Unit.ts) t3

where x ¢ FV(t3)



Ascription

New syntactic forms
Tt = ..
t as T

New evaluation rules

New typing rules

documentation, enforcing types

terms
ascription

t — t/

vi as T — vy (E-ASCRIBE)

t] — t]

/ (E-ASCRIBE1)
ti as T—t; as T

[t : T

[ Ft1 : T
[ty as T: T

(T-ASCRIBE)



Ascription as a derived form

t as TOléf (Ax:T. x) t



| et-bindings Prelude> let y = let x=6 in x+2

Prelude>y
8
New syntactic forms
t = ... terms
let x=t in t let binding
New evaluation rules t — t/
let x=v; in tp, — [x — vi]to (E-LETV)
t; — t/ _
| L (E-L)
let x=t; in tp — let x=t7; 1n to
New typing rules [Ft T
[t : Tq F,X:T1Ft2:T2
(T-LET)

[ = let x=t; in to : To



Derived Form for let binding?

def

lTet x=t; 1n to (AX:T1:T2) Tty

New typing rules FEE T

"5k Td | « 25T -2 Th
" lek Xx=by in Ly 'Ts

(T-LET)



Pairs, tuples, and records



Pairs

{t,t}
t.1
t.2

.{.;f,v}

T1 X T»o

terms
pair
first projection
second projection

values
pair value

types
product type



Evaluation rules for pairs

{vi,vo}.1 — vy
{Vl ,V2}.2 —> V)

t] — t]

t1.1 — t].1

E-PAIRBETAL)

{t1,t2} — {t],t2}

to — t,

{Vl ’t2} — {Vl ’t/2}

E-PAIRBETA2)

(E-PRrOJ1)

(E-PrROJ2)

(E-PAIR1)

(E-PAIR2)



Typing rules for pairs

[ Ft1 : Ty [ty @ To

(T-PAIR)
[ F{t1,tr} : T1 X Ty
[ Ft7 : Ty XT
S (T-PrROJ1)
[ Ft1.1 : Tq1
[ Ft7 : Ty1 X T
S (T-PrOJ2)

[ Ft1.2 : T1o



Tuples generalized pairs

t = .. terms

{tl iEl..n} tup/e

t.i projection
v o= .. values

{v; '€} tuple value
T = .. types

{T; '€} tuple type



Evaluation rules for tuples

{vi <"} — v; (E-PROJTUPLE)

t] — t]

E-PROJ
t1.1 — t/l .1 ( )

] /

{Vi iel..j—1 ,tj 3tk kEj—l—l..n}
el..j— / HI ..
. {Vi icl..j—1 ,tj,tkkEJ-I—l n}

(E-TUPLE)



Typing rules for tuples

foreach/ [ F+t;: T;

icl..nvU . ic1..n (T_TUPLE)
[+ {t; ¥+ A{T; +

[ty : {T; €}
[ Ft1.5 : T

(T-PrOJ)



Records tuples with “labelled” components

t = ... terms
{1;=t; "¢} record
t.1 projection

v o= ... values
{1;=v; '€} record value

T .= types

{1;:T; '} type of records



Evaluation rules for records

{1,=v; iEl""}.lj — V;j (E—PROJRCD)

t] — t]
tl.l%tll.l

(E-PrOJ)

tj — t;. -
=V, s L tj s LJ tk

5 {1i=Vi i€el..j—1 : l_j:t; , lkztk kEj—i—l..n}




Typing rules for records

foreach/ [ Ft;: T;
[ {]_,-:tl. iel..ny . {li . T; i€1..n}

(T-Rcb)

r |— t]_ . {lI:TI iEl..n}
r|_t1.lj T

(T-ProJ)



Sums and variants

data Ast = TRUE

FALSE

IFTHENELSE Ast Ast Ast
PAIR Ast Ast

FST Ast

SND Ast




Sums — motivating example

PhysicalAddr = {firstlast:String, addr:String}
VirtualAddr = {name:String, email:String}

Addr = PhysicalAddr + VirtualAddr
inl : "PhysicalAddr — PhysicalAddr+VirtualAddr”
inr : "VirtualAddr — PhysicalAddr+VirtualAddr"

getName = Aa:Addr.
case a of

inl x = x.firstlast inject left (tagging)
| inr y = y.name; inject right (tagging)

type2 t = case t of
FST (PAIR tl t2) -> type2 tl

data Ast = FST Ast
| SND (PAIR tl t2) -> type2 t2

SND Ast



New syntactic forms

T

terms
inl t tagging (left)
inr t tagging (right)

case t of inl x=t | inr x=t case

values

inl v tagged value (left)
inr v tagged value (right)
types

T+T sum type

T1+T5 is a disjoint union of T and T, (the tags inl and inr
ensure disjointness)



New evaluation rules

case (inl wvg)
of inl x1=>1t;

case (inr wvg)
of inl x1=>%t1

t — t/

— 1= ol (E-CASEINL)
inr X,=1t»

— [x2 = o]t (E-CASEINR)
inr X,=t»>

tg — tf

_ E— (E-CASE)
case tg of inl x;=t; | inr x,=t»
— case ty of inl x;=t; | inr x,=t;

t; — t}

: _1 , (E-INL)
inl t; — 1inl t;

t; — t

! (E-INR)

inr t; — inr t)



New typing rules [Ft:T

[ t1 : Ty
(T-INL)
[ Finl t71 : T{+T»
[ Ht1 : T
S (T-INR)
[ Finr t1 : T1+T»
[+ tg : T1+T>
[, x1:T1Ht1 : T [, x0:To -ty : T
1 1 1 2412 2 (T—CASE)
[ - case tg of inl x;1=t; | inr xXo=to : T



Sums and Uniqueness of Types

Problem:
If t has type T, then inl t has type T+U for every U.

|.e., we've lost uniqueness of types.

Possible solutions:
» “Infer” U as needed during typechecking

» Give constructors different names and only allow each name
to appear in one sum type (requires generalization to
“variants,” which we'll see next) — OCaml’s solution

» Annotate each inl and inr with the intended sum type.

For simplicity, let's choose the third.



New syntactic forms
t o= ..
inl t as T
inr t as T

inl v as T
inr v as T

terms
tagging (left)
tagging (right)

values
tagged value (left)
tagged value (right)

Note that as T here is not the ascription operator that we saw
before — i.e., not a separate syntactic form: in essence, there is an
ascription “built into” every use of inl or inr.



New typing rules [Ft:T

[ Ft1 : Ty
(T-INL)
[ Finl t7; as T{+Ty : T{+T»
[ty : T
S (T-INR)

[ - inr t7 as T{+Ty : T{+T»



Evaluation rules ignore annotations:

case (inl vg as Tp)
of inl xy1=t7 | inr x,=t->

— [X1 — VO]tl

case (inr vg as Tp)
of inl x;1=t7 | inr x,=t»
— [Xg —> VO]‘t2

T1

E-CASEINL)

inl t; as 1o

T1

inr t; as 1o

— inr t} as T

E-CASEINR)

(E-INL)

(E-INR)



Variants

Just as we generalized binary products to labeled records, we can
generalize binary sums to labeled variants.

data Ast = TRUE

FALSE

IFTHENELSE Ast Ast Ast
PAIR Ast Ast

FST Ast

SND Ast




New syntactic forms

T

<]=t> as T
case t of <1;=x;>=1t; i€1..n

<1i :TI' iEl..n>

terms

tagging
case

types
type of variants



New evaluation rules t — t/

case (<1;=v;> as T) of <1;=x;>=t; """

(E-CASEVARIANT)

tg — t!
. (E-CASE)

case to Of <1/=XI>:>t[ I€1..n
—> Case t/O Of <1/=XI>:>tI i€1..n

ti%t;.

, (E-VARIANT)
<lj=t;> as T—<1;=t;> as T



New typing rules [Ft:T

FI—-p/: T}

[ <lj=t;> as <1;:T; i€lony 0 &1 T >

(T-VARIANT)

[ Ftg : <1;:T; '€+">
for each i F, X;:T;Ft; : T

— (T-CASE)
[+ case tg of <1;,=x;>=t; """ : T
data Ast = IFTHENELSE Ast Ast Ast
PAIR Ast Ast
FST Ast
SND Ast
type2 t = case t of
IFTHENELSE t t2 t3 -> 1f (type2 t == BOOL && t' == type2 t3)
then t' else error "Untypable”

where t' = type2 t2
PAIR tl1 t2 -> P (type2 tl) (type2 t2)
FST (PAIR tl t2) -> type2 tl
SND (PAIR tl t2) -> type2 t2
-> error "Untypable”



