Viterbi Algorithm for DAGs

|. topological sort

2. visit each vertex v in sorted order and do updates
® for each incoming edge (u,Vv) in E
® use d(u) to update d(v): d(v) & =d(u) ® w(u,v)

® key observation: d(u) is fixed to optimal at this time

d(v) ® =d(u) ® w(u,v)

® time complexity: O(V + E )

Liang Huang (Penn) 17 Dynamic Programming



Generalized Viterbi for DA

|. topological sort
2. visit each vertex v in sorted order and do updates
® for each incoming hyperedge e = ((uy, .., Uj|), v, w(e))

® use d(ui)’s to update d(v)

® key observation: d(uj)’s are fixed to optimal at this time

Q}&@ dv) @ = d(u

— ) ® d(u,) & wie)
O
O

e

® time complexity: O(V + E) (assuming constant arity)

Liang Huang (Penn) 18 Dynamic Programming



Graphs vs. Hypergraphs

° ®W(”, V)
o—
o

Q) dO) = B per [dw) @ wu, V)]

&
gM)’ p)

‘ }/ Q d(v) = @ (u, ) mer [dur) ® d(uy) @ wluy, i), V)]
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Graphs vs. Hypergraphs
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Example: RNA Folding and CKY Parsing

® typical instance of the generalized Viterbi for DAHs
® many variants of CKY ~ various topological ordering

® Nussinov algorithm in RNA is almost identical to CKY but w/o overcounting

A (1, n) (1, n) (1, n)

AA A A A

all O(n3)

Liang Huang (Penn) 20 Dynamic Programming
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Example: RNA Folding and CKY Parsing

® typical instance of the generalized Viterbi for DAHs
® many variants of CKY ~ various topological ordering
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Example: RNA Folding as CKY Parsing
® Dynamic Programming — O(n3) ' A )

® bottom-up CKY parsing it i+l

® example: maximize # of pairs (A-U, G-C, or G-U) A A
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® Dynamic Programming — O(n3) ' A )

® bottom-up CKY parsing it i+l
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Example: RNA Folding as CKY Parsing
® Dynamic Programming — O(n3) ' A )

® bottom-up CKY parsing it i+l

® example: maximize # of pairs (A-U, G-C, or G-U) A A
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Example: RNA Folding as CKY Parsing
® Dynamic Programming — O(n3) ' A )

® bottom-up CKY parsing it i+l

® example: maximize # of palrs (A-U, G-C, or G-U) A A
((
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From |-best to k-best

® cach subproblem will now store top-k best answers instead of a single best
® we'll first extend Viterbi on DAGs to k-best Viterbi

® then extend generalized Viterbi on DAHSs (e.g., CKY or Nussinov) to k-best

23



k-best Viterbi on Graph

® simple extension of Viterbi to solve k-best on graphs and hyper graphs
cf. teams problem in HW4

kbest[u] for each node v,

compute its kbest distances
from the kbest of each incoming node u

kbest[v]
kKbest|p]

@ |-best: O(E + V)

Kbest[q] @/ k-best: O(E + V(d,., + klogd_..)) = O(L + E+ Vklogd_ ..
. = O(E + Vklogd .,) where d_ .. is the max in-degree

incoming|Vv] , , , ,
° can improve it to: (cf. midterm & teams, w/ quickselect)

k-best: O(E + Vklogk) (assume k < d, .,)
(“most states do not have anybody on team USA”)

)
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k-best Viterbi on Hypergraph

® simple extension of Viterbi to solve k-best on graphs and hyper graphs  cf. midterm

Y
opil 131+ & & 9 12345678 (k = 3)
\ GCACGACG R
(\@(\I
12345678 12345678
GCACGACG GCACGACG 12345678
XXXXXX¥Y. 2345678 XX (xxx) GCACGACG
- Xxxxx ()
opt|i, 1 GCACGACG
opt|i,i—1 + X (xxxxx) +1 +1
R 1234567 34567 567
OpIfL, J— 1], \ 77
OPf[iaJ']=€B{ & (i lemlaeen] T ALGAL GAC
= L 2 1 1 0 10 0
GALH =t = =y ey NP o3 18 | 2 123456/2 83
opt @  ®  1g v , G GeA lg o | GCACGA[,
ol max + 0 1 o

kbest ("GCACGACG", 3) =
[] 25

total pe: X 1




k-best Viterbi on Hypergraph

® simple extension of Viterbi to solve k-best on graphs and hyper graphs  cf. midterm

RO Ny
PALSL" L@ 6 Y 12345678 (k = 3)
\ GCACGACG o
(\QX\I
123456078 123456078
GCACGACG GCACCACG 12345678
XXXKXKXXW 2345678 xx (xxx) GCACGACG
- Xxxxx ()
opt[i, 1 GCACGACG
opt[i,i—1 +1 X (XXXXX) ]
T 1234567 345067
YPA =21, \W74
optli j]=@{ e e R ACGAC
s 2 1 1 0 0
R g e e nEY - 1234562 3
opt @  ®  1g v , G GCA lgiip | GCACGA[,
oIl max + 0 1 o

kbest ("GCACGACG", 3) =
[(3, ") . ((.))")] 26

total pe: X 1




k-best Viterbi on Hypergraph

® simple extension of Viterbi to solve k-best on graphs and hyper graphs  cf. midterm

opt[1,8] " o

Y

© @ 12345678 _
‘\ GCACGACG (k T 3)
(\QX\I
12345678 12345678
GCACGACG GCACCACG 12345678
XXXKXKXXW 2345678 xx (xxx) GCACGACG
- Xxxxx ()
optli, GCACGACG
ont|iiisd + X (xxxxx) F ]
i 1] 1234567 345677 567
OpIiL, J— 1], \ 77
opt[i,j]z@{ &) (il et =i 1 GCACGAC ACGAC CAC
isml | 2 110 1 0 w
optli,i] = optli,i — 1] = 14 1 \ oance
2 0 2 2 | 1 123 |
opt @  ®  1g v , G GCA lgiip | GCACGA ||,

ocid max + 0

total pe: X 1

kbest ("GCACGACG", 3)
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k-best Viterbi on Hypergraph

® simple extension of Viterbi to solve k-best on graphs and hyper graphs cf. midterm
opt[1,8] @

Y

© @ 12345678 _
‘\ GCACGACG (k o 3)
(\QX\I
12345678 12345678
GCACGACG GCACCACG 12345678
XXXKXKXXW 2345678 xx (xxx) GCACGACG
- Xxxxx ()
optli, GCACGACG
ont|iiisd + X (xxxxx) F ]
i 1] 12345677 34567 567
OpIiL, J— 1], \\ W74
0pt[i,j]=€B{ & (oniip= Ll ool =Ll GCACGAC ACGAC GAC
S ‘III 1 1 0 1 0 ‘
qﬂﬁﬂ::qﬁ@i—l]=1® ) 1 AP , 1 - | ; R4 6
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oIl max + 0 1 o

total pe: X 1

kbest ("GCACGACG", 3)
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k-best Viterbi on Hypergraph

® simple extension of Viterbi to solve k-best on graphs and hyper graphs  cf. midterm

opt[1.8]1 = 4 kback([1,8]=[(4,0,0), (7,0,0), (-1,0,0), (4,0,1)]
P15l ® G 9 kback[5,71=[(5,0,0), (-1,0,0)] 123456078 (k - 5)
kback[1,3]1=[(-1,0,0), (-1,1,0 —
OSSN b )] GCACGACG

,0,0), (_11010)]

12345678

XX (x%xx) GCACGACG

12345678
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RRXXRXRK. 23456078 xxxxx ()
opt|i, i] GCACGACG
optli,i—1 41/ ¥ (xxxxx) + + |
TR 1234567 345677 567
T \\ W74
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optli, j] = EB{ D ,(Opt[i,p—l] Q optlp+1,j—1| & 1) SCACGAC ~GA SAL
ISp<]J 1 1 0 1 0 |
optli,i] = optli,i — 1] = 14 5 1 o > | 193 ‘ 123456
- ‘ ,
opt ©® @ 1, y 5 GCA g 2 | 1 SCACGR 4
ociimax + O 1 o
kbest ("GCACGACG", 5) =

total s X 1 [(3, "O ., 3, TO-0.0%, (2, TO-000), (2, T )] 29




12345678 backtrace:

k-best Viterbi on Hypergraph — cws=ces

GCA sol(1,3,1)
XX. -1,1,0]
GC sol(1,2,1)
® simple extension of Viterbi to solve k-best on graphs and hyper graphs ¢ a1

opt[1,8] <" @ Yy kback[1,8]=[(4,0,0), (7,0,0), (-1,0,0), (4,0,1), (4,1,0)] -
’ G N kback[5,7]=[(5,0,0), (-1,0,0)] 12345678 GAC so0l(5,7,0)
kback[1l,3]=[(-1,0,0), (-1,1,0)] (X) [S’Q’Q:l

1211 GCACGACG

A sol(6,06,0)

1,0,0), (-1,0,0)] (\’AV\I\

...((:)) <-5th-best

12345678 12345678
GCACGACG GCACCACG 12345678
XXXKXKXXW 2345678 xx (xxx) GCACGACG
optli, i GCACGACG xxxxx ()
optli,i—1 X (XXXXX) +1
e 1234567 34567 567
opili,j—11.
optli,j] = @{ S Gl le i e GCACGAC ACGAC CAC
= 1 1 0
optli. il = optli,i— 1] = 1 . e
N/ 2 02 2 1 W
opt ® @ g , G GCACGA
o[sI5d max + 0

kbest ("GCACGACG", 5bH) =
total EEC S G, (3, O, (B, TOL0-0", (2, P00 ), (2, PO e )Yy (2, T ()T 3




