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Example |: Part-of-Speech Tagging
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|deal vs.Available Data
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Incomplete Data / Model
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EM: Expectation-Maximization
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How to Change m! |) Hard
‘E Viterbi

values for all
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Complete
WML training
“tount & novmalize”

Suggests itevative procedure.,

inially:  tla|x) = 0.3

t(b|¥) > 0.5
t(«ly)r0.5
vitevbi: &b e B uwnow b %a }3’:;3&;?‘;2
eqoe“y 8000
(t\e bfe&k)

CS



How to Change m! |) Hard
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How to Change m? 2) Soft
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Fractional Counts

® distribution over all possible hallucinated hidden variables

e W AT N W AT N W AT N
I/ \ N\
WA TIN WA TIN WA I N
hard-EM counts I 0
fractional counts 0.333 0.333
AY|-> A: 0.333 A T: 0.333
Wl -> W: 0.667 W A: 0.333
N|-> N: 0.667 I N: 0.333
fractional counts 0.25 0.5
AY|-> A I: 0.500 A: 0.250
W|-> W: 0.750 W A: 0.250
N|-> N: 0.750 I N: 0.250
eventually .. 0 o | .. 0 ||
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Fractional Counts

® how about
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® so EM can possibly: (1) learn something correct
(2) learn something wrong (3) doesn’t learn anything

® but with lots of data => likely to learn something good
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EM: slow version (non-DP)

® initialize the conditional prob. table to uniform
W AI N W AI N W AI N

® repeat until converged: L A

b ’»

V4 z V4
(z1 z2 z3)

® E-step:
for each training example x (here: (e...e, |...j) pair):
for each hidden z: compute p(x, z) from the current model
p(x) = sum; p(x, z); [debug: corpus prob p(data) *= p(x)]
for each hidden z = (z| z3 ... zn): for each i:
fraccount(zj) += p(x, z) [ b(x)
® M-step: count-n-divide on fraccounts => new model
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EM: fast version (DP)

® initialize the conditional prob. table to uniform

® repeat until converged:

v back[v] :

s forw[u] u

® E-step: forw[e] = back[s] = p(x) = sum: p(x, 2)
® for each training example x (here: (e...e, |...j) pair):
forward from stot; note: forw[t] = p(x) = sum; p(x, z)
backward from t to s; note: back[t]=1; back[s] = forw][t]

for each edge (u, v) in the DP graph with label(u, v) = z;

® fraccount(z)) +=|forw[u] * back[v] * prob(u, v) / p(x)

® M-step: count-n-divide on fraccountsb=> new model

CS 562 - EM SUMz: (u,v) in z P(X, Z) 14




How to avoid enumeration?

® dynamic programming: the forward-backward algorithm

® forward is just like Viterbi, replacing max by sum

® backward is like reverse Viterbi (also with sum)

J
tate S N >
tate T >
=1 =2 =3 =4 =5
A 1 By ‘A C C
POS tagging,

crypto, ...
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Example Forward Code

® for HWS. this example shows forward only.

n, m = len(eprons), len(jprons)
forward[0] [0] = 1

for 1 1n xrange (0, n):
epron = eprons[1]
for jJ 1n forward[1i]:
for k 1n range(l, min(m-j, 3)+1):
Jjseg = tuple(jprons[j:Jj+k])

score = forward[i][]] * tablel[epron] []seqg]
forward[i+1] [J+k] += score
0 I 2 3 4

totalprob *= forward[n] [m]

l

score(l)4
score(1l

11
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Example Forward Code

® for HWS5. this example shows forward only.

n, m = len(eprons), len(jprons)
forward[0] [0] = 1

for 1 1n xrange (0, n):

epron = eprons[1]
for j in forward[i]: forw[s] = back[t] = 1.0
for k 1n range(l, min(m-j, 3)+1): forw[t] = back[s] = p(x)
Jseqg = tuple(jprons[j:j+k])
score = forward[i][]] * tablel[epron] []seqg]
forward[i+1] [J+k] += score

0 j jtk m
totalprob *= forward[n] [m]

l

score(l)4
score( 11

I1
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EM: fast version (DP)

® initialize the conditional prob. table to uniform

® repeat until converged:

v back[v] :

s forw[u] u

® E-step: forw[e] = back[s] = p(x) = sum: p(x, 2)
® for each training example x (here: (e...e, |...j) pair):
forward from stot; note: forw[t] = p(x) = sum; p(x, z)
backward from t to s; note: back[t]=1; back[s] = forw][t]

for each edge (u, v) in the DP graph with label(u, v) = z;

® fraccount(z)) +=|forw[u] * back[v] * prob(u, v) / p(x)

® M-step: count-n-divide on fraccountsb=> new model

CS 562 - EM SUMz: (u, v) in z P(X» Z) 18




EM
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Why EM increases p(data) iteratively?

D = logp(z; ) = log Y | p(x, z; 0)

Note that ), p(z|z;0;) = 1 and p(z|z;60;) > 0 for all z. Therefore D is the
logarithm of a weighted sum, so we can apply Jensen’s inequality, which says
log ) wjv; > ). wjlogv;, given ), w; = 1 and each w; > 0. Here, we let the
sum range over the values z of Z, with the weight w; being p(z|z; 6;). We get

p(z, 2;0)
D>FE= z|lz;6,)lo .
> B =) plemif) g

Separating the fraction inside the logarithm to obtain two sums gives

E = (" p(2lz;0.) logp(a, ;) ) - (3 plzla; 6,) log p(zle; 6,) ).

Since £/ < D and we want to maximize [, consider maximizing £. The weights
p(z|z; 6;) do not depend on 6, so we only need to maximize the first sum, which

1S
> p(2|z; 6;) log p(z, z; 6).
> 0



Why EM increases p(data) iteratively?

How do we know that maximizing E actually leads to an improvement in the
likelihood? With 6 = 6;,

p(z, z; 6;)
5= (z|z; 6;) lo — z|z; 0;) log p(x; 6;) = log p(x; 6
ZP |z; 6;) log p(z|z: 6;) Z:P(| t) log p(z; 6;) gp(z; 6;)
og P(x|my)-
by ) converge to
local maxima log ©(x|w) = it
PX2|m
oy ) - 43T
! 3
log P(x|m.) - JCIM o g"
convex -
P2 m) v,

auxiliary function Ze(xma s 72

' 1 4 o
", Mo, ™y mode
U\uh«\ ( Cneten o (best ™M
e M) M AXIWAL h‘\w\())
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How to maximize the auxiliary?

> p(2|z; 6,) log p(z, z; 6).

A

In general, the E-step of an EM algorithm is to compute p(z|x; 8;) for all z. The
M-step is then to find 6 to maximize ) |_p(z|z;6;)log p(z, z;0).

W AL N W AT N W AI N
A A AVANA
WAIN WA TIN WA TIN log P(x]m))-
b(z[x)=0.5 p(z’|x)=0.3 p(z”|x)=0.2 log @(x|m) =
log 2 PRx,m )m'%\m)
log Px|my) < '3 ' 'r(e[x,'»\.)

I

Jeaea’s ineqetits

just count-n-divide on »
. |o§|’x-\. -
the fractional data! .

Z0(]xmy) oy oAl
-

(as if MLE on complete data) Gl
W AI N W AI N W AI N
A NN AR 4 = e
WAIN WAIN WATIN (ki (Chosen 3 on M
medel ) harivmile mede} )
5x 3x 2x i e lover, ) -

CS 562 - EM 22



