
Theorem: If a function 𝑓: ሾ𝑎, 𝑏ሿ → 𝑅 is continuous then it is bounded.
The assumption that 𝑓 is continuous is crucial. You can find a discontinuous on ሾ0,1ሿ that is unbounded.

Proof: Suppose by contradiction that 𝑓 is unbounded. Then there exists a sequence ሺ𝑥ሻ in ሾ0,1ሿ such 
that |𝑓ሺ𝑥ሻ| → ∞. Because ሺ𝑥ሻ is bounded, by B-W theorem, there exists a convergent subsequence 
ሺ𝑥ೖሻ. Let 𝑥 be the limit. Note that 𝑎  𝑥  𝑏 because 𝑎  𝑥ೖ  𝑏 for all 𝑘. By the continuity of 𝑓, 
lim 𝑓൫𝑥ೖ൯ ൌ 𝑓ሺ𝑥ሻ. Which is a contradiction because 𝑓ሺ𝑥ೖሻ is unbounded.
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