
A function 𝑓 is continuous at 𝑥଴ if
∀ϵ ൐ 0,∃𝛿 ൌ δ஫,௫బ ൐ 0: |𝑥 െ 𝑥଴| ൏ 𝛿 ⇒ |𝑓ሺ𝑥ሻ െ 𝑓ሺ𝑥଴ሻ| ൏ 𝜖

A function 𝑓 is uniformly continuous on a subset 𝐴 ⊂ 𝐷 if
∀ϵ ൐ 0,∃𝛿 ൌ δ஫ ൐ 0: 𝑥,𝑦 ∈ 𝐴, |𝑥 െ 𝑦| ൏ 𝛿 ⇒ |𝑓ሺ𝑥ሻ െ 𝑓ሺ𝑦ሻ| ൏ 𝜖

Theorem: A continuous function 𝑓: ሾ𝑎, 𝑏ሿ → 𝑅 is uniformly continuous on ሾ𝑎, 𝑏ሿ.

Example: the function 𝑓ሺ𝑥ሻ ൌ 𝑥ଶ is uniformly continuous on any bounded interval ሺ𝑎, 𝑏ሻ, ሾ𝑎, 𝑏ሻ, 
ሺ𝑎, 𝑏ሿ, ሾ𝑎, 𝑏ሿ but not uniformly continuous on ሾ0,∞ሻ.

Example: the function 𝑓ሺ𝑥ሻ ൌ √𝑥
⎯⎯is uniformly continuous on ሺ1,∞ሻ.

An important class of uniformly continuous functions are the Lipschitz	functions. A function 𝑓 is 
called Lipschitz if |𝑓ሺ𝑥ሻ െ 𝑓ሺ𝑦ሻ| ൑ 𝐾|𝑥 െ 𝑦| for all 𝑥,𝑦.

Example: 𝑓ሺ𝑥ሻ ൌ √𝑥
⎯⎯is Lipschitz on ሾ1,∞ሻ but not Lipschitz on ሾ0,1ሿ.
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