
Example: the function 𝑓ሺ𝑥ሻ ൌ 𝑥ଶ is uniformly continuous on any bounded interval

An important class of uniformly continuous functions is the Lipschitz	functions. A function 𝑓 is 
called Lipschitz if |𝑓ሺ𝑥ሻ െ 𝑓ሺ𝑦ሻ| ൑ 𝐾|𝑥 െ 𝑦| for all 𝑥,𝑦.

Example: 𝑓ሺ𝑥ሻ ൌ √𝑥
⎯⎯is Lipschitz on ሾ1,∞ሻ but not Lipschitz on ሾ0,1ሿ.

Infinite	limit:
Let 𝑓: 𝑆 → 𝑅 be a function and 𝑐 be a cluster point of 𝑆. 

We say that 𝑓 diverges to ∞ if for any 𝑀 ∈ 𝑅, there exists 𝛿 ൐ 0 such that 𝑓ሺ𝑥ሻ ൐ 𝑀 as long as 𝑥 ∈
𝑆, 0 ൏ |𝑥 െ 𝑐| ൏ 𝛿.

We say that 𝑓 diverges to െ∞ if for any 𝑀 ൐ 0, there exists δ ൐ 0 such that 𝑓ሺ𝑥ሻ ൏ െ𝑀 as long as 
𝑥 ∈ 𝑆, 0 ൏ |𝑥 െ 𝑐| ൏ 𝛿.

Characterization in terms of sequence: for any sequence ሺ𝑥௡ሻ in 𝑆\ሼ𝑐ሽ such that 𝑥௡ → 𝑐, we have 
lim௡→ஶ 𝑓ሺ𝑥௡ሻ ൌ ∞ ሺor െ∞ሻ.

Example: Show that lim௫→଴
௫ିଵ

௫మ
⎯⎯⎯ൌ െ∞

Limit at infinity:
∞ is said to be a cluster point of 𝑆 if for any 𝑀 ൐ 0, there exists 𝑥ெ ∈ 𝑆 such that 𝑥ெ ൐ 𝑀. We say 
that lim௫→ஶ 𝑓ሺ𝑥ሻ ൌ 𝐿 if for any ϵ ൐ 0, there exists 𝑀 ൌ 𝑀஫ ൐ 0 such that |𝑓ሺ𝑥ሻ െ 𝐿| ൏ 𝜖 as long as 
𝑥 ∈ 𝑆, 𝑥 ൐ 𝑀.

Example: Show that lim௫→ஶ
ୱ୧୬ ௫

௫
⎯⎯⎯ ൌ 0

Example: Show that lim௫→ஶሺ𝑥ସ െ 𝑥ଷ െ 10𝑥ଶ ൅ 5𝑥 െ 1ሻ ൌ ∞
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