
Simple	form	of	L'Hospital	rule: suppose 𝑓 and 𝑔 are differentiable at 𝑐 and 𝑓ሺ𝑐ሻ ൌ 𝑔ሺ𝑐ሻ ൌ 0 and 
𝑔ᇱሺ𝑐ሻ ് 0. Then

lim
௫→௖

𝑓ሺ𝑥ሻ
𝑔ሺ𝑥ሻ
⎯⎯⎯⎯ ൌ lim

௫→௖

𝑓′ሺ𝑥ሻ
𝑔′ሺ𝑥ሻ
⎯⎯⎯⎯⎯

Proof of general form of L'Hospital rule ሺwhen 𝑔′ሺ𝑐ሻ ൌ 0ሻ needs Taylor expansion, which we will 
explore later this course.

Rolle's theorem: Let 𝑓: ሾ𝑎, 𝑏ሿ → 𝑅 be a continuous function that is differentiable on ሺ𝑎, 𝑏ሻ. Suppose 
𝑓ሺ𝑎ሻ ൌ 𝑓ሺ𝑏ሻ. Then there exists 𝑐 ∈ ሺ𝑎, 𝑏ሻ such that 𝑓ᇱሺ𝑐ሻ ൌ 0.

Application of Rolle's theorem to show that a polynomial of degree 𝑛 has at most 𝑛 distinct roots.

Mean	value	theorem: Let 𝑓: ሾ𝑎, 𝑏ሿ → 𝑅 be a continuous function that is differentiable on ሺ𝑎, 𝑏ሻ. 

Then there exists 𝑐 ∈ ሺ𝑎, 𝑏ሻ such that 𝑓ᇱሺ𝑐ሻ ൌ ௙ሺ௕ሻି௙ሺ௔ሻ

௕ି௔
⎯⎯⎯⎯⎯⎯⎯.

Proof: The idea is to "rotate" the function 𝑓 so that 𝑓ሺ𝑎ሻ ൌ 𝑓ሺ𝑏ሻ and then apply Rolle's theorem. In 
effect, this is equivalent to applying Rolle's theorem for the function 

𝑔ሺ𝑥ሻ ൌ 𝑓ሺ𝑥ሻ െ ൭𝑓ሺ𝑎ሻ ൅
𝑓ሺ𝑏ሻ െ 𝑓ሺ𝑎ሻ

𝑏 െ 𝑎
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ሺ𝑥 െ 𝑎ሻ൱

Theorem: Let 𝑓: ሾ𝑎, 𝑏ሿ → 𝑅 be a continuous function. If 𝑓ᇱሺ𝑥ሻ ൌ 0 for all 𝑥 ∈ ሺ𝑎, 𝑏ሻ then 𝑓 must be a 
constant function on ሾ𝑎, 𝑏ሿ.

Darboux's	theorem: Suppose 𝑓 is differentiable on an interval. Then 𝑓′ satisfies the Intermediate 
Value property. That is, if 𝑓ᇱሺ𝑎ሻ ൏ 𝑦 ൏ 𝑓′ሺ𝑏ሻ then there exists 𝑐 between 𝑎 and 𝑏 such that 𝑦 ൌ
𝑓′ሺ𝑐ሻ.

Proof: Suppose by contradiction that 𝑓ᇱሺ𝑥ሻ ൐ 𝑦 for all 𝑥 ∈ ሺ𝑎, 𝑏ሻ. Let

𝑔ሺ𝑥ሻ ൌ
𝑓ሺ𝑥ሻ െ 𝑓ሺ𝑎ሻ

𝑥 െ 𝑎
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ െ 𝑦

By the Mean Value Theorem, there exists 𝑐 ൌ 𝑐௫ ∈ ሺ𝑎, 𝑥ሻ such that 𝑔ሺ𝑥ሻ ൌ 𝑓ᇱሺ𝑐௫ሻ െ 𝑦 ൐ 0 for every 
𝑥 ∈ ሺ𝑎, 𝑏ሻ. Thus,
𝑓ᇱሺ𝑎ሻ െ 𝑦 ൌ lim

௫→௔శ
𝑔ሺ𝑥ሻ ൒ 0

which implies 𝑓ᇱሺ𝑎ሻ ൒ 𝑦, which is a contradiction.
Suppose by contradiction that 𝑓ᇱሺ𝑥ሻ ൏ 𝑦 for all 𝑥 ∈ ሺ𝑎, 𝑏ሻ. Let

ℎሺ𝑥ሻ ൌ
𝑓ሺ𝑥ሻ െ 𝑓ሺ𝑏ሻ

𝑥 െ 𝑏
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯െ 𝑦

Reason similarly as above to get a contradiction.
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