
Mean	value	theorem: Let 𝑓: ሾ𝑎, 𝑏ሿ → 𝑅 be a continuous function that is differentiable on ሺ𝑎, 𝑏ሻ. 

Then there exists 𝑐 ∈ ሺ𝑎, 𝑏ሻ such that 𝑓ᇱሺ𝑐ሻ ൌ ௙ሺ௕ሻି௙ሺ௔ሻ

௕ି௔
⎯⎯⎯⎯⎯⎯⎯.

Proof: The idea is to "tilt" the function 𝑓 so that 𝑓ሺ𝑎ሻ ൌ 𝑓ሺ𝑏ሻ and then apply Rolle's theorem. In 
effect, this is equivalent to applying Rolle's theorem for the function 

𝑔ሺ𝑥ሻ ൌ 𝑓ሺ𝑥ሻ െ ൭𝑓ሺ𝑎ሻ ൅
𝑓ሺ𝑏ሻ െ 𝑓ሺ𝑎ሻ

𝑏 െ 𝑎
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ሺ𝑥 െ 𝑎ሻ൱

Darboux's	theorem: Suppose 𝑓 is differentiable on ሾ𝑎, 𝑏ሿ. Then 𝑓′ satisfies the Intermediate Value 
property. That is, if 𝑓ᇱሺ𝑎ሻ ൏ 𝑦 ൏ 𝑓′ሺ𝑏ሻ ሺor 𝑓ᇱሺ𝑏ሻ ൏ 𝑦 ൏ 𝑓′ሺ𝑎ሻሻ then there exists 𝑥 between 𝑎 and 𝑏
such that 𝑦 ൌ 𝑓′ሺ𝑥ሻ.

Proof: Suppose by contradiction that 𝑓ᇱሺ𝑥ሻ ് 𝑦 for all 𝑥 ∈ ሺ𝑎, 𝑏ሻ. Define a function

𝑔ሺ𝑥ሻ ൌ ௙ሺ௫ሻି௙ሺ௔ሻ

௫ି௔
⎯⎯⎯⎯⎯⎯⎯െ 𝑦 for 𝑥 ് 𝑎

𝑔ሺ𝑥ሻ ൌ 𝑓ᇱሺ𝑎ሻ െ 𝑦 for 𝑥 ൌ 𝑎

Note that 𝑔 is continuous on ሾ𝑎, 𝑏ሿ and 𝑔ሺ𝑎ሻ ൏ 0. Consider two cases:
Case	1: There exists 𝑐 ∈ ሺ𝑎, 𝑏ሿ such that 𝑔ሺ𝑐ሻ ൐ 0. 
Then 𝑔ሺ𝑑ሻ ൌ 0 for some 𝑑 ∈ ሺ𝑎, 𝑐ሻ according to Intermediate Value Theorem. Then

𝑦 ൌ
𝑓ሺ𝑑ሻ െ 𝑓ሺ𝑎ሻ

𝑑 െ 𝑎
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

By the Mean Value Theorem, there exists 𝑧 ∈ ሺ𝑎,𝑑ሻ such that 𝑦 ൌ 𝑓ᇱሺ𝑧ሻ. This is a contradiction.
Case	2: 𝑔ሺ𝑐ሻ ൑ 0 for any 𝑐 ∈ ሺ𝑎, 𝑏ሿ. 
In particular, 𝑔ሺ𝑏ሻ ൑ 0. Thus,
𝑓ሺ𝑏ሻ െ 𝑓ሺ𝑎ሻ

𝑏 െ 𝑎
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ ൑ 𝑦

Define a function

ℎሺ𝑥ሻ ൌ ௙ሺ௫ሻି௙ሺ௕ሻ

௫ି௕
⎯⎯⎯⎯⎯⎯⎯െ 𝑦 for 𝑥 ് 𝑏

ℎሺ𝑥ሻ ൌ 𝑓ᇱሺ𝑏ሻ െ 𝑦 for 𝑥 ൌ 𝑏

Note that ℎ is continuous on ሾ𝑎, 𝑏ሿ and ℎሺ𝑏ሻ ൐ 0 and ℎሺ𝑎ሻ ൑ 0. Then ℎሺ𝑑ሻ ൌ 0 for some 𝑑 ∈ ሾ𝑎, 𝑏ሻ
according to Intermediate Value Theorem. The proof is then completed by the Mean Value Theorem 
argument as in Case 1.

Application	of	Darboux's	theorem:
The derivative of a differentiable function can be discontinuous. Darboux's theorem implies that the 
derivative of a differentiable function, if discontinuous, can't have a jump. It can only oscillate ሺlike 

the function sin ቀଵ
௫
⎯ቁሻ.
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For example, the function

𝑓ሺ𝑥ሻ ൌ 𝑥ଶ sin ቀଵ
௫
⎯ቁ for 𝑥 ് 0

𝑓ሺ𝑥ሻ ൌ 0 for 𝑥 ൌ 0
is differentiable everywhere, but the derivative oscillates near and discontinuous at 
0.

There is no differentiable function 𝑓 such that

𝑓ᇱሺ𝑥ሻ ൌ 𝑥 when 𝑥 ൑ 0
𝑓ᇱሺ𝑥ሻ ൌ 1 െ 𝑥 when 𝑥 ൐ 0

Indeed, suppose there is such a function. Then 𝑓 is differentiable on ቂെ ଵ

ଷ
⎯ , ଵ

ଷ
⎯ቃ. We see 

that 𝑓ᇱ ቀെ ଵ

ଷ
⎯ቁ ൌ െଵ

ଷ
⎯and 𝑓ᇱ ቀଵ

ଷ
⎯ቁ ൌ ଶ

ଷ
⎯. However, there is no value of 𝑥 such that 𝑓ᇱሺ𝑥ሻ ൌ

0. This violates Darboux's theorem.
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