
The version of Mean Value Theorem we are familiar with is called Lagrange's	Mean	
Value	Theorem. There is another version ሺmore generalሻ called Cauchy's	Mean	
Value	Theorem: 

Let	𝑓,𝑔 be	differentiable	on	ሺ𝑎, 𝑏ሻ and	continuous	on	ሾ𝑎, 𝑏ሿ.	Then	there	exists	𝑐 ∈ ሺ𝑎, 𝑏ሻ
such	that	൫𝑓ሺ𝑏ሻ െ 𝑓ሺ𝑎ሻ൯𝑔ᇱሺ𝑐ሻ ൌ ൫𝑔ሺ𝑏ሻ െ 𝑔ሺ𝑎ሻ൯𝑓′ሺ𝑐ሻ.

How to interpret this geometrically? Consider the quotient form

𝑓ሺ𝑏ሻ െ 𝑓ሺ𝑎ሻ
𝑔ሺ𝑏ሻ െ 𝑔ሺ𝑎ሻ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ൌ

𝑓ᇱሺ𝑐ሻ
𝑔ᇱሺ𝑐ሻ
⎯⎯⎯⎯⎯

Taylor's theorem is a generalization of Mean Value Theorem for higher derivative. It 
also provides a means to prove L'Hospital rule when 𝑔ሺ𝑐ሻ ൌ 𝑔ᇱሺ𝑐ሻ ൌ 0.

Consider a function 𝑓 twice differentiable on ሾ𝑎, 𝑏ሿ then for any 𝑥 ∈ ሺ𝑎, 𝑏ሻ, there 

exists 𝑐 ൌ 𝑐௫ ∈ ሺ𝑎, 𝑥ሻ such that 𝑓ሺ𝑥ሻ ൌ 𝑓ሺ𝑎ሻ ൅ 𝑓ᇱሺ𝑎ሻሺ𝑥 െ 𝑎ሻ ൅ ௙ᇲᇲሺ௖ሻ

ଶ
⎯⎯⎯⎯ሺ𝑥 െ 𝑎ሻଶ. 

Proof:
By replacing 𝑓ሺ𝑥ሻ with 𝑓ሺ𝑥ሻ െ ൫𝑓ሺ𝑎ሻ ൅ 𝑓ᇱሺ𝑎ሻሺ𝑥 െ 𝑎ሻ൯, we can assume 𝑓ሺ𝑎ሻ ൌ
𝑓ᇱሺ𝑎ሻ ൌ 0. Consider 𝑔ሺ𝑥ሻ ൌ ሺ𝑥 െ 𝑎ሻଶ. Then
𝑓ሺ𝑥ሻ
𝑔ሺ𝑥ሻ
⎯⎯⎯⎯ ൌ

𝑓ሺ𝑥ሻ െ 𝑓ሺ𝑎ሻ
𝑔ሺ𝑥ሻ െ 𝑔ሺ𝑎ሻ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ൌ

𝑓ᇱሺ𝑑௫ሻ
𝑔ᇱሺ𝑑௫ሻ
⎯⎯⎯⎯⎯⎯ൌ

𝑓ᇱሺ𝑑௫ሻ െ 𝑓ᇱሺ𝑎ሻ
𝑔ᇱሺ𝑑௫ሻ െ 𝑔ᇱሺ𝑎ሻ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ൌ

𝑓ᇱᇱሺ𝑐௫ሻ
𝑔ᇱᇱሺ𝑐௫ሻ
⎯⎯⎯⎯⎯⎯ൌ

𝑓ᇱᇱሺ𝑐௫ሻ
2

⎯⎯⎯⎯⎯⎯
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