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We want to define Riemann integral. In Calc | and Il, we say that Riemann integral is the limit of Riemann
sum. A Riemann sum is constructed by dividing the interval into equal subintervals. We never proved if
that limit exists, and were focused more on calculating the limit (which is the integral). Here we will
build a foundation for Riemann integral. We will allow the subintervals to be not of equal lengths so that
Riemann integral will enjoy nicer properties. It will take some preparation to define a Riemann integral.

A partition of an interval [a, b] is a set P = {xg, X1, X5, ..., Xp} suchthata = xy < x; < -+ < x, = b.
A partition P’ is said to be finer than partition P if P c P'.
We define Darboux sums as follows. (This is the same Darboux who discover the Intermediate

Value property for derivatives.)

Lower Darboux sum:

LUFP) = ) (nflf (x): Xy < % < i) (o = 30)
k=1

Upper Darboux sum:

UGFP) = ) (sup{f () xier < x < ) (¥ = Xien)
k=1

Because inf B > inf A and sup B < sup A for B c A, we have L(f,P) < U(f, P).
Definition: A function f is Riemann integral on [a, b] if

supp L(f,P) = infp U(f,P) €R.
In that case, this value is called the integral of f and is denoted by f; for ff f(x)dx.

[t is difficult to use the definition to check if a function is Riemann integrable. Cauchy found a
criterion that is much easier to check.

Cauchy's criterion: f is Riemann integrable on [a, b] if and only if for each € > 0, there exists a
partition P = P, such that U(f,P) — L(f,L) < e.

Note that improper integrals are not Riemann integral. Improper integral allows a function (the
integrand) to be unbounded. But every Riemann integrable function must be bounded.
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