Lecture 25
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Example:
Dirichlet function f(x) = 1ifx € Q, f(x) = 0if x € R\Q.
Claim: f is not Riemann integrable on [0,1].

For any partition P, note that

L(f,P) =0

U(f,P)=1

Then supp L(f,P) =0 < infp U(f,P) = 1.
Therefore, f is not Riemann integrable.

Example:
f(x)=1ifx=0,f(x) =0ifx # 0.
Claim: f is Riemann integrable on [0,1].

Fix € > 0. We will find a partition P = P. of the interval [0,1] such that U(f, P) — L(f,P) < €.
Choose P = {0,¢,1}. Then
L(f,P) = [i()nf]f'(e—0)+[in1f]f-(1—e) =0(e—-0)+0(1—-¢€)=0

€ €
U(f,P)=supf-(e—0)+supf - (1—€)=1(e—-0)+0(1—-¢€)=¢€

[0,€] [e,1]

Then U(f,P) — L(f,P) = €.
Food for thoughts:

f(x) =1forx =%,neN

f(x) = 0 otherwise
Is f Riemann integrable on [0,1]?
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