
Example:
Dirichlet function 𝑓ሺ𝑥ሻ ൌ 1 if 𝑥 ∈ 𝑄, 𝑓ሺ𝑥ሻ ൌ 0 if 𝑥 ∈ 𝑅\Q.
Claim: 𝑓 is not Riemann integrable on ሾ0,1ሿ.

For any partition 𝑃, note that
𝐿ሺ𝑓,𝑃ሻ ൌ 0
𝑈ሺ𝑓,𝑃ሻ ൌ 1
Then sup௉ 𝐿ሺ𝑓,𝑃ሻ ൌ 0 ൏ inf௉ 𝑈ሺ𝑓,𝑃ሻ ൌ 1.
Therefore, 𝑓 is not Riemann integrable.

Example:
𝑓ሺ𝑥ሻ ൌ 1 if 𝑥 ൌ 0, 𝑓ሺ𝑥ሻ ൌ 0 if 𝑥 ് 0.
Claim: 𝑓 is Riemann integrable on ሾ0,1ሿ.

Fix ϵ ൐ 0. We will find a partition 𝑃 ൌ 𝑃ఢ of the interval ሾ0,1ሿ such that 𝑈ሺ𝑓,𝑃ሻ െ 𝐿ሺ𝑓,𝑃ሻ ൑ 𝜖.
Choose 𝑃 ൌ ሼ0, ϵ, 1ሽ. Then
𝐿ሺ𝑓,𝑃ሻ ൌ inf

ሾ଴,ఢሿ
𝑓 ⋅ ሺ𝜖 െ 0ሻ ൅ inf

ሾఢ,ଵሿ
𝑓 ⋅ ሺ1 െ 𝜖ሻ ൌ 0ሺ𝜖 െ 0ሻ ൅ 0ሺ1 െ 𝜖ሻ ൌ 0

𝑈ሺ𝑓,𝑃ሻ ൌ sup
ሾ଴,ఢሿ

𝑓 ⋅ ሺ𝜖 െ 0ሻ ൅ sup
ሾఢ,ଵሿ

𝑓 ⋅ ሺ1 െ 𝜖ሻ ൌ 1ሺ𝜖 െ 0ሻ ൅ 0ሺ1 െ 𝜖ሻ ൌ 𝜖

Then 𝑈ሺ𝑓,𝑃ሻ െ 𝐿ሺ𝑓,𝑃ሻ ൌ 𝜖.

Food	for	thoughts:
𝑓ሺ𝑥ሻ ൌ 1 for 𝑥 ൌ ଵ

௡
⎯ ,𝑛 ∈ 𝑁

𝑓ሺ𝑥ሻ ൌ 0 otherwise
Is 𝑓 Riemann integrable on ሾ0,1ሿ?
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