
Example	of	Riemann	integrable	function:
𝑓ሺ𝑥ሻ ൌ 1 for 𝑥 ൌ ଵ

௡
⎯ ,𝑛 ∈ 𝑁

𝑓ሺ𝑥ሻ ൌ 0 otherwise
Is 𝑓 Riemann integrable on ሾ0,1ሿ?

Cauchy's integrability criterion provides us a way to prove/disprove the Riemann 
integrability.

ሺ1ሻ To show that 𝑓 is Riemann integrable on ሾ0,1ሿ, we fix ሺanyሻ 𝜖 ൐ 0 and try to find 
a partition 𝑃 ൌ 𝑃ఢ of ሾ0,1ሿ such that 𝑈ሺ𝑓,𝑃ሻ െ 𝐿ሺ𝑓,𝑃ሻ ൑ 𝜖.

ሺ2ሻ To show that 𝑓 is not Riemann integrable on ሾ0,1ሿ, we show that there is an 𝜖 ൐
0 such that for any partition 𝑃, we have 𝑈ሺ𝑓,𝑃ሻ െ 𝐿ሺ𝑓,𝑃ሻ ൐ 𝜖.

Lebesgue-Vitali's theorem is a characterization of Riemann integrability in terms of 
continuity. Accordingly, a function may have infinitely many discontinuities and is 
still Riemann integrable.

Lebesgue‐Vitali's	theorem: A bounded function 𝑓: ሾ𝑎, 𝑏ሿ → 𝑅 is Riemann integrable 
if and only if it is continuous almost everywhere on ሾ𝑎, 𝑏ሿ.

Here, almost-everywhere continuity means that the set of discontinuities is of 
measure zero. The concept of set measurability will be taught in Math 442. For now, 
it is sufficient to know that any finite or countably infinite set is of measure zero. 
You may use Lebesgue-Vitali theorem to decide whether a function is Riemann 
integrable. That will determine which proof strategy, ሺ1ሻ or ሺ2ሻ, to use.

The function 𝑓 given above is only discontinuous at the points 1/𝑛, for 𝑛 ൌ 1,2,3, …
Thus, 𝑓 is Riemann integrable according to Lebesgue-Vitali's theorem. We will prove 
that 𝑓 is Riemann integrable using strategy ሺ1ሻ.

Fix ϵ ൐ 0, we will find a partition 𝑃 ൌ 𝑃ఢ
of ሾ0,1ሿ such that 𝑈ሺ𝑓,𝑃ሻ െ 𝐿ሺ𝑓,𝑃ሻ ൑ 𝜖.

Let 𝑁 ൌ 𝑁ఢ ൒ 4 be a large natural 

number to be chosen. Then interval ቂ0, ଵ
ே
⎯⎯ቃ

contains ଵ
௝
⎯ for every 𝑗 ൒ 𝑁. For every 𝑗 ൌ

1,2, … ,𝑁 െ 1, The number ଵ
௝
⎯can be 

covered by an interval ൤ଵ
௝
⎯െ ଵ

ଶேమ
⎯⎯⎯, ଵ

௝
⎯൅ ଵ

ଶேమ
⎯⎯⎯൨. 

These intervals are disjoint because

1
𝑗 െ 1
⎯⎯⎯⎯⎯൅

1
2𝑁ଶ⎯⎯⎯⎯൏

1
𝑗
⎯⎯െ

1
2𝑁ଶ⎯⎯⎯⎯
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Indeed, this inequality is equivalent to 
ଵ

ேమ
⎯⎯ ൏ ଵ

௝
⎯െ ଵ

௝ିଵ
⎯⎯⎯ൌ ଵ

௝ሺ௝ିଵሻ
⎯⎯⎯⎯⎯for 𝑗 ൌ 2,3, … ,𝑁. Moreover, the interval 

ቂ0, ଵ
ே
⎯⎯ቃ is disjoint with ቂଵ

ଶ
⎯െ ଵ

ଶேమ
⎯⎯⎯, ଵ

ଶ
⎯൅ ଵ

ଶேమ
⎯⎯⎯ቃ  because ଵ

ଶ
⎯െ ଵ

ଶேమ
⎯⎯⎯൐ ଵ

ே
⎯⎯.

Let 𝑃 be the partition consisting of the endpoints of the intervals 

ቈ0,
1
N
⎯⎯቉ , ቈ

1
𝑁 െ 1
⎯⎯⎯⎯⎯െ

1
2𝑁ଶ⎯⎯⎯⎯,

1
𝑁 െ 1
⎯⎯⎯⎯⎯൅

1
2𝑁ଶ⎯⎯⎯⎯቉ , ቈ

1
𝑁 െ 2
⎯⎯⎯⎯⎯െ

1
2𝑁ଶ⎯⎯⎯⎯,

1
𝑁 െ 2
⎯⎯⎯⎯⎯൅

1
2𝑁ଶ⎯⎯⎯⎯቉ , … ,

ቈ
1
2
⎯⎯െ

1
2𝑁ଶ⎯⎯⎯⎯,

1
2
⎯⎯൅

1
2𝑁ଶ⎯⎯⎯⎯቉ , ቈ

1
1
⎯⎯െ

1
2𝑁ଶ⎯⎯⎯⎯, 1቉

Then
𝐿ሺ𝑓,𝑃ሻ ൌ 0

𝑈ሺ𝑓,𝑃ሻ ൌ ቆ
1
𝑁
⎯⎯െ 0ቇ sup

ቂ଴,ଵே⎯⎯ቃ

𝑓 ൅ ෍
1
𝑁ଶ⎯⎯⎯

ேିଵ

௝ୀଶ

sup
ቂଵଶ⎯⎯ି

ଵ
ଶேమ
⎯⎯⎯ ,ଵଶ⎯⎯ା

ଵ
ଶேమ
⎯⎯⎯ ቃ

𝑓 ൅
1

2𝑁ଶ⎯⎯⎯⎯ sup
ቂଵି ଵ

ଶேమ
⎯⎯⎯ ,ଵቃ

𝑓

ൌ
1
𝑁
⎯⎯൅ ෍

1
𝑁ଶ⎯⎯⎯

ேିଵ

௝ୀଶ

൅
1

2𝑁ଶ⎯⎯⎯⎯

൏
2
𝑁
⎯⎯

Choose 𝑁 ൌ 2/𝜖. Then 𝑈ሺ𝑓,𝑃ሻ ൏ ଶ

ே
⎯⎯൏ 𝜖. Therefore, 𝑈ሺ𝑓,𝑃ሻ െ 𝐿ሺ𝑓.𝑃ሻ ൑ 𝜖.
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