
Properties of Riemann integrals:

If 𝑓,𝑔: ሾ𝑎, 𝑏ሿ → 𝑅 are Riemann integrable and 𝑐 ∈ 𝑅 is a constant, then 𝑓 ൅ 𝑔 and 𝑐𝑓 are also 
Riemann integrable. In the language of Linear Algebra, the set of Riemann integrable functions is a 
vector space on 𝑅.

Let us show that the sum of two Riemann integrable functions is also Riemann integrable.

𝑓 is R. int.:
∀ϵᇱ ൐ 0,∃𝑃ᇱ ൌ 𝑃ఢᇱ:   𝑈ሺ𝑓,𝑃ᇱሻ െ 𝐿ሺ𝑓,𝑃ᇱሻ ൏ ϵ′

𝑔 is R. int.:
∀ϵᇱᇱ ൐ 0,∃𝑃ᇱᇱ ൌ 𝑃ఢᇱᇱ:   𝑈ሺ𝑔,𝑃ᇱᇱሻ െ 𝐿ሺ𝑔,𝑃ᇱᇱሻ ൏ ϵ′′

Fix an ϵ ൐ 0. We find a partition 𝑃 of ሾ𝑎, 𝑏ሿ such that 𝑈ሺ𝑓 ൅ 𝑔,𝑃ሻ െ 𝐿ሺ𝑓 ൅ 𝑔,𝑃ሻ ൑ 𝜖. 

We have

𝑈ሺ𝑓 ൅ 𝑔,𝑃ሻ ൌ ෍ሺ𝑥௞ െ 𝑥௞ିଵሻ sup
ሾ௫ೖషభ,௫ೖሿ

ሺ𝑓 ൅ 𝑔ሻ

௡

௞ୀଵ

൑ ෍ሺ𝑥௞ െ 𝑥௞ିଵሻ sup
ሾ௫ೖషభ,௫ೖሿ

𝑓

௡

௞ୀଵ

൅෍ሺ𝑥௞ െ 𝑥௞ିଵሻ sup
ሾ௫ೖషభ,௫ೖሿ

𝑔

௡

௞ୀଵ

ൌ 𝑈ሺ𝑓,𝑃ሻ ൅ 𝑈ሺ𝑔,𝑃ሻ

Similarly,
𝐿ሺ𝑓 ൅ 𝑔,𝑃ሻ ൒ 𝐿ሺ𝑓,𝑃ሻ ൅ 𝐿ሺ𝑔,𝑃ሻ
Hence,
𝑈ሺ𝑓 ൅ 𝑔,𝑃ሻ െ 𝐿ሺ𝑓 ൅ 𝑔,𝑃ሻ ൑ ൫𝑈ሺ𝑓,𝑃ሻ ൅ 𝑈ሺ𝑔,𝑃ሻ൯ െ ൫𝐿ሺ𝑓,𝑃ሻ ൅ 𝐿ሺ𝑔,𝑃ሻ൯
ൌ ൫𝑈ሺ𝑓,𝑃ሻ െ 𝐿ሺ𝑓,𝑃ሻ൯ ൅ ൫𝑈ሺ𝑔,𝑃ሻ െ 𝐿ሺ𝑔,𝑃ሻ൯

Choose ϵᇱ ൌ ϵᇱᇱ ൌ ϵ/2. Then
𝑈ሺ𝑓,𝑃ᇱሻ െ 𝐿ሺ𝑓,𝑃ᇱሻ ൏ ϵ/2
𝑈ሺ𝑔,𝑃′ᇱሻ െ 𝐿൫𝑔,𝑃ᇱᇱ൯ ൏ ϵ/2

Let 𝑃 ൌ 𝑃ᇱ ∪ 𝑃′′. Then 𝑃 is finer than both 𝑃′ and 𝑃′′. Then
𝑈ሺ𝑓,𝑃ሻ ൑ 𝑈ሺ𝑓,𝑃ᇱሻ
𝐿ሺ𝑓,𝑃ሻ ൒ 𝐿ሺ𝑓,𝑃ᇱሻ

Therefore, 

𝑈ሺ𝑓,𝑃ሻ െ 𝐿ሺ𝑓,𝑃ሻ ൑ 𝑈ሺ𝑓,𝑃ᇱሻ െ 𝐿ሺ𝑓,𝑃ᇱሻ ൏
𝜖
2
⎯⎯

𝑈ሺ𝑔,𝑃ሻ െ 𝐿ሺ𝑔,𝑃ሻ ൑ 𝑈ሺ𝑔,𝑃′ᇱሻ െ 𝐿ሺ𝑔,𝑃′ᇱሻ ൏
ϵ
2
⎯⎯

Consequently,

𝑈ሺ𝑓 ൅ 𝑔,𝑃ሻ െ 𝐿ሺ𝑓 ൅ 𝑔,𝑃ሻ ൏
ϵ
2
⎯⎯൅

ϵ
2
⎯⎯ൌ 𝜖
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