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Properties of Riemann integrals:

If f,g:[a, b] = R are Riemann integrable and ¢ € R is a constant, then f + g and cf are also
Riemann integrable. In the language of Linear Algebra, the set of Riemann integrable functions is a
vector space on R.

Let us show that the sum of two Riemann integrable functions is also Riemann integrable.

f isR.int.
ve' > 0,3P' =P U(f,P)—L(f,P)<¢€

g isR.int.:
ve' > 0,3P" =P'": U(g,P")—L(g,P") <€

Fix an € > 0. We find a partition P of [a, b] such that U(f + g,P) — L(f + g,P) < €.
We have

UG +9.P)= ) Gie—x1) sup (f +0)
= [ ]

Xk—1Xk

n n
< Z(xk —Xg—1) sup f+ Z(xk —Xg—1) sup g
k=1 L k=1

Xg—1,Xk] [ex—1,xk]

=U(f,P)+U(g,P)

Similarly,

L(f +g,P) = L(f,P)+ L(g,P)
Hence,

U(f+9.P)—L(f +g,P) < (U(f,P) + U(g,P)) — (L(f,P) + L(g,P))

Choose €' = €' = €/2. Then
U(f,P")—L(f,P'") <e€/2
U(g,P")—L(g,P"") <e/2

Let P = P’ U P”. Then P is finer than both P’ and P". Then
U(f,P) <U(f,P")
L(f,P) = L(f,P")

Therefore,
UGF.P) = LU, P) < UCFLPY) — L(f, P < 5
U(g.P) - L(g.P) < U(g,P") ~ L(g.P") <3

Consequently,

UG +9,P) = LU +9.P) <5+

2= ¢
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