Lecture 29

Monday, November 18, 2024 11:30 AM

Prove that . .
=Ll

Hint: refine any partition P by P U {c} will increase the lower Darboux sum and decrease the upper
Darboux sum.

Fundamental theorem of Calculus:

Let f be a Riemann integrable function on [a, b]. Suppose there is a function F continuous on [a, b]
and differentiable on (a, b). Then

b
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This is an application of the Mean Value Theorem. We know that

b
f f =supL(f,P)=infU(f,P)
a P P

For any partition P = {x, = a, x4, X3, ..., Xn_1, Xn, = b}, we have
n

LU P) = ) (Gt = o) INF(f (i iy < % < )

k=1

UGFP) = D (e = xis) Sup{f (x): Xy < % < i)
k=1

On the interval [xj_1, x|, there exists a number c;, such that

F(xyg) — F(xg—1) = F'(cp) (g — x—1) = f(cr) (X — Xp—1)

Because

(xx —xk—1) _inf < fle)(xp — x5—1) < (x —xX4—1) sup f
[xr—1,%k] [xk—1.xk]

we have

(xp — xg-1) _inf f < F(xp) — F(xg-1) < (g — Xg-1) sup f
[xK—1.%K] [xk—1.%k]

Now we sum over k = 1,2, ..., n:
L(f,P) <F(b) —F(a) < U(f,P)
This is true for any partition P. Therefore,

sup L(f,P) < F(b) —F(a) < ing(f, P)
P

which implies [} f = F(b) — F(a).
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