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Hint: refine any partition 𝑃 by 𝑃 ∪ ሼ𝑐ሽ will increase the lower Darboux sum and decrease the upper 
Darboux sum.

Fundamental	theorem	of	Calculus:
Let 𝑓 be a Riemann integrable function on ሾ𝑎, 𝑏ሿ. Suppose there is a function 𝐹 continuous on ሾ𝑎, 𝑏ሿ
and differentiable on ሺ𝑎, 𝑏ሻ. Then

න 𝑓
௕

௔
ൌ 𝐹ሺ𝑏ሻ െ 𝐹ሺ𝑎ሻ

This is an application of the Mean Value Theorem. We know that

න 𝑓
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ൌ sup
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𝐿ሺ𝑓,𝑃ሻ ൌ inf

௉
𝑈ሺ𝑓,𝑃ሻ

For any partition 𝑃 ൌ ሼ𝑥଴ ൌ 𝑎, 𝑥ଵ, 𝑥ଶ, … , 𝑥௡ିଵ, 𝑥௡ ൌ 𝑏ሽ, we have

𝐿ሺ𝑓,𝑃ሻ ൌ ෍ሺ𝑥௞ െ 𝑥௞ିଵሻ  infሼ𝑓ሺ𝑥ሻ: 𝑥௞ିଵ ൑ 𝑥 ൑ 𝑥௞ሽ
௡

௞ୀଵ

𝑈ሺ𝑓,𝑃ሻ ൌ ෍ሺ𝑥௞ െ 𝑥௞ିଵሻ  supሼ𝑓ሺ𝑥ሻ: 𝑥௞ିଵ ൑ 𝑥 ൑ 𝑥௞ሽ
௡

௞ୀଵ

On the interval ሾ𝑥௞ିଵ, 𝑥௞ሿ, there exists a number 𝑐௞ such that 

𝐹ሺ𝑥௞ሻ െ 𝐹ሺ𝑥௞ିଵሻ ൌ 𝐹ᇱሺ𝑐௞ሻሺ𝑥௞ െ 𝑥௞ିଵሻ ൌ 𝑓ሺ𝑐௞ሻሺ𝑥௞ െ 𝑥௞ିଵሻ

Because

ሺ𝑥௞ െ 𝑥௞ିଵሻ inf
ሾ௫ೖషభ,௫ೖሿ

𝑓 ൑ 𝑓ሺ𝑐௞ሻሺ𝑥௞ െ 𝑥௞ିଵሻ ൑ ሺ𝑥௞ െ 𝑥௞ିଵሻ sup
ሾ௫ೖషభ,௫ೖሿ

𝑓

we have

ሺ𝑥௞ െ 𝑥௞ିଵሻ inf
ሾ௫ೖషభ,௫ೖሿ

𝑓 ൑ 𝐹ሺ𝑥௞ሻ െ 𝐹ሺ𝑥௞ିଵሻ ൑ ሺ𝑥௞ െ 𝑥௞ିଵሻ sup
ሾ௫ೖషభ,௫ೖሿ

𝑓

Now we sum over 𝑘 ൌ 1,2, … ,𝑛:

𝐿ሺ𝑓,𝑃ሻ ൑ 𝐹ሺ𝑏ሻ െ 𝐹ሺ𝑎ሻ ൑ 𝑈ሺ𝑓,𝑃ሻ

This is true for any partition 𝑃. Therefore,

sup
௉
𝐿ሺ𝑓,𝑃ሻ ൑ 𝐹ሺ𝑏ሻ െ 𝐹ሺ𝑎ሻ ൑ inf

௉
𝑈ሺ𝑓,𝑃ሻ

which implies ׬ 𝑓
௕
௔ ൌ 𝐹ሺ𝑏ሻ െ 𝐹ሺ𝑎ሻ.
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