Lab 2

In this lab, you will learn how to:

e write text and math in a text cell,

e use NumPy to do computations, especially with matrices and vectors,

perform elementary row operations on a matrix,
e use row operations to solve a linear system and related problems,

e experiment with linear transformations and explain their effect on images in the plane.

1 To turn in

Do Problems 1-31 in a single Google Colab notebook. Write your name and lab number at the
beginning of your report. Clearly label each problem to separate them from each other. Make sure to
comment on each problem. If your code doesn’t run correctly, clearly explain what you were trying
to do. Once you are finished, download the .ipynb file by clicking on File—Download—.ipynb
and download the .pdf file by clicking on File—Print—Save as PDF. Submit on Canvas both
the .ipynb file and the .pdf file. Here is the breakdown of points:

’ Problems Points
2-4, 6, 11, 13, 16, 23 1
1, 7-9, 12, 15, 18, 24, 25, 28 2
5,10, 14, 17, 19, 21, 22, 27, 20-31 3
20, 26 4
Readability of your report 3
Total: 31 Total: 72

2 Write text and math in text cell

In Lab 1, you are familiar with writing comments in a text cell. Text cells are processed by a
language called Markdown.

Type the entire text below in a single text cell. If you use Copy and Paste, the line breaks may
be skipped. Make sure to add missing line breaks after pasting. Your text cell should have 16 lines.

To bold a text, **enclose it within a pair of double stars*x.
To italicize a text, *enclose it within a pair of single starsx*.

*In math*, you normally write:

* The **square root** of 2 as $\sqrt{2}$.

The **fraction** 2 over 5 is written as $\frac{2}{5}$.

The #**sine** of pi over 4 is written as $\sin\frac{\pi}{5}$.
The **exponential** of 2 is written as $e72$ or $\exp(2)$.
The #**natural logarithm** of 2 is written as $\1ln 2$.

* X ¥ *

*In Python*, you write the fraction 2 over 5 simply as ~2/57.

To print the output, you write “print(2/5)°.

To compute $\sqrt{2}, \sin\frac{\pi}{5}, e~2, e~{\sqrt{2}}, \1n 23,
you will need to use a package called **NumPyx*x*.

More details about this package will be provided in the next section.



. What is the role of the pair of double stars **...** 7 What is the role of the pair of single
stars *...* ?

. What is the role of the line breaks between paragraphs (line 3, 10, 15)7
. What is the role of the stars at the beginning of lines 5-9 ?

. What is the role of the pair of backticks ~...~ on line 11 and 12?7 (On your keyboard, the
backtick is the key below the Esc key.)

. The text between the pair of dollar signs $...$ is processed by a language call LaTeX. LaTeX
is a standard language for typesetting math and science in general. Observe how LaTeX
works in the above text. Type the following mathematical expression in a text cell

V3 + e
In(z2 4+ 1)

. If you want to write math in the same paragraph as the text surrounding it (called inline
mode), use a pair of single dollar signs $...$ as you have seen in the text above. If you
want to write math in a standalone line (called display mode), use double dollar signs $$. .. $3
instead. For example, type the following in a text cell.

The derivative of $\sin(2x)$ is $2\cos(2x)$. For a nicer look, write

$$(\sin(2x)) '=2\cos(2x) $$

Replace the pair $$...$$ with $...$ and comment on what you see.

. To type the matrix

a; ag
A=1|5 6
V1 V2

type the following in a text cell.

$$
A=\begin{bmatrix}
a_1l & a_2\\

5 & 6 \\

v_1l & v_2
\end{bmatrix}

$$

From the above example, can you guess the roles of symbol & and the symbol \\? Now type
the following matrix in a text cell.

1 2 3
{4 5 6]
. To type the vector
2
V1 = 0
-1

type the following in a text cell.



$$
v_1=\begin{bmatrix}
2 \\

0 \\

-1

\end{bmatrix}

$8

Now type the following vector equation in a text cell.

il =)= 0]

Although there are a number of useful functions which are already defined in Python, such as print,
range, len functions, there are many common mathematical functions like sine of x and logarithm
of x, which are not defined. In order to use these functions, you need to import the NumPy
package. In Python, a package is a collection of functions that have been written in Python and are
available to use so that you don’t have to define these functions yourself. NumPy is a particularly
helpful package that contains many functions which are important for doing linear algebra and
mathematics in general. In order to use the functions in the NumPy package, you first must import
the package by executing the following command (in a code cell):

import numpy as np

Here, you are telling Python to import the NumPy package and referring to it later by the abbre-
viation np, instead of by its full name. (Of course, you can choose a different abbreviation, but np
is quite commonly used and which we will use in this lab.) You need to do this for every notebook
you create that uses NumPy’s functions. If you close the notebook which has imported NumPy and
then open it again, you will need to re-execute the command mentioned above in order to use any
of NumPy’s functions again. To use NumPy’s functions in your code, you simply have to include

[13 ”

np.” at the beginning of the function name.

9. For example, if you want to compute sine of 1/2; execute the following in a code cell:
np.sin(0.5)

The command for the square root of 2 is np.sqrt(2). The command for the natural loga-
rithm of 2 is np.1log(2). The command for the exponential of 2 is np.exp(2) or equivalently,
np.e*x*2. In a single code cell, compute the following quantities: /2, In3, e, cos(5). Re-
member to use the print command to see multiple outputs. Write your comment in a text
cell.

10. Write a code to compute
e® — In(v/5)
ecos(3) 4+ 55

Then write your comment in a text cell.



Working with vectors:

Another useful feature of the NumPy package is that it also contains functions for dealing with
vectors and matrices. In NumPy, we represent matrices and vectors as arrays. To define a NumPy
array, we use the function np.array. For example, if we want to create the vector

2
0
-1

as a NumPy array, we apply the function np.array to the list [1,2,-1].

11. Execute the following code:

v = np.array([1,2,-1])
print(v)

12. Note that NumPy arrays behaves differently compared to Python lists. In linear algebra, we
usually want vectors to behave like NumPy arrays, instead of Python lists. For that reason,
we will use NumPy arrays to represent vectors and matrices instead of lists. For instance,
execute the following in a code cell:

listl = [1,2,3]
list2 = [2,-1,0]
print(list1+list2)

Then execute the following;:

arrayl=np.array(listl)
array2=np.array(list2)
print (arrayl+array?2)

How does Python combine the lists 1ist1 and 1ist2 when we use the command list1+1ist2?
How does Python combine the NumPy arrays arrayl and array2 when we use the command
arrayl+array2? Comment on what you see in a text cell.

Working with matrices:

To define a matrix in NumPy, we define them as a “list of lists”.
13. For example, to define the matrix

1 2 3 4
-5 —6 -7 =8
1 5 2 3

you will execute the following

A = np.array([[1, 2, 3, 41,[-5, -6, -7, -8]1,[1, 5, 2, 311)
print (A)

14. You can access elements of a NumPy array the same way you access elements in a list, by
specifying indices or ranges of indices. Execute the following:



v = np.array([4,1,-5,3,-2,1,0,9])
A = np.array([[1, 2, 3, 4],[-5, -6, -7, -81,[1, 5, 2, 311)
print(v[3])

print(v[2:6])

print(v[3:])

print(v[:6])

print(v[:1)

print(A[1,2])

print(A[2,1:3])

print(A[:,3])

print(A[2,:])

Comment on what each command does.

4 Solve linear systems

Consider the linear system

T+yt+z=2
20 —y—2z=5 (1)
3x+2=5
whose augmented matrix is
11 1 2
2 -1 -2 5
3 0 1 5

The Gauss-Jordan elimination method is the method of solving a linear system by performing row
operations on the augmented matrix until it reaches the reduced echelon form. The first two row
operations are Ro = Ry — 2R and R3 = R3 — 3Ry, which make the first column a pivot column.

15.
16.

17.

18.
19.

1 1 1 2 11 1 2
2 -1 -2 5| 22 34
3 0 1 5| TG 3 9

Enter the augmented matrix as a NumPy array. Name it A. Print out the matrix.

To perform the row operation Ry = Ry — 2R, execute the following

Al1,:]1 = A[1,:] - 2%A[0,:]
print (A4)

Note that A has already been changed. If you accidentally make a typo mistake in the row
operation, you will have to re-execute the definition of A to restore its original form and do
the row operation again.

Do the remaining row operations to turn matrix A into reduced echelon form. Print out the
matrix at each step.

Write the solution to the linear system (1) in a text cell.

Solve the linear system
1+ 222 +24=0
{ I3 — 21’4 =3 (2)

Write the solution in parametric vector form in a text cell.



20. Balance the following chemical equation
KMnOy4 + HCIl — KCI 4+ MnCls 4+ H0 + Cly
In other words, find positive intergers x1, z9, ..., g such that
21 KMnOy + 29HCI = 23KCl1 + 24,MnCly + 25H50 + 26Cly

You will need to write down the linear system so that the number of atoms of each chemical
element (K, Mn, O, H, Cl) on both sides are equal to each other. If the system has infinitely
many solutions, just choose one in which x1, xo, ..., zg are all integers.

5 Linear combination and linear independence

A lot of problems in linear algebra can be turned into a problem of solving a linear system. Let us
consider two types of problems below.

Linear combination

How do we check if a vector v if a linear combination of a set of vectors vy, vo, ...,v, 7 We will need
to solve the vector equation
T1V1 + XU + ... + Tpv, = 0.

This is equivalent to solving a linear system equation whose unknowns are z1, xo, ..., x, and whose
augmented matrix is obtained by patching together vectors the vi,va, ..., v,, v as columns.

vT V2 ... Up U

Then you use Gauss-Jordan elimination (row operation) method to solve the system. If the system
is consistent (meaning, there is a solution) then v is a linear combination of vy, ..., v,. Otherwise,
v is not.

Linear independence

How do we check if a set of vectors vy, v, ..., v, is linearly independent? We will solve the vector

equation
U1 + 2000 + ...+ xpU, =0
to see if there are any solutions other than the trivial solution 1 = z9 = ... =z, = 0.
1 —17 2
21. Check if v = [1]| is a linear combination of v1 = | 0 | and v = | 1
0 3 | -2
-1 2 (4
22. Check if the vectors v; = | 0 |, vo = [ 1 |, v3 = |3| are linearly independent. If they
3 —2 0

are not, find a linear dependence relation among them. That is a relation of the form xyv; +
Tov9 + x3v3 = 0 in which 1, z9, x3 are not all zeros.



6 Linear transformation

Consider a linear transformation T : R? — R? given by
[\ _ |2z +y
r(B) =) ®

=l

in the sense that for all vectors v € R?, we have T'(v) = Av. You obtain matrix A in one of the

It is represented by a 2 x 2 matrix

following ways:
e The first column of A lists the coefficients of x. The second column lists the coefficients of y.

e You can also see that the first column of A is T'(e;), and the second column is T'(e2) where
1o
ol and ez = |

T is completely determined if you know its value at the standard basis vectors.)

e1 = are the standard basis vectors. (For this reason, a linear transformation

23. To multiply two NumPy matrices, you use the operator @. For example, execute the following

A = np.array([[1, 2, 3, 4], [-5, -6, -7, -8], [1, 5, 2, 3]11)
v = np.array([0, 1, -1, 0])
print (A@v)

24. Define a function named transform which takes as input a NumPy vector v € R? and returns
the vector T'(v) resulting from (3) as a NumPy vector. Test your function with a few vectors.
For example, transform([1,2]) should return [4,-5].

Geometric interpretation of linear transformation

For illustration purposes, we use the vector notation Lﬂ interchangeably with the notation (x,y),

which represents a point on the coordinate plane. You can interpret the linear transformation 7'
given by (3) as a function that takes as input a point (x,y) on the plane and returns another point
(2z + y,x — 3y), called the image of (x,y) under the linear transformation T.

Suppose that you have a list of points (z1,41), (z2,%2), ..., (Zn,yn) and you want to compute

the images of those points, namely T'(z1,y1), T(2,y2), .-, T(Tn,yn). Let us write v; = [zl],
1

vy = [m] T [x"} . We know that
Y2 n

T(v) = Avy, T(v2) = Avg, ... T(vn) = Av,.

We can combine these vector equations into a matrix equation by attaching the vectors into a
matrix:

[T(v1) T(v2) ... T(vp)] =[Av1 Ava ... Avy].

The right hand side is known as the multiplication of matrix A and matrix [v; ve ... v,], denoted
by Afvy vy ... v,]. Thus, we have

[T(v1) T(v2) ... T(vn)] = Afv1r v2 ... vy).



25. For example, to find the images of three points (1,2), (0,1), (2,1) under the transformation
T, we write

[T(v1) T(vs) T(vs)] = Afvy vy vs] = E _13} B 0 ﬂ

Execute the following in a code cell.

A=np.array([[2,1],[1,-3]1])
B=np.array([[1,0,2],[2,1,1]1])
print (A@GB)

From the output, can you tell the images of the points (1,2), (0,1), (2,1) under the linear
transformation 1" 7

26. Let T : R? — R? be a linear transformation such as T'(e1) = [ﬂ and T'(e2) = [_11]

e Enter the matrix of this linear transformation. Make sure to print it out.
e Find the images of the points (1,1), (2,3), (—1,0), (3, —1) under the transformation.

27. The function show defined below takes as input a matrix H of size 2 X n, consisting of the

coordinates of n points (x1,y1),. .., (Tn,Yn):
H = |:$1 ro ... xn]
Yy Y2 - Un

and plot these points on the coordinate plane. Execute the definition of function show:

from matplotlib import pyplot as plt
def show(H):
plot=plt.plot(H[O,:],H[1,:],'k."' ,markersize=3.5)
plt.axis([-1.5,1.5,-1.5,1.5])
plt.gca() .set_aspect("equal")
plt.show()

Consider the matrix

- 05 —-05 1 —0.7}

-~ |-09 06 0 05

e Use function show to plot the 4 points whose coordinates are columns of matrix H.

[1) (1)} . Use function show to plot

the images of the 4 points under this linear transformation.

e Consider a linear transformation whose matrix is A = [

Experiments with the L shape

The file Lshape.csv contains the coordinate of 10000 points whose plot forms an L shape. The
simplest way to load the data into Google Colab is to first download it (397 kB) to your local
computer by clicking the link:

https://drive.google.com/uc?export=download&id=1IV6mr6Q04Swng2J-RkxkU_V2MSoUWUS-

On the left sidebar of Google Colab, you should see a little Folder icon. Selecting it opens a new
window to the left of the notebook. Click on “Upload” (the icon with an arrow pointing up). This
should bring up a window that allows you to select the file ”Lshape.csv” from your local machine,
which will upload the file to your notebook. You will need to do this again if you close your
notebook and reopen it at a later time.


https://drive.google.com/uc?export=download&id=1IV6mr6Q04Swng2J-RkxkU_V2MSoUWU8-

28.

29.

30.

31.

Execute the following code to convert the dataset in the file Lshape. csv into a NumPy matrix
called L.

import pandas as pd

from matplotlib import pyplot as plt
file = pd.read_csv('Lshape.csv')
L=file.values.T

print (L)

Execute L.shape to see the size of matrix L. How many rows and columns does it have?

A stretch is a linear transformation which stretches or compresses a shape along the hori-
zontal and/or vertical axes. The matrix representation of a stretch is

s )

This linear transformation stretches a shape horizontally by factor a and vertically by factor b.
Define a function stretch(H,a,b) that accepts as input a 2xn array H and parameters a and
b needed to define the stretch. The function should return the array which is obtained from set
of points by applying the stretch. Then run two tests of your function: stretch(L,1.5,1.5)
and stretch(L,0.5,1.2). For each test, plot the new shape of the letter L using the function
show already defined in Exercise (27).

A rotation is a linear transformation which rotates a shape around the origin. A counter-
clockwise rotation of # radians has the following matrix representation

sinf  cos@

B [cos # —sin 9]

Define a function rotate(H,theta) that accepts as input a 2 x n array H and parameter
0 needed to define the rotation. The function should return the array which is obtained by
applying the rotation to the set of points. Run two test by applying your function to the
shape L: one with § = 27/3 and one with § = —27/3. For each test, plot the new shape of
the letter L.

Plot the shape of letter L if you perform the following sequence of transformations (in order):

e Stretch horizontally by a factor of 2.
e Rotate /4 radians clockwise.

e Stretch vertically by a factor of 1/2.
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