
Objective: integration by parts

Motivation: to replace a difficult integral ∫ 𝑓(𝑥)𝑑𝑥 with an equivalent but easier integral ∫ 𝑔(𝑥)𝑑𝑥.
The substitution method we learned in Calculus I was a method to do so. Recall

∫ 𝑔൫𝑢(𝑥)൯𝑢ᇱ(𝑥)𝑑𝑥 = ∫ 𝑔(𝑢)𝑑𝑢

The substitution method is based on the chain rule of differentiation. Now we 
Now we learn another method, called integration by parts. This method is based on the product rule 
of differentiation. Recall: (𝑢𝑣)ᇱ = 𝑢𝑣ᇱ + 𝑢ᇱ𝑣
Integrate both sides:

𝑢𝑣 = ∫ 𝑢𝑣ᇱ𝑑𝑥+∫ 𝑢ᇱ𝑣𝑑𝑥
Thus,

∫ 𝑢𝑣ᇱ𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢ᇱ𝑣𝑑𝑥
Imagine that the left hand side is a difficult integral that we need to find, and that the integral on the 
right hand side is easier to find. Of course, it is not always the case.

Ex: ∫ 𝑥𝑒௫𝑑𝑥
The choice 𝑢 = 𝑒௫, 𝑣ᇱ = 𝑥 will make the problem more difficult, not easier.
The choice 𝑢 = 𝑥, 𝑣ᇱ = 𝑒௫ will make the problem easier. Indeed, 𝑢ᇱ = 1 and 𝑣 = 𝑒௫. So,
∫ 𝑥𝑒௫𝑑𝑥 = ∫ 𝑢𝑣ᇱ𝑑𝑥 = 𝑢𝑣 − ∫ 𝑢ᇱ𝑣𝑑𝑥 = 𝑥𝑒௫ − ∫ 𝑒௫𝑑𝑥 = 𝑥𝑒௫ − 𝑒௫ + 𝐶
Double check by differentiation.

Ex: ∫ 𝑥 sin 𝑥 𝑑𝑥
Choose 𝑢 = 𝑥 and 𝑣′ = 𝑠𝑖𝑛 𝑥.

Ex: ∫ 𝑥ଶcos 𝑥 𝑑𝑥
We will need to do integration by parts twice.
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