
We have discussed how to find integrals of the form  sin 𝑥 cos 𝑥 𝑑𝑥. There is another type of 
trigonometric integral that is mentioned in the textbook, namely

 tan 𝑥 sec 𝑥 𝑑𝑥
If either 𝑚 is odd or 𝑛 is even, this type of integral is simpler compared to the former one. The 
strategy is to use substitution 𝑢 ൌ tan 𝑥 ሺif 𝑛 is evenሻ or 𝑢 ൌ sec 𝑥 ሺif 𝑚 is oddሻ. Keep in mind that:
ሺsec 𝑥ሻᇱ ൌ tan 𝑥 sec 𝑥
ሺtan 𝑥ሻ′ ൌ secଶ 𝑥
tanଶ 𝑥 ൌ secଶ 𝑥 െ 1

Example:  𝑡𝑎𝑛 𝑥 𝑠𝑒𝑐ଷ 𝑥 𝑑𝑥
Here, 𝑛 ൌ 3 is odd. Let 𝑢 ൌ sec 𝑥. Then 𝑑𝑢 ൌ 𝑢ᇱ𝑑𝑥 ൌ tan 𝑥 sec 𝑥 𝑑𝑥.

 tan 𝑥 secଷ 𝑥 𝑑𝑥 ൌ  secଶ 𝑥 tan 𝑥 sec 𝑥 𝑑𝑥 ൌ  𝑢ଶ𝑑𝑢 ൌ
𝑢ଷ

3
⎯⎯⎯ 𝐶 ൌ

secଷ 𝑥
3

⎯⎯⎯⎯⎯  𝐶

Example:   tan 𝑥 secସ 𝑥 𝑑𝑥
Here, 𝑛 ൌ 4 is even. Let 𝑢 ൌ tan 𝑥. Then 𝑑𝑢 ൌ 𝑢ᇱ𝑑𝑥 ൌ secଶ 𝑥 𝑑𝑥.
 tan 𝑥 secସ 𝑥 𝑑𝑥 ൌ  tan 𝑥 secଶ 𝑥 secଶ 𝑥 𝑑𝑥 ൌ  tan 𝑥 ሺ1  tanଶ 𝑥ሻ secଶ 𝑥 𝑑𝑥

ൌ  𝑢ሺ1  𝑢ଶሻ𝑑𝑢 ൌ  ሺ𝑢  𝑢ଷሻ𝑑𝑢 ൌ
𝑢ଶ

2
⎯⎯⎯

𝑢ସ

4
⎯⎯⎯ 𝐶 ൌ

tanଶ 𝑥
2

⎯⎯⎯⎯⎯ 
tanସ 𝑥

4
⎯⎯⎯⎯⎯  𝐶

Goal for this lecture and next lecture: deal with integrals that contain √𝑎ଶ െ 𝑥ଶ
⎯⎯⎯⎯⎯⎯⎯

, √𝑥ଶ െ 𝑎ଶ
⎯⎯⎯⎯⎯⎯⎯

or 
√𝑎ଶ  𝑥ଶ
⎯⎯⎯⎯⎯⎯⎯

. For example,
 ଵ

√ଵି௫మ
⎯⎯⎯⎯⎯⎯⎯⎯⎯𝑑𝑥,  √1 െ 𝑥ଶ

⎯⎯⎯⎯⎯⎯
𝑑𝑥,  √3 െ 𝑥ଶ

⎯⎯⎯⎯⎯⎯
𝑑𝑥,  𝑥ଶ√1 െ 𝑥ଶ

⎯⎯⎯⎯⎯⎯
𝑑𝑥,  √1  𝑥ଶ

⎯⎯⎯⎯⎯⎯
𝑑𝑥,  ଵ

√ଶାଷ௫మ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯𝑑𝑥

Note that we already knew at least one of them: 
ଵ

√ଵି௫మ
⎯⎯⎯⎯⎯⎯⎯⎯⎯𝑑𝑥 ൌ sinିଵ 𝑥  𝐶

Tips:
For √𝑎ଶ െ 𝑥ଶ

⎯⎯⎯⎯⎯⎯⎯
, use the substitution 𝑥 ൌ 𝑎 sin𝑢 or 𝑥 ൌ 𝑎 cos𝑢.

For √𝑥ଶ െ 𝑎ଶ
⎯⎯⎯⎯⎯⎯⎯

, use the substitution 𝑥 ൌ 𝑎 sec𝑢.
For √𝑎ଶ  𝑥ଶ

⎯⎯⎯⎯⎯⎯⎯
, use the substitution 𝑥 ൌ 𝑎 tan𝑢.

Keep in mind the following identities:
ඥ1 െ cosଶ 𝑢
⎯⎯⎯⎯⎯⎯⎯⎯⎯

ൌ |sin𝑢|
ඥ1 െ sinଶ 𝑢
⎯⎯⎯⎯⎯⎯⎯⎯⎯

ൌ |cos𝑢|
ඥsecଶ 𝑢 െ 1
⎯⎯⎯⎯⎯⎯⎯⎯⎯

ൌ | tan 𝑢 |
ඥ1  tanଶ 𝑢
⎯⎯⎯⎯⎯⎯⎯⎯⎯

ൌ | sec𝑢 |

Example:	 √1 െ 𝑥ଶ
⎯⎯⎯⎯⎯⎯

𝑑𝑥
భ
మ
ሱ


Example:	 𝑥ଶ√1 െ 𝑥ଶ
⎯⎯⎯⎯⎯⎯

𝑑𝑥
ଵ


Example:	 √1  𝑥ଶ
⎯⎯⎯⎯⎯⎯

𝑑𝑥
ହ


Lecture 5
Friday, January 17, 2025 1:56 AM

   Lecture-5 Page 1    


