
2𝑥  1
3𝑥 െ 5
⎯⎯⎯⎯⎯⎯ൌ 𝑥 ⋅

2
3𝑥 െ 5
⎯⎯⎯⎯⎯⎯

1
3𝑥 െ 5
⎯⎯⎯⎯⎯⎯

What is the interval of convergence?

𝑥ଶ

𝑥ଶ െ 3𝑥  2
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ ൌ 𝑥ଶ

1
𝑥ଶ െ 3𝑥  2
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ ൌ 𝑥ଶ ቆ

1
𝑥 െ 3
⎯⎯⎯⎯⎯െ

1
𝑥 െ 2
⎯⎯⎯⎯⎯ቇ

Then represent ଵ

௫ିଷ
⎯⎯⎯and ଵ

௫ିଶ
⎯⎯⎯as power series. The interval of convergence of the combined series is 

the intersection of the intervals of convergence of those two power series.

If you can't relate a function 𝑓ሺ𝑥ሻ to the function ଵ

ଵି௫
⎯⎯⎯, how do you write it as a power series?

𝑓ሺ𝑥ሻ ൌ  𝑐ሺ𝑥 െ 𝑎ሻ
ஶ

ୀ

ൌ 𝑐  𝑐ଵሺ𝑥 െ 𝑎ሻ  𝑐ଶሺ𝑥 െ 𝑎ሻଶ  𝑐ଷሺ𝑥 െ 𝑎ሻଷ  ⋯

Plugging 𝑥 ൌ 𝑎, you get 𝑐 ൌ 𝑎.
Differentiating and then plugging 𝑥 ൌ 𝑎, you get 𝑐ଵ ൌ 𝑓′ሺ𝑎ሻ.
Differentiating again and then plugging 𝑥 ൌ 𝑎, you get 𝑐ଶ ൌ 𝑓′′ሺ𝑎ሻ/2.

And so on. You get 𝑐 ൌ
ሺሻሺሻ

!
⎯⎯⎯⎯⎯. This means that there is only one power series centered at 𝑎 that is 

equal to the function 𝑓. Namely,

𝑓ሺ𝑥ሻ ൌ 
𝑓ሺሻሺ𝑎ሻ
𝑛!

⎯⎯⎯⎯⎯⎯⎯ሺ𝑥 െ 𝑎ሻ
ஶ

ୀ
We call this power series the Taylor series centered at 𝑎 of the function 𝑓.

Example: for 𝑓ሺ𝑥ሻ ൌ 𝑒௫ and 𝑎 ൌ 0,

𝑒௫ ൌ 
𝑥

𝑛!
⎯⎯⎯

ஶ

ୀ

Theorem: Let 𝑅  0 be the radius of convergence of a power series ∑ 𝑐ሺ𝑥 െ 𝑎ሻஶ
ୀ . Then for any 

𝑥 ∈ ሺ𝑎 െ 𝑅,𝑎  𝑅ሻ,

൭ 𝑐ሺ𝑥 െ 𝑎ሻ
ஶ

ୀ

൱

ᇱ

ൌ 𝑛𝑐ሺ𝑥 െ 𝑎ሻିଵ
ஶ

ୀଵ

න  𝑐ሺ𝑡 െ 𝑎ሻ
ஶ

ୀ

𝑑𝑡
௫


ൌ න 𝑐ሺ𝑡 െ 𝑎ሻ𝑑𝑡

௫



ஶ

ୀ

ൌ 
𝑐

𝑛  1
⎯⎯⎯⎯⎯ሺ𝑥 െ 𝑎ሻାଵ

ஶ

ୀ

In other words, in the interval ሺ𝑎 െ 𝑅, 𝑎  𝑅ሻ, you can differentiate or integrate the power series by 
differentiating or integrating termwise. The "derivative series" and "integral series" have the same 
radius of convergence as the original power series.
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Example:

lnሺ𝑥  1ሻ ൌ න
1

𝑡  1
⎯⎯⎯⎯⎯𝑑𝑡

௫


ൌ න ሺെ𝑡ሻ

ஶ

ୀ

௫


𝑑𝑡 ൌ න ሺെ𝑡ሻ𝑑𝑡

௫



ஶ

ୀ

ൌ 
ሺെ1ሻ

𝑛  1
⎯⎯⎯⎯⎯⎯𝑥ାଵ

ஶ

ୀ

Example:
Compute the series ∑ ଵ

ଶ
⎯⎯⎯ஶ

ୀଵ

Let 𝑓ሺ𝑥ሻ ൌ ∑ ௫


⎯⎯ஶ

ୀଵ

The radius of convergence is 𝑅 ൌ 1.	For 𝑥 ∈ ሺെ1,1ሻ,

𝑓ᇱሺ𝑥ሻ ൌ  𝑥ିଵ
ஶ

ୀଵ

ൌ
1

1 െ 𝑥
⎯⎯⎯⎯⎯

By Fundamental Theorem of Calculus,

𝑓ሺ𝑥ሻ ൌ 𝑓ሺ0ሻ  න
1

1 െ 𝑡
⎯⎯⎯⎯⎯𝑑𝑡

௫


ൌ െln ሺ1 െ 𝑥ሻ

Therefore,


1
𝑛2
⎯⎯⎯

ஶ

ୀଵ

ൌ 𝑓 ቆ
1
2
⎯⎯ቇ ൌ െ lnቆ1 െ

1
2
⎯⎯ቇ ൌ ln 2
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