Lecture 51

Thursday, April 10, 2025 9:09 AM
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What is the interval of convergence?
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Then represent o and ~—; as power series. The interval of convergence of the combined series is
the intersection of the intervals of convergence of those two power series.

. : . 1 o :
If you can't relate a function f(x) to the function Py~ how do you write it as a power series?
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flx) = Z chx—a)*=cytc(x—a)+c(x—a)> + c5(x —a)d® + -
n=0
Plugging x = a, you get ¢, = a.
Differentiating and then plugging x = a, you get ¢; = f'(a).
Differentiating again and then plugging x = a, you getc, = f''(a)/2.
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And so on. You get ¢, = f—m@ This means that there is only one power series centered at a that is
equal to the function f. Namely,
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We call this power series the Taylor series centered at a of the function f.

Example: for f(x) = e*anda = 0,
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Theorem: Let R > 0 be the radius of convergence of a power series Y-, ¢, (x — a)™. Then for any
x€(a—R,a+R),

(i cn(x — a)n), = i ne,(x —a)* 1

n=0 n=1

o

f 2 cp(t —a)*dt = 2 f cp(t —a)dt = 2 (x —a)™*!
a &= =g n+1

=0 n=0

In other words, in the interval (a — R, a + R), you can differentiate or integrate the power series by
differentiating or integrating termwise. The "derivative series" and "integral series" have the same
radius of convergence as the original power series.
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Example:
x 1 x 2 od x hod (_1)71
In(x +1) = f —dt = f Z(—t)” dt = Zf (—t)"dt = Z ——xnt1
o t+1 0 0 n+1
n=0 n=0 n=0

Example:
. 1
Compute the series Y-, —

Let f(x) = Tp_y =
The radius of convergence is R = 1. For x € (—1,1),

)=y =

1—x

n=1
By Fundamental Theorem of Calculus,
X

1
f) = fO) + | g—dt =—In(1=x)
0

S LB =om(1-1)=m2
nen I\2) =M T2 T

n=1

Therefore,
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