
Correction: for integrand of the form tan௠ 𝑥 sec௡ 𝑥, we use the substitution
𝑢 ൌ tan 𝑥 if 𝑛 is even•
𝑢 ൌ sec 𝑥 if 𝑚 is odd•

The case 𝑚 is even and 𝑛 is odd is trickier. One will need to use a technique called partial fraction 
decomposition, which we will talk about today.

In the next 3 lectures, we will learn how to integrate a rational function 𝑃ሺ𝑥ሻ/𝑄ሺ𝑥ሻ where 𝑃ሺ𝑥ሻ and 
𝑄ሺ𝑥ሻ are polynomials. 

Consider the case 𝐝𝐞𝐠𝑸 ൐ 𝐝𝐞𝐠𝑷:
Some integrals are quite easy to find using the substitution 𝑢 ൌ 𝑄ሺ𝑥ሻ.

Example:

න
2𝑥 െ 1

𝑥ଶ െ 𝑥 െ 2
⎯⎯⎯⎯⎯⎯⎯⎯⎯𝑑𝑥

Let 𝑢 ൌ 𝑥ଶ െ 𝑥 െ 2. Then 𝑑𝑢 ൌ ሺ2𝑥 െ 1ሻ𝑑𝑥.

න
2𝑥 െ 1

𝑥ଶ െ 𝑥 െ 2
⎯⎯⎯⎯⎯⎯⎯⎯⎯𝑑𝑥 ൌ න

𝑑𝑢
𝑢
⎯⎯⎯ൌ ln |𝑢| ൅ 𝐶 ൌ ln |𝑥ଶ െ 𝑥 െ 2| ൅ 𝐶

However, this substitution doesn't work for all integrals. For example,

න
3𝑥 െ 1

𝑥ଶ െ 𝑥 െ 2
⎯⎯⎯⎯⎯⎯⎯⎯⎯𝑑𝑥

In that case, you should try to factor the denominator 𝑄ሺ𝑥ሻ ൌ 𝑥ଶ െ 𝑥 െ 2 ൌ ሺ𝑥 ൅ 1ሻሺ𝑥 െ 2ሻ. Then we 
decompose the rational function into simple fractions:

3𝑥 െ 1
𝑥ଶ െ 𝑥 െ 2
⎯⎯⎯⎯⎯⎯⎯⎯⎯ൌ

3𝑥 െ 1
ሺ𝑥 ൅ 1ሻሺ𝑥 െ 2ሻ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ൌ

𝐴
𝑥 ൅ 1
⎯⎯⎯⎯⎯൅

𝐵
𝑥 െ 2
⎯⎯⎯⎯⎯

where 𝐴 and 𝐵 are constants to be found. We find 𝐴 and 𝐵 by multiplying both sides by ሺ𝑥 ൅ 1ሻሺ𝑥 െ
2ሻ.

3𝑥 െ 1 ൌ 𝐴ሺ𝑥 െ 2ሻ ൅ 𝐵ሺ𝑥 ൅ 1ሻ

With 𝑥 ൌ 2, we get 𝐵 ൌ 5/3. With 𝑥 ൌ െ1, we get 𝐴 ൌ 4/3. Then

න
3𝑥 െ 1

𝑥ଶ െ 𝑥 െ 2
⎯⎯⎯⎯⎯⎯⎯⎯⎯𝑑𝑥 ൌ නቆ

4/3
𝑥 ൅ 1
⎯⎯⎯⎯⎯൅

5/3
𝑥 െ 2
⎯⎯⎯⎯⎯ቇ𝑑𝑥 ൌ

4
3
⎯⎯ln|𝑥 ൅ 1| ൅

5
3
⎯⎯ln |𝑥 െ 2| ൅ 𝐶

In general, if 𝑄ሺ𝑥ሻ ൌ ሺ𝑥 െ 𝑥ଵሻሺ𝑥 െ 𝑥ଶሻ… ሺ𝑥 െ 𝑥௡ሻ where 𝑥ଵ, 𝑥ଶ, … , 𝑥௡ are distinct and deg𝑃 ൏ deg𝑄, 
then we decompose the rational function 𝑃ሺ𝑥ሻ/𝑄ሺ𝑥ሻ into simple fractions of the form

𝑃ሺ𝑥ሻ
𝑄ሺ𝑥ሻ
⎯⎯⎯⎯ ൌ

𝐴ଵ
𝑥 െ 𝑥ଵ
⎯⎯⎯⎯⎯⎯൅

𝐴ଶ
𝑥 െ 𝑥ଶ
⎯⎯⎯⎯⎯⎯൅⋯൅

𝐴ଷ
𝑥 െ 𝑥௡
⎯⎯⎯⎯⎯⎯

This decomposition is called partial fraction decomposition. It simply means a sum of simplest possible 
rational functions. The coefficients 𝐴ଵ,𝐴ଶ, … ,𝐴௡ are constants and can be found by multiplying both 
sides by 𝑄ሺ𝑥ሻ and then substituting 𝑥 ൌ 𝑥ଵ, 𝑥ଶ, … , 𝑥௡ consecutively.
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