
Do Problem 3 on the last worksheet.

Recall the theorem:
If deg𝑃 ൏ deg𝑄 and 𝑄ሺ𝑥ሻ ൌ ሺ𝑥 െ 𝑥ଵሻሺ𝑥 െ 𝑥ଶሻ… ሺ𝑥 െ 𝑥௡ሻ where 𝑥ଵ, 𝑥ଶ, … , 𝑥௡ are distinct, then we 
decompose the rational function 𝑃ሺ𝑥ሻ/𝑄ሺ𝑥ሻ into simple fractions of the form

𝑃ሺ𝑥ሻ
𝑄ሺ𝑥ሻ
⎯⎯⎯⎯ ൌ

𝐴ଵ
𝑥 െ 𝑥ଵ
⎯⎯⎯⎯⎯⎯൅

𝐴ଶ
𝑥 െ 𝑥ଶ
⎯⎯⎯⎯⎯⎯൅⋯൅

𝐴ଷ
𝑥 െ 𝑥௡
⎯⎯⎯⎯⎯⎯

What if 𝑄ሺ𝑥ሻ has repeated roots? For example, 𝑄ሺ𝑥ሻ ൌ ሺ𝑥 െ 1ሻଷሺ𝑥 െ 2ሻ and 𝑃ሺ𝑥ሻ ൌ 𝑥.

𝑥
ሺ𝑥 െ 1ሻଷሺ𝑥 െ 2ሻ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ൌ

𝐴ଵ
𝑥 െ 1
⎯⎯⎯⎯⎯൅

𝐴ଶ
ሺ𝑥 െ 1ሻଶ
⎯⎯⎯⎯⎯⎯⎯ ൅

𝐴ଷ
ሺ𝑥 െ 1ሻଷ
⎯⎯⎯⎯⎯⎯⎯ ൅

𝐴ସ
𝑥 െ 2
⎯⎯⎯⎯⎯

To find 𝐴ଵ,𝐴ଶ,𝐴ଷ,𝐴ସ, we multiply both sides by ሺ𝑥 െ 1ሻଷሺ𝑥 െ 2ሻ:

𝑥 ൌ 𝐴ଵሺ𝑥 െ 1ሻଶሺ𝑥 െ 2ሻ ൅ 𝐴ଶሺ𝑥 െ 1ሻሺ𝑥 െ 2ሻ ൅ 𝐴ଷሺ𝑥 െ 2ሻ ൅ 𝐴ସሺ𝑥 െ 1ሻଷ

Plug 𝑥 ൌ 1: we get 1 ൌ െ𝐴ଷ, so 𝐴ଷ ൌ െ1.
Plug 𝑥 ൌ 2: we get 2 ൌ 𝐴ସ, so 𝐴ସ ൌ 2.
Plug 𝑥 ൌ 0: we get 0 ൌ െ2𝐴ଵ ൅ 2𝐴ଶ െ 2𝐴ଷ െ 𝐴ସ ൌ െ2𝐴ଵ ൅ 2𝐴ଶ െ 2ሺെ1ሻ െ 2, so 𝐴ଵ ൌ 𝐴ଶ.
Plug 𝑥 ൌ 3: we get 3 ൌ 4𝐴ଵ ൅ 2𝐴ଶ ൅ 𝐴ଷ ൅ 8𝐴ସ ൌ 6𝐴ଵ ൅ ሺെ1ሻ ൅ 8, so 𝐴ଵ ൌ െ2/3.

Therefore, 𝐴ଵ ൌ 𝐴ଶ ൌ െ ଶ

ଷ
⎯ ,𝐴ଷ ൌ െ1,𝐴ସ ൌ 1.

න
𝑥

ሺ𝑥 െ 1ሻଷሺ𝑥 െ 2ሻ
⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯𝑑𝑥 ൌ නቆ

െ2/3
𝑥 െ 1
⎯⎯⎯⎯⎯൅

െ2/3
ሺ𝑥 െ 1ሻଶ
⎯⎯⎯⎯⎯⎯⎯ ൅

െ1
ሺ𝑥 െ 1ሻଷ
⎯⎯⎯⎯⎯⎯⎯ ൅

1
𝑥 െ 2
⎯⎯⎯⎯⎯ቇ𝑑𝑥

ൌ െ
2
3
⎯⎯න

𝑑𝑥
𝑥 െ 1
⎯⎯⎯⎯⎯െ

2
3
⎯⎯න

𝑑𝑥
ሺ𝑥 െ 1ሻଶ
⎯⎯⎯⎯⎯⎯⎯ െ න

𝑑𝑥
ሺ𝑥 െ 1ሻଷ
⎯⎯⎯⎯⎯⎯⎯ ൅ න

𝑑𝑥
𝑥 െ 2
⎯⎯⎯⎯⎯

ൌ െ
2
3
⎯⎯ln|𝑥 െ 1| ൅

2
3
⎯⎯

1
𝑥 െ 1
⎯⎯⎯⎯⎯൅

1
2
⎯⎯

1
ሺ𝑥 െ 1ሻଶ
⎯⎯⎯⎯⎯⎯⎯ ൅ ln|𝑥 െ 2| ൅ 𝐶
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