Lecture 22: Gauss-Legendre Continuation (03/09/2026)

/ f(x)de =~ wy f(z1) + -+ wn f(2n)

We want to choose wy, ..., w, (weights) and z1,...,z, (sample points).

We want this to be exact for

f(x) - ]'7'r7 ‘/I;27 7x2n_1
Case [a,b] = [—1,1]
1-point rule (n =1)
1
/ f(z) dz ~ wi f(z1)
-1
We want this to be exact for f(z) =1 and f(z) = .
When f(z) = 1:
1
/ lde=w; = w =2
-1
When f(z) = a:

1
/xdx:wlf(xl):wlxl = 0=wr =2 =0.

Therefore,

Gauss-Legendre rule of 1 point.
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Change of Variable

If the interval is not [—1, 1], change variables.
b 1 h— h—
/ f(x)dx:/ f <a+ 2a(t+1)) . Cat
a -1

b—a

where

r=a+ (t+1).

2-point rule
/_1 f(x) dr =~ wy f(z1) + wa f(22)

We want this to be exact for f(z) =1, x, 22 z°.
When f(z) = 1:

2 = w; + ws.

When f(z) = :

0= W11 + Wako.

When f(z) = 2%

2 2 2
3 = W17 + WaT;.

When f(z) = 2%

0 = w5 + woh.

Solving,

Therefore,



