Lecture 21: Undetermined Coefficients Con-

tinuation (03/06/2026)

0.20 Superposition Principle

Let L be a linear differential operator. If y; and y, satisfy

Ly) = fi, L(y2) = fo,

then

Ly +y2) = fi + fo

Example:

L(y) + L(z) = (y+2)" + 2y +2) + (y + 2) = Ly + 2)

So L is a linear differential operator.
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0.21 Application

y//+y/_2y:e:ﬂ+x2

1. Solve the homogeneous equation:
y'+y —2y=0
2. Find a particular solution y,:
y' Y =2y =" +a’
Find particular solutions:
yzgl) for e*, yf) for 2*

Then

Yp = ;1()1) + y;(?)

Solving

For v + 4y — 2y = e*:

T

yp = Ae”, y, = Ae”, y, = Ae”
Ae” + Ae” — 2Ae” = e
1
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Y = o

For o' + 4/ — 2y = x*:

y, = Az®> + Bz + C
y, =2Ax+ B, y, =2A

Substitute:
2A + (2Ax + B) — 2(A2* + Bz + C) = 2?

Solve coefficients:

1
yl()z) = —51102 —zr+ =

Homogeneous Solution

Prr—2=0=(r+2)(r—1)=0

General Solution

y(x) = cre™ ¥ 4 cpe” — —e* — —x* — x4 =
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Variation of Parameters Method

Solve:

Y +p(x)y +q(x)y = f(2)

Assume two independent solutions ¥y, yo. Let:

Y = U1y + U2y2

Conditions:

uhy 4+ uhye =0

uhyy +uhyy = f(o)

Example

y//_2y1+y:e

Homogeneous solutions:

xT xT
Yy =€, Y2 = TE€
= u1€” + usxe”

uye” + uhxe® =0
/ /
uye” + ub(e® + xe®) = e®

Solve:
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