Lecture 25: Power Series Method for Differ-

ential Equations (03/16/26)

Example

We now use the method of power series.

(0.0
Yy = g " = ag + a1x + agx? + - - -
n=0

We need to find aq, aq, as, ...
y(O):ao+a1-O+a2-02+---

1:(10

y = i a,nx™ = i ani1(n+1)z"
n=1 n=0

y=2 "
n=0
Equate the power of z":

ani1(n+1) =a,

an
n+1

Qpy1 =
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(recursive formula)
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Therefore,
y = Z aa” = Z -

This is the power series for e”.

Example

V' +y +ay=¢€", y0)=1, ' (0)=0

o
= E anx”

n=0

y = Z ant1(n+ 1)z
n=0

o0

Zan+2 n+2)(n+ 1)z"

n=0

oo oo
Ty = Z a,z" = Z Ap_12"
n=0 n=1
(o] o0 o0
LHS = Z b,x" + Z " + Z p1T"
n=0 n=0 n=1

Break off the first terms so the starting indices match:
o0 o0 e}

= by + Z b,x™ + co + Z ™ + Z Ap1x"
n=1 n=1 n=1
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=by+co+ Y (bn+Cn+ ayy)a"

n=1

Substitute expressions:

=a1 420+ Y _[ans1(n+ 1)+ anso(n+2)(n+1) + a,q] 2"

n=1
Right-hand side:
exnz_o%—l—i—;%x"
Equate coefficients
1 =a1+ 2a-

1
i ni1(n+ 1) + apro(n+2)(n+1) + ayq

(recursive formula)

Find ag, a1, as, as, . ..
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