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Wednesday, January 21, 2026

Picard's theorem of existence and uniqueness
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y? is continuous everywhere and its partial derivatives are also

In this case, the function f(x, y)

only exists on (—oo, 1).
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defined everywhere. However, the solution y(x)

2)y' = 2/lyl,¥(0) = 0.

In this case, the function f(x,y) = 24/|y| is continuous everywhere but the partial derivative af]

doesn't exist at (0,0). Picard's theorem is not applicable. You can check that the initial value

problem has infinitely many solutions: the constant y
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where ¢ > 0, is also a solution. You can see this phenomenon on the slope field.
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Slope field for 3

T T T T T T
S LA

i T T T Y

R i N

o TN
et e e e il L N T N N S S S
O L
R S R N N NN

e A
T T S
R e N N LY
N RN
e e Tt o T T WY
R
N L N N NN N N N LS N NNV E SR N NE VRN Il

oo I~ © wn < [ar] (o] —

K

0.5

Lecture-5 Page 1



Matlab Live script (.mlx file):

Plot the slope field (direction field) of the differential equation v = 2 v/|y|:

[X, Y] = meshgrid(©:0.1:4, -1:0.2:8);

F = 2*sqrt(abs(Y));

quiver(X, Y, ones(size(F)), F)

axis tight, xlabel('x'), ylabel('y')

title('Slope field for $y'' = 2\sqrt{|y|}$', 'Interpreter','latex")

The initial value problemy =2 v/|y|, ¥(0) = 0 has infinitely many solutions, including y(x) = max(x — ¢,0)” where ¢ > 0 is any

constant. Now show several solutions on the slope field:

hold on
clist = [@ 0.5 1];
for k = 1:3

XX = 0:9.1:4;

yy = max(8,xx - clist(k)).”2;

plot(xx,yy,LineWidth=1.5), axis([@ 4 @ 8])
end

Now let's try to solve the initial value problem y' = 24/]y|, ¥(0) = 0 using Chebfun toolbox.

L = chebop(9,3);

L.op = @(x,y) diff(y) - 2*sgrt(abs(y));
L.1lbc = 8;

y = L\e;

You will see Chebfun only gives you the simplest solution, which is the constant 0.

hold off
plOt(YJ ['2:3] )
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