
Picard's theorem of existence and uniqueness:

Suppose that 𝑓 and డ௙
డ௬
⎯⎯are continuous in a rectangle 𝑅 ൌ ሺ𝑎, 𝑏ሻ ൈ ሺ𝑐,𝑑ሻ. Then for any point ሺ𝑥଴,𝑦଴ሻ ∈

𝑅, there exists uniquely a function 𝑦 ൌ 𝑦ሺ𝑥ሻ satisfying 𝑦ᇱ ൌ 𝑓ሺ𝑥,𝑦ሻ and 𝑦ሺ𝑥଴ሻ ൌ 𝑦଴ on a small 
interval ሺ𝑥଴ െ δ, 𝑥଴ ൅ δሻ.

Examples:
1ሻ 𝑦ᇱ ൌ 𝑦ଶ, 𝑦ሺ0ሻ ൌ 1
In this case, the function 𝑓ሺ𝑥,𝑦ሻ ൌ 𝑦ଶ is continuous everywhere and its partial derivatives are also 
defined everywhere. However, the solution 𝑦ሺ𝑥ሻ ൌ ଵ

ଵି௫
⎯⎯⎯only exists on ሺെ∞, 1ሻ.

2ሻ 𝑦ᇱ ൌ 2ඥ|𝑦|
⎯⎯⎯

, 𝑦ሺ0ሻ ൌ 0.

In this case, the function 𝑓ሺ𝑥,𝑦ሻ ൌ 2ඥ|𝑦|
⎯⎯⎯

is continuous everywhere but the partial derivative డ௙
డ௬
⎯⎯

doesn't exist at ሺ0,0ሻ. Picard's theorem is not applicable. You can check that the initial value 
problem has infinitely many solutions: the constant 𝑦 ≡ 0 is a solution, and any function of the 
form

𝑦ሺ𝑥ሻ ൌ ቊሺ𝑥 െ 𝑐ሻଶ if 𝑥 ൒ 𝑐
0 if 𝑥 ൏ 𝑐

where 𝑐 ൒ 0, is also a solution. You can see this phenomenon on the slope field.
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