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Instructions

A) Do not write on the barcode area at the top of each page, or near the four circles
on each page.

B) Write your name, section number, and instructor in the space provided, and
COMPLETELY FILL IN the correct boxes for your BYU ID and for the
correct answers in the multiple choice section.

C) Multiple choice questions that are marked with a & may have more than one
correct answer. You should mark all correct answers. All other questions have
only one correct answer.

D) Multiple choice questions are worth 3 points each.

E) For questions which require a written answer, show all your work in the space
provided and justify your answer. Simplify your answers where possible.

F) No books, notes, or calculators are allowed.

G) Do not talk about the test with other students until after the exam period is over.
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Part I: Multiple Choice Questions: (3 points each) Questions marked with a &
may have more than one correct answer. Mark all correct answers. The other questions
have one correct answer. Choose the best answer for each multiple choice question. Fill
in the box completely for each correct answer, but DO NOT leave any marks in the
other boxes.

1 Let T : R? — R? be the linear transformation that projects x onto the y-axis.
What are the eigenvalues of the standard matrix [17]?

[]02
[]01,-1
[]12
[]1,-1
[ ]o,-1
Bo:
[]012

2 & Suppose A is an 5 x 5 diagonalizable matrix, with eigenvalues 0, 0, 1, 1, and
2 (counted with multiplicity). Which of the following statements must be true? Mark
all that apply.

|:| The vector v = 0 is an eigenvector corresponding to eigenvalue A = 0.

|:| A is equal to a matrix with 0,0, 1,1, and 2 on the diagonal and 0 everywhere else.
. rank A =3

. nullity A = 2

|:| A is invertible.

|:| The dimension of the A = 1 eigenspace is equal to 1.

- det A=0
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3 Let
-4 7 =7
A= -5 7 —6
-5 4 -3

Which of the following vectors are eigenvectors of A? Mark all that apply.

2
R

B

[\DMP—‘IIHHO::D—\H)—‘IIODCOHII

4 Compute det |1 0 2].
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5 & Let A and B be n x n matrices and k a constant. Which of the following is
always correct? Mark all that apply.

(
(AB) = det(A) det(B)
[ ] det(kA) = kdet(A)
(A™Y) = det(A)
[ ] det(1,) =n
[ ] If A is row equivalent to B, then det(A) = det(B)
B A2 =1, det(4) = £1.

6 & In the following picture, unit vectors x are drawn (in black) along with their
image Ax (in blue) for a 2 x 2 matrix A, drawn head to tail. Based on the picture,
what vectors appear to be eigenvectors of A. Mark all that apply.

=S
N

O R = O
= =
~ =
S~

|
—_

JULH e

[\V]
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7 & Let A be a 3 x 3 matrix, and suppose that vy, vy, and v3 are eigenvectors
corresponding to the eigenvalues A\; = 1, Ay = 4, and A3 = 5 respectively. Which of the
following facts must be true? Mark all that apply.

|:| The matrix A — I is invertible.

- A is invertible.

B 1he set {v1, Vo, v3} is linearly independent.

|:| The eigenvalues of A™! are —1, —4, and —5.

B The cigenvalues of AT are 1, 4, and 5.

. There is an invertible matrix P and a diagonal matrix D such that A = PDP~ "',
[ ] det(A+41) =0

8 & If A and B are similar matrices, then A and B share the same (mark all that
apply):

|:| Eigenspaces
- Eigenvalues
- Determinant
|:| Eigenvectors
. Characteristic polynomial
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Which of the following vectors are in Span([1,1,1]%, [1,2,3]"):

27 )
6, —10, —14]
1. — T

2,3,4]"

L]
L] 23
W -
W
Q)

10 The coordinate vector of the vector [1,1]7 € R? relative to the basis v; =
[1,2]7, vy = [3,4]"
1/2,-1/2)"
1/2,1/2)*
1/2,1/2)*
1/2,—-1/2)"

L
L
B
L=
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Part II: Short Answer Questions: Write your answers to the questions below in
the space provided.

11 |:|0 |:|1 |:|2 |:|3 |:|4 |:|5 |:|6 |:|7 .8 Administrative Use Only

a) The eigenvalues of the matrix

3 =2 0

A= |0 -1 11

0 0 —12

are \ = 3 LA = ', ,and A= — |2 .

b) If Aisa 7 x 7 matrix, and A\ = 0 is an eigenvalue of A with geometric multiplicity
2, then rankA = S .

c) Give the definition of the rank of a matrix A.

d) Fill in the blank: let A be an m x n matrix. Then

rank(A) + _Nu “ I:‘:ﬁ (A) =n.

) Tw mV\\< o-‘ o watrix A e the dmension
ch ‘H\( Column SpaL é-ﬁ A (eiu'.vc‘\cvx'l’l?

‘H\e_ Q\'\MQV\S?O/\ 0* Vow A o the humber
og \>'|\/0'\'S o-\: A > ‘
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12 |:|0 |:|1 |:|2 |:|3 |:|4 |:|5 |:|6 |:|7 .8 Administrative Use Only

a) det - -2

o R R R
o
=
NSO |

b) Give the definition of a basis of a subspace S of R".

¢) Give four different conditions equivalent to “A is an invertible matrix”.

(S

)
)
d) If A is a non-invertible square matrix, det(A) = O :
) True or(False:) 0 cannot be an eigenvalue of any matrix.

)

f or False: If x is an eigenvector of A with eigenvalue A, then 2x is another
eigenvector of A with eigenvalue .

‘3) A \oasis O'Y S 1 o sd of \/ac_‘\'ors %\ol’m)\gf,g such

+ké‘\“ ?kl,...)&o‘,f is \”‘(0\/“3 "\QlePer\-Qe»& and
St by, b (=S

) See Theorems 202, 3271, or U7 Scom The locok.
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Part I1I: Free Response Questions: Neatly write complete solutions for these prob-
lems directly on the exam paper. Work on scratch paper will not be graded.

13 |:|0 |:|1 |:|2 |:|3 |:|4 |:|5 |:|6 |:|7 .8 Administrative Use Only

Diagonalize the matrix i
1 -3 =3
A=10 -5 —6 |.

0 3 4
In other words, find a diagonal matrix D and an invertible matrix P so that A =
-1
] PoP- -2 -3 -3
o % in )9 2)(4-2) + 18

/Loog,ac:ltv equnsiof\ = (\-2)( ﬂz + A - Z) ot (l"A>(7\"’23(2“l>

QIO"j C'Oluww\ 1 .

=

A= AT = © 3 3] e oL {tE = o
Eil P g 600 2 Txaf

©c 3 kY Reduct 56 0 0 ) reé

)
\

- X x \ o .
> I=-¢ {‘9 = |-2| = Jo te| o basis o lo ?|
X2 Free z z 0 | A=A, = o l
. [

CiqensP=L
7\32 -~ A+2I = i :53 —Z Zow | o | ) X+2 =0
- () | L —. x22=0
O 3 G Redva o 6 o ‘32 _‘:'.‘e

ll

X=-z X - -\
= i -\
ST I - N b .
T free 2 2 l Az -2
C‘a,¢r\5{"‘0\

\ |l 6 o
A: PDP-l where P: [D -1 -2 O\v\ol D=z |/© [
0] o O -2



Compute the determinant of the matrix
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|:|0 |:|1 |:|2 |:|3 |:|4 |:|5 |:|6 |:|7 .8 Administrative Use Only

—4

—4

)
3

W = O
_ o O N

-2

and make clear what steps you are doing.

0O 2 -y
Y o -y
3 0 -5
-2\ 3
\
= __L\ (o)
0
T >
R3>-3 R\
owol
RY +1-R\
| ©
S
=30 o
o ©
}tgac,*ul ’2.

5

8

8
-3

. Be sure to show your work

5 U 0o -4 7 | 0 -l 2
Xz,ol—HS:_qOZ"iS
1S 3 0 -5 % 2 0 -% 3
‘5’( —1\5—3{ 2\ 3 -3
5wl
O‘\,,\XL’L ‘%«(A"’/L\
1\ R—‘-DW\ ?—‘\
ZO_ -\ Z | (®) -\ 2 | o -\ 2
Il IR L U Y Y R
®) —2. 2_ (®) O _Z 2_ "L{ 0 ®) "2. 2_
SwaR
oy e e oY - 272
-l 2 | o -\ 2
\ \ _ o \ \ \
L - T -?(H'\'(&»_’Z%
-b 3 t OO 0-2
Y+
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15 |:|0 |:|1 |:|2 |:|3 |:|4 |:|5 |:|6 .7 Administrative Use Only
Compute the eigenvalues and eigenvectors of [_61 (1)] &e-\- A = ﬁ(‘l’ C:-J
-2 |
-al| = _ L
CM<A ) o - |T -aka) e = N+2A-6 = (2+3)(2-2)

Eaﬁ"\V"*\U"—S ove AN =L Co~ A Az = -3

- - —
Az7 SN L] B S
| - . A"ZI: 6 -7 &d“qi ) (®) — j‘F‘-Q(

o x=ly H {/s n] st Basts o %Y{s]z
= = — _
Y free Y vy |~ 4 I‘J = ?\I:Z C‘j"-"sf"‘q l

= =-3 | -flﬂ]_ {“z _y Basts for %\Y\I{]Z
D tj-fr“ [_'0]'[‘3 -9 = As-3 eigenspac |
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16 |:|0 |:|1 |:|2 |:|3 |:|4 |:|5 |:|6 |:|7 .8 Administrative Use Only

Show that all the vectors orthogonal to u = [~7,10,5]" € R* form a subspace of R®

\_c\' S Vo 'Hr\( Set o-[- all Vco“’ws in fRS which ow-e or‘(’L\oao,\gk '\'b Q.
We Show fhad S s a  SubSpec :

W C\'\ec\c '{'L\( 5 SUQSPaoc Cv‘(-\—crlq‘.

N o0& :F].F]:o s DeS

(0] 5 ,
H . - = — = _
7_) L(‘ \—;I@ \ch V(_G‘\'D(.S N\ S ) ie. V-U=0 andl W W = O. T-'/\ﬂ.-“\
— - s ) .
(V'}'\—I:))'d = VvV-u "\’ﬁ(j = O + o) :O, T\’\US \*;_‘,w \S o(‘HAOCAO <l
o W, omdk TViwel,

3) Lt ¥ be o veche aa S) e V'C‘:O) aad led ¢ e a Scalar
Then V) = c(Td)=Cc .00, Ths CV 1 orthoqonat
-kb V\, anoh CV&_S

&\V\C& S ga*is‘v'\cs ’Hr\( Su\osvce« Cr‘t-\-cr'\ax, S s a 5u|oS't>=~C.e.
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17 |:|0 |:|1 |:|2 |:|3 |:|4 |:|5 |:|6 .7 Administrative Use Only

Let T : R®* — R? be the linear transformation that rotates points around the z-axis by

an angle of 7.
(i) Show that 7 is a linear transformation, by using the definition of a linear transfor-

mation.
(ii) Find the standard matrix of 7.

Ro*c\hor\ around "H\»L T -oaxis \Du) on Omgl( o\‘— U 13 gwen bj

)(qj_'?lsne_
X - X
T 9 = |-y B &.,
t + : x

X
(l) To show T is linear we checl the h""‘”‘b conditions . Let M':X‘%"S
B X - — _ X+ X, . C)(l
\M,:&?ﬂ and ¢ a scalar. Then Uik = {\""‘/21 and CM‘:IC\/'] awd

£ X %\ft)_

Xi¥ ¥ - (%) =X, = X, - -X
Rrt, )= T (9 = - ' ‘
l. T(M.wz) dﬂ VAL_U SN R RS - E [ vy = T(@\) +T (a).

%l't %’L
(2112,) 2,42, Gl 2,

. T 0 - cx - ' -
P T(LY%D =|en| - el - <T(&)

%l
Sinew T satishies T(a+i,) =TCa) +T(&) and T(cG)=<TE) T

is Q ‘lv\cwf ‘|’rm\5 ‘mea"'mr\.

) ) )] <

0 0 |

Gij



