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Instructions

A) Do not write on the barcode area at the top of each page, or near the four circles
on each page.

B) Write your name, section number, and instructor in the space provided, and
COMPLETELY FILL IN the correct boxes for your BYU ID and for the
correct answers in the multiple choice section.

C) Multiple choice questions that are marked with a & may have more than one
correct answer. You should mark all correct answers. All other questions have
only one correct answer.

D) Multiple choice questions are worth 3 points each. For multiple choice questions
with more than one correct answer, each option will be graded with equal weight.

E) For questions which require a written answer, show all your work in the space
provided and justify your answer. Simplify your answers where possible.

F) No books, notes, or calculators are allowed.

G) Do not talk about the test with other students until after the exam period is over.
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Part I: Multiple Choice Questions: (3 points each) Questions marked with a &
may have more than one correct answer. Mark all correct answers. The other questions
have one correct answer. Choose the best answer for each multiple choice question. Fill
in the box completely for each correct answer, but DO NOT leave any marks in the
other boxes.

1& Suppose A is a 3 X 4 matrix with a pivot in each row. Which of the following
must be true? Mark all that apply.

- The equation Ax = b has infinitely many solutions for each b € R3.
I:l The columns of A are linearly independent.

I:l The equation Ax = 0 has a unique solution.

I:l There is a vector b € R? for which Ax = b has no solution.

B Nullity(4) =1

- The columns of A span R

[ ] rank(A) =4

2 & Suppose that U is a n x n orthogonal matrix. Which of the following must be
true? Mark all that apply.

|:| U has n distinct eigenvalues.

- The columns of U are linearly independent.
I:l Every eigenvector of U has length 1.

B onk(d)=n

I:l detU =1

- UTU is the identity matrix.

B Ux) (Uy)=x-yforalx,ycR"

- U has orthonormal columns.
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3 Find the singular values of the following matrix
11 0
-1 1 -1
A= 01 1
10 1
[ ]5,3,1
[ ]V7v2
| RVGRVER'
[]1,-1,0
[]7.20
L] v7.v20
4 Performing the Gram-Schmidt procedure on the vectors
1 1 —1
1 1 1
207 | —1{" 2
1 0 1

{12901 -1 9" -1 100"}
{12070 -5 0 [-2 2 -3 97}
O{ 12 071 100" [ -4 -4 1"}
v 2 gp 1 -1 o[-0 -4 1"}
{21 1110228 -2}
{129~ 100"[-2 2 -2 37}
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5 de Let A be a 5 x 17 matrix with rank 4. What is the dimension of the null space
of A:

[ ]4

. greater than 4

6 Let

Find z € R such that C? = 0:

.l
[] -2
[Jo
[]1
(]2
[] -3
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7 Let T : R?* — R? be the linear transformation that reflects x across the y-axis.
What is the standard matrix [T']?

=iy
o 1]

0 1
-1 0

I I I I I
o

8 Let A, B, and C' be n x n matrices. The property A(B + C) = AB + AC' is
called.

|:| commutative

|:| additive identity

|:| associative

[ ] multiplicative identity
- left distributive

|:| right distributive
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9 If A= = AT, then the matrix A is always (mark all that apply):

|:| the zero matrix
|:| the identity matrix
- orthogonal

|:| symmetric

|:| triangular

B square

|:| diagonal

. invertible

10 Let u; = [1, 1], uy = [1, -1]7,y = [3,5]". Find the coordinates of y relative to
the basis {uy,us} .

—1, —4]"
—1,4]"

= =R
|~
e R
= =

3

e

~ D

=

e
N
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11 & Let A be a square matrix with eigenvalue A and corresponding eigenvector x.
Which of the following must be true?

[ ] 2x is and eigenvector of A with eigenvalue 2X
. \ is an eigenvalue of AT

[T A#£0

. Adx = Nk

B < cNui- )

12 & Which of the following matrices are orthogonally diagonalizable? Mark all
that apply.

1 -2 4
B 1 5
4 5 3
(1 2 4]
[]10o =3 —6
0 0 5]
1 -2
D_3 4}

2 3
m ]

3 0 0
B o410

0 0 3

(2 —1 0
(110 5 1
-1 1 -3
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3 =20
13 Compute the characteristic polynomial of |4 —1 0].
0 0 1

B3 -7 +5
] =X +3x2 -7

] =X 44X —5A+4
[] =N =33 —7r—5
L] =M\ +402 -5

] =N —2)2—6r+2
] =X+ 202 —6A+2
I:l None of the above

14 &  Suppose QT AQ = D where Q*'Q = I and D is diagonal. Which of the following
must be true? Mark all that apply.

I:l A has an eigenvalue that is an imaginary number

W4y =4

I:l A has all distinct eigenvalues

- There is an orthonormal basis of R" consisting of eignevectors of A
- The columns of ) are an orthonormal set

- The eigenvalues of A are the eigenvalues of D
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Part II: Short Answer Questions: Write your answers to the questions below in

the space provided.
15 |:|O |:|1 |:|2 |:|3 |:|4 |:|5 D6 .7 Administrative Use Only

a) Let W be the subspace of R” spanned by the vectors v; = [3 2 —1 3 —B]T

and vy = [3 2 2 -3 3}T. Find a basis for W+.

1 1
( r‘lls F"‘,S Il3 )
l 0o o)
0 L -2
O | (o]
\ ._D J) _O J p L ‘ J
b) Let W be the subspace of R® spanned by the vectors v; = [1 11 l}T and
Vo = [1 01 O}T, and let y = [—1 2 1 O}T. Find the projection of y onto
W and the perpendicular component of y to W.
o - \ -
' l
projyy = o) and perpyy = |

c) State the precise definition of the following: The set {vy,...,v,} is an orthonor-

mal set if

\

7|-UJ =0 &r al| [:rfJ , ane! “ \7| Il

d) Let

What is A7

| B ooll 1€CEP.
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16 |:|O |:|1 |:|2 |:|3 |:|4 |:|5 DG .7 Administrative Use Only

a) Let
1 2
=) 3
Find the inverse of A.
R
> -l
b) Find a basis for the row space of the matrix
[1 2 3]
A=14 5 6
|7 8 9]
) [o]
0 |
NN
L Jd ) 4
¢) Find a basis for the null space of the matrix
1 2 3
A= [4 5 6} '
L)
-1

-

d) Give the precise definition of a subspace S of R™:
n

A Sulojyau S &} []2“ is a 54 o{: Uc<..',’0r5 N m sveh Fht

) 0 is in S.

@y ¥ Aand T are A S then R+ V is in S.

(3 & 16 i S andd ¢ s & Scalar then cit T ia S,
e) True or false: every square matrix is the product of elementary matrices?

F”\le. O/\Ij iavertible matrices can be writhen as
F”Cl“cjrs °'§ Clew\u\"ﬁrj matrices.
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|:|O |:|1 |:|2 |:|3 |:|4 |:|5 DG .7 Administrative Use Only
a) If det A =3 and det B = —4, then det(A™'B") =~ Ll/3
1 1 1
b) det [1 2 3| =__ O .
3 3 3

c) If A has eigenvalues \j, Ay with eigenvectors u, v respectively, then

A, G v
Ak(01u+02v): C\A W+ Crg v

d) Write the Spectral Decomposition of the matrix A = B _21} :

AR A G

S RE \2/5 oIS " s
Ys /s -Ys s
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Part I1I: Free Response Questions: Neatly write complete solutions for these prob-
lems directly on the exam paper. Work on scratch paper will not be graded.

18 |:|O |:|1 |:|2 |:|3 |:|4 |:|5 D6 .7 Administrative Use Only

Find the inverse of the matrix

2 4 —12
A=1| 1 -1 -3].
-3 7 22
4 -1 | 6 o |
-1 -
- -3 o) [ —) E © o
. o L -4 -“i2( 1 o o
6 ° | 31 2| o
| LI N PN a
( O l -l _3 o
- Il o
g L{Z Y Bl LR IR
- Hhe s oo 2
L O b -2 % | I - O | -2 1
O -2 011 26| — o 1 o | 4.z
© o 2 ] O o Ll 2 - |
| O 0 _|/7_ 7 0
0 ’ o ‘B/)_ y -3
L A

2 O
= /\ = |3y 4 -3
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|:|O |:|1 |:|2 |:|3 |:|4 |:|5 DG .7 Administrative Use Only

B =

-2 -2 -2 1 =3

2 2 1 0 4
-6 -6 -3 1 -9
12 12 6 -2 18

Find bases for each of the following subspaces: Row(B), Col(B), and Null(B). Clearly

label which subspace each basis belongs to.

-z - -2 | -3
2 1 L 0§
v b -3 1 -9
1z 1z b -2 I8
-2 -2 -2 0
) (o) 1 0
7o o0 o |
o 0 0 O©
X|+XL+ Xs— =l )
Xy #3Xs =0
Null A basis
RON A bASIS

-

L~

-2 -2 -2 1 -3] "o o-2
o 0 -1 | | o 0 -1 |
—_—> D
o 0 3% -2 0 o 60 o |
|0 0 -6 4 O | | © O o O
] -2 -2 0 0 -2 [
2 > ©0 1 0 1 b ©
> —
P o O o | 3 o O
O |6 O 0 O 9O | |6 O
X| ==X, - Xg (% 7] [-%o-xs | Y——ﬂ
= x, - - X X2 |
2 ZXS' x3 - _1Xs =Xl o
Xy = =3 x¢ ;‘J - bxe 0
/'S ()
L X5 L
-1 [ )
0
LS Col A Vasis -2 |
o -
) -3 -
OJ | ) -l
Lo 12,
() o] [o
\ 0 0
0 | 0
0 0 l
1 3
l_| L JL

_37
|
L)
od
o o |
0 1
o | >
0 O O
=R
(o]
+ x|
-2
|
2] [
\ 0
-3 |
b -
L2017
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20 |:|O |:|1 |:|2 |:|3 |:|4 |:|5 DG .7 Administrative Use Only

Orthogonally diagonalize the following matrix

-5 =2 -1
A= -2 -2 2
-1 2 =5

(i.e. find a diagonal matrix D and an orthogonal matrix @ such that A = QDQ).

“orA -2 -1 -2-2 1 -2 2
JJ(A-?\TBT ; -5 \—z\_l g

2 -za 2 | z(-52)
= (—g"/\)((-z-x\(-s-z)-q> + 2(—2(—5-A)+2> '('Ll* (—2—»\) = -A’-122%-320a

-z -1-2A

- |
- 2 -5-2 -l ¢

— -'?\(?\.\_(o)(q_‘,(o) :.’:) Eij(_m\/AluCS ?\,: -(a/ ﬂ)_ :—'(D, 23:0

X=2yt+2Z2
L %72

o (o) =
o o Yiz feee

} _—) S() ’f = o P Net o«“(\f\osone\, must l’Cf"‘f"’\
b -

3 \ Grem-Schmidy do me Of'HAOUU‘\"l-
\
1 2 'Is 15 e
0 V\’V\ \ - o 5/53
-5 -2 1o |\ -2 -1
- . _ _ X=-2% X
-1\ L -5 O o O \5% Scee 1 z |
-t -‘IE
D W, = 7-/r
Normaling 2 b T
\/\r{p /ﬂ\b_g A____ QDQ w‘/\.Cf(
\ 1
SRS e /o i

Delo v o] ad Q7| e *e
© o 0 o Ym /Tt
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21

Find a QR-decomposition of the matrix

01 -1 0
11 1 2|\
A=1 11 1 A0
-1 1 -1 -1
F(rsk' \nrhrw\ Crrarm-Schmidd v Hae columns of A
0 P ' - —
- - = = _)(7_-\/‘ v‘ - 1l3 s _Xs’vl"" __X.Z
" q[&
Novmalrze: r‘_q/ -
VA ! - V‘L - V3 /\'?Z-
[ I T K W= =y =Y
WA | Ve (b4 v W\ | /=
-\IIz H/E‘L t'/J“?:i~
[ A ""/m
\/\‘-—Z 'l/E ‘/ﬁ;_.
=) s
O=vs /v
'\/J'g Yz Y
r y ) |/ o \ -\ 6 ‘/E E
() g g - I \
ANe | Ve Tm Tm m \\ \\ =10 e =
R= QA=) f - 6 o Y&
R Jm || -\

=)

A:&‘Z. (T-'W @ 0\"\0& 12 as albove .

|:|O |:|1 |:|2 |:|3 |:|4 |:|5 DG .7 Administrative Use Only

-3
T
il

Lq/ll
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|:|O |:|1 |:|2 |:|3 |:|4 |:|5 DG .7 Administrative Use Only

Find a singular value decomposition of the matrix

_\ 1-

AA(P:A*’AI) :lz_lk 1}7~ -\7] = (z-a)((z—a)z—l> -\ ((2-7\)»(\34‘ \(—\—(z-;\))

z = =3 2A,=23% A,=
= ekt -da = -2 (A-3) ) MEE MeEE Asso

= T =3 o= Jg:-o0

values © - _ sl I V-t K=9tz
E\raey\ lues ?‘\"?‘L*Zo NA'SI :{l -\-\] —'"7[0 (o) 0} -‘—’) to\g—?ree

L= - °0 o
. \ \ Yz
‘3'\':}‘. \ \ NO* J: \‘ - 0 __\_ \ = -1,7_
2 =9 [=yvy| | +z2]o &= octhoga B I t-lv\ 2o \
2 o] | st use
C«rom-&km:.‘-\-

\\\, Nnov wa\y Ze

- 'l
- \:l‘\ ‘,;ri '\7 Wz _ -\ﬁ
== =" == o
EhRTE) @




T

j"j‘;%:o |
= \i’ﬁ /E
y oo
e = Ll | Iz "R
Ul'u_g, = \.\/EX\HX‘_ -j;)( -\:_: -0
© z z z
Xz -3
:) ]
W=-t
T Yrec
Ig
S, = |
l/E
-
= A=UZV
A -
Wwhav ¢ \A: e aic Vg Z _ Z
Yw ©0 Y&
Yz 'v s
GV\A \’: '/J'—Z M Vg
o " ‘I®

Z/AT,

“'\'\A -\7\.3 we  mus -Fl\\e\ o vechy "'"-"L“ao,\.\\ L (j‘ - u_.z

0——7‘0\
o o\



