MTH 342 Worksheet 7
Week 6 — 11/06/2019

Name: Answer Key Recitation time:

1. Let V be a vector space with subsapces U + W. Prove that if U + W = W then U C W.
Solution: We already know that U C V + W. Thus if U + W = W, then

UCU+W =W,

soU CW.

2. Let

U= {(1131,332,1’3,$4) S R4 1T =X = $3}

V ={(x1, 29, 23,24) € R*: 2y + 23 = 24, 229 = x4}

(a) Write U NV in set-builder notation.

Solution: To form the intersection, write the U NV as a subset of R with the conditions
of both U and V:

4., _ _ _ _
UNV ={(z1,22,23,24) E R : 21 = 19 = x3, 1 + 3 = x4, 209 = T4}
Since x1 = x9 = x3 we can rewrite this as

Unv = {($1,£U2,ZL‘3,ZC4) c R4 tx1 = X9 = T3, 201 = 1‘4}

(b) Find a basis for UNV.
Solution: From part (a) we have

unv = {(3717372,373,364) eR*: T = X9 = X3, 201 = x4}
= {(21,21,21,221) : 71 € R}
={x1(1,1,1,2) : x; € R}.

A basis for UNV is {(1,1,1,2)}.



2. (Continued) Let

U= {(.’131,.’172,(1737:1:4) S R4 1T =X = ;1;3}

V = {($1,$2,x3,x4> S R*: T+ T3 = T4, 200 = .%'4}.

(c) Find a basis for U + V.
Solution: Begin by finding bases for U and V.

U= {(ml,x2,$3,$4) S R4 X =X = xS}
= {(21,21,21,24) : 71,24 € R}
= {21(1,1,1,0) + 24(0,0,0,1) : 21,24 € R}

so a basis for U is By = {(1,1,1,0),(0,0,0,1)}.
V ={(x1,22,23,24) € R*: 21 + 23 = 24, 229 = 24}
= {($1,$27IE3,$4) € ]R4 X3 = 2.1,'2 — I, 21’2 = x4}
(

= {(z1, 22,219 — x1,219) : T1, 2 € R}
={z1(1,0,-1,0) + 22(0,1,2,2) : 1,29 € R}

so a basis for V' is By = {(1,0,—1,0),(0,1,2,2)}.
Now consider the set B1UBy. Form a matrix A with the elements of B1 U By as columns:

1 0 1 0
1 0 0 1
A= 1 0 -1 2
01 0 2
Now find the reduced row echelon form of A:
1 0 0 1
A Rrer |0 1 0 2
001 -1
000 O

Recall that a pivot element in a matrix is the first nonzero element of a row. A pivot
column is a column containing a pivot element. In this case the pivot columns of
RREF(A) are the first three columns. Therefore the first three columns of A form a
basis for U + V:

B=1{(1,1,1,0),(0,0,0,1),(1,0,—1,0)}.

3. Find a vector space V with subspaces U, Uz, and W such that
UO0+W=U+W

but Uy # Us.
Solution: Let V =R, W =R, U; =R, and Uz = {0}. Then

U+ W =R=Us+W

but
Uy =R # {0} = Us.



