MTH 342 Worksheet 7

Name: Answer Key Recitation time:

Show your work for each problem.

Let V be a vector space over a field F'. Recall that an inner product is an operator (-,-) : VxV — F
satisfying the following properties:

e Positivity: (v,v) >0 forallve V.
e Definiteness: (v,v) =0 if and only if v = 0.
e Additivity in the first component: (v +v,w) = (u,w) + (v,w) for all u,v,w € V.

e Homogeneity in the first component: (Au,v) = A(u,v) for all A € F and u,v € V.

Conjugate symmetry: (u,v) = (v,u) for all u,v € V.

1. On R? define the operator
(z,9) = T1y1 + 733

I Y1
where £ = [x9| and y = |y9
T3 Y3

(a) Prove that this is not an inner product on R3.
Solution: Let

0
r= |1
0
Then
(x,z) =0,

but x # 0, so this operator is not definite, and hence not an inner product.

(b) Which properties of an inner product does this operator satisfy?

Solution: All other properties (besides definiteness) are satisfied. Let u,v,w be arbi-
trary elements of R3 written as

Uy U1 w1
U= [uz| , v=(v2], w = W2
u3 U3 w3

and let A € F = R.
e Positivity:
(v,0) = (01)* + (v3)* > 040 > 0.

e Additivity in the first component:

(u+v,w) = (u1 +v1)wy + (uz + v3)ws
= ujwi + viwy + usws + vsws
= (uywy + usws) + (viwy + vaws)
= (u,w) + (v, w).



e Homogeneity in the first component:

(Au,v) = (Aug)vr + (Aug)vs
)\(ulvl + ZL3123)

= Au,v)

e Conjugate symmetry: Note that for any real number a, the complex conjugate
isa@ = a. Now

(u,v) = ugv1 + usvs
= viu1 + v3u3

= viu + v3us since viuy + v3ug is a real number

= (v,u).

2. On C? let uy = Ll)} and ug = [(3] Suppose (-, -) is an inner product on C? that satisfies

(ur,ur) =1, (u1,ug) = —1i, (ug,uz) = 2.

e (1.1])

(Hint: you will need to use conjugate linearity in the second component.)

Solution: We start by writing the each component in terms of u; and us:

-] -wer

1] |1 4 o ny
1 = 0 2 i = Ul U9
We can now calculate

() =t

= (u1, u1 + dug) + (ug, us + tug) (linearity in the first component)

. = = conjugate linearity in )
= (w, ) +i(u, ug) + (ug, ) +4(uz, ) ( the second component

= (u1,u1) + 1(uy, uz) + (ul, ug) + i(uz,u2) (conjugate symmetry)
= (u1,u1) — i(ur, u2) + (u1, uz) — i(ug, us)

=1—i(—i)+i—1(2)

=1—-14+71—22

= —1i.



3. Let V be an inner product space with inner product (-,-), and let v, vy € V. Prove that if
(Ulv w) = (va w)

for all w € V, then v1 = vs.

Solution: Rewrite the equation as
(v1,w) — (v2,w) = 0.
Now we can use the definition of an inner product (additivity in the first component) to get

(v1,w) — (vo,w) =0
1

(v1 — vg,w) =0
for all w € V. If we let w = v1 — v9, then this becomes
(v — v2,v1 — v2) = 0.
By the definition of an inner product (definiteness), we get
v] — vg = 0.

Adding vy to both sides gives v1 = vs.

4. Let a and b be integers and suppose that

( {xl] ; [yl} ) = z1y1 + az1y2 + bxayr + T2y
x2 Y2

defines an inner product on R?.

(a) Prove that a = b. (Hint: Find vectors u,v € R? such that (u,v) = a and (v,u) = b.
Why does this show that a = b?)

Solution: Following the hint, let

)

Then (u,v) = a and (v,u) = b. Now we have by conjugate symmetry that

Since this is a real inner product space, the inner product of two vectors is a real number.
Since all real numbers are equal to their complex conjugate, we get

u@
= =

|
>N o~
. <
~—



(b) What are the possible values of a and b?

Hint: calculate ( —1a , —1a >

Solution: We must have a = 0 and b = 0. From the hint,

< 3? ,'?1> = (—=a)? + a(—a) + b(—a) + 1
=a*—ad>—ab+1
=—ab+1

=—a’+1 since a = b by part (a).

We want this to be an inner product, so we need to have (v,v) > 0 for any nonzero
v € R? (definiteness). Therefore

—a®+1>0.
Adding a? to both sides gives 1 > a2, and the only integer that satisfies this inequality
is a = 0. Therefore a =b = 0.
Proving that this is indeed an inner product is very similar to a homework problem
(HW 5, problem 2). I will leave this as an exercise.



