MATH 351, MIDTERM EXAM, WINTER 2020

Name Student ID

e Write your solution to each problem in a readable manner. Circle your final results.

e Show all your work. Answers not supported by valid arguments will get little or no credit. You
can use the blank page on the back of the exam if you need more space.

e Doing correctly Problems 1, 2, 3, 4, 5 will grant you 100% credit of the exam. You can earn
extra credit by doing Problem 6.

Problem | Possible points | Earned points
1 10
2 10
3 10
4 10
5 10
6 5
Total 55

Some formula:

n > log, <b—a> -1,
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n!

Problem 1. (10 points) How big should n be so that e can be approximated by 1 + % + % +...+
with error less than 0.0017
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Consider the following toy model of the IEEE double precision floating-point format
The sequence of 8 bits

Co b1 bg b3 b4 a; ag as
~—~

sign part

exponent part mantissa part
represents a number z = o - T - 2° where o, T, e are determined as follows

o 1 if COZO,
T 7Y =1 if =1,

E = (b1b21)31)4)2
o If 1 < FE <14 then

e = E-1,

T = (1.a1a2a3)2
e If £ =0 then e = —6 and z = (0.a1az2a3)2.
e If £ =15 then x = +oo (depending on the sign o).

Problem 2. (10 points) Write number 3.7 in this floating-point system (in form of o - z - 2¢)
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Problem 3. (10 points) Let z = (1.101)3 x 22 and y = (1.011)3 x 23. Perform the multiplication x - y
in the floating-point system given on the previous page.

S
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Problem 4. (10 points)
(a) Sketch the graphs of f(z) = 1 and g(z) = 2% — 1.

(b) Use a suitable numerical method to find an approximate value of the z-coordinate of the intersection
point of the two graphs on the half-plane z > 0. The allowed error is 0.1.
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Problem 5. (10 points) Consider a sequence defined recursively as

3 2
-2 10
$n+1=%7 20 = 1.

(1) Use your pocket calculator to guess the limit of this sequence. Then use the recursive formula
to verify that this number is truly a limit of (zy,).

(2) Find the order of convergence. If the order of convergence is 1, find the linear rate of conver-
gence.
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Problem 6. (5 points) Give an example of a function f and a real number xy such that the iteration
formula of the Newton’s method, starting with xg, gives a divergent sequence. Explain your example.
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